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PROGRESS REPORT 

Th6 Seoozid Co&for^Dce of tho Society was hold 10 Bombay 00 
the 11th, 12th and 13th of January 1019, when members from different 
parts of the country attended in fair numbers It is for onr Tneml>er3 
to judge how far thU experiment of holding oar Conference side by 
side with the Indian Science Congress was a success. A detailed account 
of tho proceedings of the conference is giyen elsewhere in this journal. 

2. Tho following gentlemen hare been elected members of our 
Society:— 

1. Mr. N. B. Mifra, Jfd .—Professor of ilathematics, Ewing 

Christian College, Allahabad. 

2. Mr. S. A. V^^nhataraman, B.A. — (lion.) Student, Presidency 

College, Ma<lraH : (at concessional .rnte) ; 

3. M$\ Oirdhari hal QuptOy J/,yl .^Professor of Matheiuatios, 

S« F. College, Srinagar (Kashmere) ; 

4 . Ml. Jam$hedji B,A., Professor of Matbematioe; 

Gujarat College (Retired), 31/33 Karelwadi, Thakordwar^ 

Bombay; 

5. Mr. jPc^foiyV N. TF'a^l a— Secretary, B. J. Trust Funds 

Malabar Hill, Bombay; 

6. Mr. V. O. Dalvis M.A. (Canfa6), hL.B., Laic— ^73, 

Charoi Koa<1, Bombay; 

7. Af}'. A. T. Bancrji, M.A. — Professor of Mathematics, Hindu 

College, Delhi; 

8. Mr. Ilam Dasi Nandoy Professor of Matbonia tios, 

Sanatan Dharma Collego, Lahore; 
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0 r. nKshp-rth, Ti.A. (Cftntftb), — Inilmn Finance De- 

partment. C/o Messr.^. Kinj; Co., Dolhi. 

10 Mr }tr.,jinu.n F. Frr,m U.-rn H. Knp. (Liverpool). A. M. 

I.C K-. A-^aoc. Uoyal T. C, M. M. I'-. Kxecntive 

My-iovo Uailway StafV, PliiOkal. 

The Oenei-al Ibvly l.avin^' vo.n.l npon. tl.c followinij xiiU bo 
(},£. vo-con^titntc.l Coinu.ittoo for the yenrs lOlD A 1920. 

I. Frofe^^ior A. C- Wilkinson. M.A.-Prcsi.An/. 

•2 Mr, S. Nninyana Aiyar. M. A. P. S- Tr-afitz-cr. 

3. The Hon. Mr. R P- Parunipye. M. A,. B. Sc.-r.ioar.a». 

4. Mr. Balakrani. M.A-. I. C. S. 

Prof Heiuraj, M. A. 

ti. Prof. I). IV Kapaaia. M. A., B. Sc. 

7. Prof. V B. Naik, M. A. 
p. Prof. M.T. NaranionKar. M. A. 

9. Mr. V. Uamesan*. B, A., B. Tj. 

10. Prof. B. B. Ross M. A. 

II. Prof. P. V. Soshn Aiyar, B. A., H. T. 

12. Prof. .1. C. Swaminarayan. M. A. 

4 T1.0 Ca„,mitt.e take thU opporlnnlty to exprea, the be^t 

thenke of the Soeiety to Ptof. R. N. Aplo M.A.., F. H. 

„ho hae now voluntarily relire.1 frotn the Con.n.tttee^ o„ the 

„a, one of the Fonn.la.ion Me.nl.er. of the soo.ety anJ liail ^een on the 

Con,.nit,eo from the very l,e,innins 

1912—1915. Onr tlianka are al.o line to Prof Chowla, 
from the Committee. 


Poona, 

V)th February, 1010 . 


n l». Ka«*aoi*, 

Hon. Joint Secretary. 
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Second Conference of the Indian Mathematical Society. 

The .^ccoQcl Coufereuce of the iDtliau Mathematical Society was 
lield in Bombay oo. the 11th, 12th aud 13th January 1919 — the opeoioe 
session on the 6rst day at the Sir Cawasji Jehangir University Codvo- 
catiun Hull, and the remaining sessions on the next two day-^ at the 
Elphinstonc College, Bontbay. 

All arruDgemeDts for a successful gathering had been completed Ijy 
the BecoptioD Committee under the able guidance of tbeir Chairman, 
the Hoo. Justice. Sir John J* Uoatou, as'>isted by Prof. A. C. L. Wilkin- 
son, the President of the Society, and the liony. Jt. Secretary. 

His Ex<*^ellency Sir George Ambx*ose l^loyd, G.C.l.hj., D.S.O.i 
Governor of Bombay, had kindly consented to open the Conference ; 
but owing to certain urgent and unforeseen circumstances His Excelleucy 
was prevented from doing ho, and the Hon. Mr. C. Carmichael, U.S.I.. 
I.C.S., Senior member of the Executive Council, Bombay, kindly opened 
the Conference in the name of Uis Excellency. 

The Conference commenced its proceedings exactly at 11 a.m. on 
the Brst day, in the presence of a large gathering consisting of some fiO 
members of the Society who had come from various centres ami a num* 
her of ofEcial and non^ofiloial gentlemen connected with the edncational 
and other institutions of Bombay. 

Sir John J. Heaton, CbairmaD of the Reception Committee, before 
delivering his Address of Welcome, explained hrictly the unavoidable 

circQiuBtanccs under which Hin Excellency was prevented from attend* 
log the conference, and expressed his great eatisfaclion (hat tlio Hon. 
Ur. Carmichael was going to open the Conference in Uis Excellency s 
absence. In his Address of Welcome* Sir John Heaton touched on a few 
important points relating to the constitution of the society- 

The UoD. Un Carroichaol, in opening the conference in tlic name 
of Ilia Excellency, road out LHs lCxcellc^cJ^i Message • •which spoke in 
encouraging terms of (he work done liithorto by t)ie society. 

The IJony- Joint Secretary (Prof. U. I>. Kapadia) Ihon read (he 

Reportf of the Society. 

This was followed by tlio Prc.sidcnlial A<hlrcssJ by Prof. A. 0* 
li- Wilkioboii, which was listened to with grout iotcrcHlby the andience. 

^ 8lr John J Heutou*s Address of Wolcomo ib glvun on i*. 12 of tliiu Journitl. 

s s Ills cnessMe is given oo pp. 12*14. 

f The iloD. 8eoretar>*B report is given od pp. 15*10. 

X Piol WilklfiBOD'H Address is given on pp. 10*20. 
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On the motion of the Hon. Mr. R. P. Paranjpye, seconded by (ho 
Hon. Justice. L. A. Shah, n hearty vote of thanks was accorded to the 
Honorable Mr. Carmichael for presiding on the occasion and to the 
other visitors for their interest in the work of the Society. The formal 
proceedings uf the conference terminated for the day at this stage, and 
an informal meeting of the members of the society was bold thereafter 
under the Chairmanship of Prof. A. C. L. Wilkinson. 

At this meeting Prof. Wilkinson drew the attention of the Society 
to the importance of doing some work on (lie lines of the reports sob- 
milted by the International Congress of Mathematicians held at Rome in 
1912. While all the other oountrie.s were represented at that Congress, 
India was conspicuous by her absence. There was a great necessity of 
improving upon the kind of work in uiathcmatics which we at present 
were doing in India. All nseless work which principally involved 
nothing but the role of (bomb ought to be avoided. Elementary text- 
books ought to bo written on the lines of the actual requirements of the 
class of students for whom they wore meant, and it was high time that 
various Indian Provinces should come out of their old time-worn 
working grooves and shew their readiness to grasp new ideas and 
methods. The Indian Mathomatic.al Society was the proper body, in 
his opinion, to initiate a movement of this kind. 

This elicited a very interesting and prolonged disenssion in which 
Various members took part. The general trend of those disonssions 
could be summarized as andcr^ 

Tliat, after carefully going through (he rcjiorts of the Interna- 
tional Congrc.ss, ]>oints of inquiry shoold be first settled— such 
as (a) methods of c.\aniination, (h) methods of teaching, (c) 
text-books, etc. 

That members in small committees in each Presidency should 
bo made to undertake the inquiry and suggest the necessary 
imi>rovements. 

That though a comjdote systematic survey of (he coantry might 
require vast expenditure and energy, it was an inquiry worth 
while going into. 

That (ho work done by such small provincial committees should 
bo collcoled by a General Committee and that the latter 
should submit their suggestions thereon. 
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Eventually, it was resolve<l to form two small committees as 
tinder to carry on inquiries and submit their enggestions— • 

Mr. M. T. Naraniem^ar, 

Mr. R. Littlehailes, 

Mr. P. Y. Sesbu Aiyar. 

Mr. T K. Venkataraman, 

Mr. A. C. L. Wilkinson, 

Mr. V. B. Naik, V For Bombay. 

Rev. A. Steichen. J 

A similar committee for the Punjab is to be formed hereafter, 
after consulting the gentlemen concerned. 

As Prof. Wilkinson was himself the originator of this discussion 
and was keenly interested in the investigation, it was deemed jiroper 
that be should be the Convener and direct the working of these commit* 
tees. 


^ For Madras; 


After some di-tuussion on some other minor items in connection with 
the society, tho meeting lUspersod at 2 p.m. 

In the afternoon at 5 p.m., Sir John iJeaton, Chairman of the 
Reception Committee, was ** At Home" to all the members of the society, 
at bis bungalow in Harkness Road, ^lalabar Hill. Some other dislin- 
goiabed visitors were also present and the guests after freely parta- 
king of the bumper refreshments provided for the occasion and after 
sjiending aboat an hour and a half in pleasant chit-chat ami mutual 
intercourse, returned to their homos. Sir John and Lady Heaton did 
their very best to make tho gathering a success, and the guests thanked 
them most cordially for their hospitoHtjr. 

0» the aeci/tul day, punctually at 8 a.ui, commenced tho moro serious 
programme on the agenda of the Cooference, under the Cbsirmanshiii 
of Prof. A. C. L. Wilkinson, in the ISlj»hiD8tonc College Buildings. 

The First two papers mentioned below were road and discussed 
after which the Conference adjourned at 0 a.m. for a group-photo of 
the members of the society. This being over, the Conference resumed 
its work at 9-80 a.m., under the chairmanship of the lion. Mr. R. 1*. 
Paranjpye, and tho remaining papers hied for tho day were read and 
occasionally disouesod. Then the Goofoi'onco adjourned for the next day. 
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*I ho |»a|»crs pre«en<eil on Jlio clay were as uniJer : — 

I. 0** Caitti^ion OtnU^ Uy V. RuniRswami Aiyar, M.A. 

'I'hiR paper drives u more Rj mnicf rical treutroent than dsoqI r»f 
tbo (Jart^^ian Oral, an^l proves several now metrical |>rop6rtles 
of the curve : tlii^ nio(ho<] of treatment leads to a remarkable 
ex|ire.ssion f<»r the radius of curvature at any point of the curve. 


On fh* ^ '<tni 2 Httohun /•f fh» ui*. lus a PhtHtt untl a Gomef^ 

liy U. N. Apto, M.A , LL H., P.U.A.S. 


This |)apoi\ after expluiuing the nicaninu.s of the ophemeris, the 
elements of paraholic and Klliptic orbits^ positive and DOgaiivo 
directions an<l lime inter vaU, and the heliocentric equatorial 
cg*ordiuatcs,procoi ds to tl*e explanaliun and coDipatatioo of— 
Gauss’s coustauts, / and v in Klliptic and Parabolic orbits> 
lieliocciUrio co-ordiualus in itvms of eccentric auauioly, etc., 
thus gradually leading to the different sle]>s iu tho computation 
of an e]>heinerts with siiitablo illustrations. 


d, On a System tlitcrjly stniilar Irtanylcs connected with a 

7Viau;//c— by S. Narayanan, II, A, 


If A/B, C, D be any four given points in a ]dauc, ihoir pedal 
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trinnglcH, Ti/., uf cnch I'oini iakon with renpeot to tho trianglo 
formed by the other throe, are uU similar, and have tho same 
ilnvhle point which is tho contre of the rootaognlar hyperbola 
through A. B, C, U 

, 

4. dau/i//^c At'ilhui*lfc by K, U all berg. 


The ]»apor separates tho group of uperatiuns of ordinary algebra 
from the group of entities. For tho latter is substituted a 
complex number system with an infinite number of units, when 
it is found that this, together with the group of operations, 
fcruis a logical system, if the process of multipHoaiioD is gene* 
ralizod in a way different from the ordinary ono, not even tho 
ooTDiuutativc law of multiplication being sacrificed, 

5, yinUii*licii(iou oj Injinite /nh[/raG — by K, B. Madhava» M,A., 

i'hiH papertinvestigates the comlitions uiuler whirh llio product 
of two convergent infinito integrals 

J u {z) dz and J v (x) dx 



can bo expressed as a convergent integral in the form 

i*X' 

Jo Jo “ 

the mode of forming the last integral being analogous to 
Cauchy’s method of writing the typical term in the prodnot of 
two infinite series. Incid^'iitally a (small) o inequality in one 
of Hardy’s pafiers is replaced by a (capital) O inequality. 

6. The Infinite Pf'oduct \ j ^1 — --byS. R. Hanganatbao, M.A. 

The value of this product is deduced in a finite form, which holds 

good in the neighbonrhood of x = t^ but not at T = t^ t being an 

00 

integer. When ^ = ^ the modified product | | ' (the dash indi* 

r = 1 

eating the omission of the factor in which rs^f) is evaluated. Tho 
logarithmic differentiation of the modified product leads to the 

values of which holds good for integral values of f. 

These and other allied formulae give neat results for certain 
values of x and u. 

7. An Extenfion of Feuet'back Tfteo/vm.— by M. Bbimasena Rao. 

The circle, passing' throogh the points of contact of a conic 
inscribed in a triangle and having its centre at a gi%*eQ point 
P, is terme I the coni»ict circle of P with respect to tho triangle 
ABC, and different cases of such cuntHOt circles are disenssed. 
The paper concludes with the theorem that the pedal circle 
(or contact circle) of any point with respect to a triangle 
cots the nine-points circle at an angle equal to t)ie sum of the 
angles at which it intersects tlie sides of tho given triangle. 


In the afternoon at 2 p. m., the members gathered together on the 
Apollo Bonder, where a fine big launch, so generously placed at the die* 
posal of the society by Mr. G. W. Hatch, I.C.S., Chairman of the Bombay 
Port Trust, was in waiting to take them on an excursion in the Bombay 
Harbour. TBe visitors were then taken to the Elephanta Island, 
where they had an opportunity to survey the antiquarian relics carved 
on the scarps otmountains about the time of the revival of Brahmanism^ 
after the decline of Buddhism in India. Rofreshmepts were provided 
here for the visitors, and the members one and all enjoyed this excur- 
sion of about five hours. 



On ihe third aW hiat day the adjonrned sessions of the Con- 
ference commenced at 8 a. m., partly onder the chairmanship of 
Professor A. C. L. Wilkinson and pa.tly nnder the chairmanship of 
Mr. V. Ramaswami Aiyar, M.A. The following' papers were successively 

read and discossed: — 


8 Fractional Differentiation — hy M. T. Naranionpar, M.A. 

The notations t)2, D^, ...D" are defined by the laws of combina- 
tion subject to tl)o index law an<l the following results are 

obtained — 


(0 

D- *”= Vx" 

r (n + ) 

(ii) 

r(n-hf) 

Inversely 


(iii) 

13— i3,»_n«+iV+ 

r(n+^) 

(iv) 



Tiiese procosse.s are applied to obtain some generalizations of 
well-known theorems— .such as, Iieibnit7.*s Theorem* Binomial 
Theorem. lOxponontial Theorem, Kulor’a Theorem on homo- 
geneoas tunctions and others. 

9. On a Fundamental property of the Blli'pttc F«ncfjon»— by A. C. 
b. Wilkinson M.A. 


The paper states that an examination of the two periods of the 
Jacobi, Elliptic Functions, when k is complex, shows that an 
when dollned in a certain way, the ooeffioioDt of > in their ratio 
is positive. 


10. On Cotmic iSyn/7ie«t«.— by S. V. Ramamnrthy l.C.S. 


Starting from two hypotheses abont the relation of time, space 
and matter that they are all ono entity (mass) bat are re- 
cognizable gronps of it of different scales of size, varions laws, 
now dednoed experimentally, are dednoed mathematioally— ris, 
baw of Qravitation, Newton’s Laws of Motion, Boyle’s Law, 
Oersted’s Law, Ohm’s Law. Conceptions of polydimensional 
time and mass aro introdneed, and a solntion of the problem 
of » bodies is given. 
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11. Some KIemen(a/)j t fies a Tttrnhefl^on — \>j Bf^lak R\m, 

I.C.S. 

la thin nole, the anthor ohlain^ by Qiiaternion*^ tlio con^itioni^ that 
two or mote of the .shortest di.^tnnoes between the oppo^^ite 
odf^es of a tetrahedron should intersect one another, an<l tfie 
conditioDs that anj oae of ihe>e shorlesf distances sliouhl 
intersect the line joining (he middle points of any pair of 
opposite edges. Properties of the special telral^edron possess* 
iog an orthocentre are also obtained. 

12. On c* •'fain Definite Integrals and conntcf*:*! UtirnOHlh'*s 

’Sumh^Ts — by C. Krishnamachari, M.A. 

Some definite integrals for and R„ are obtained, and exjiressions 
for the trigonometrical fonctions are deduced as infinite 
integrals. Some applications of the theory of residues are 
illivstrt^tecl and by examining the residues of fnnclions with 
sin Tfs, cos Trr, tan ixz in the denominator, sunimation formulae 
are obtained. 

13. On Curveg stmihr fo their JSeoluUs^hy A.Narasinga Rao,M. A. 

The curve «=/ (i^) is similar to its nth'evolute, if /"(4 j) =aj74,+/?). 
The general solution of this fondamenlal equation gives /(4^) 

= LCe cos Icp, where c=a4-i />, satUBea z*‘ = ae ^ ^ which, be- 
sides including the spiral and cycloid family, leads to several 
new and interesting curves. The latter part of the paper 
deals with oblique cvolutes and the determination of a curve 
which is its own nth evolnto. 


14. BcTnf)ulli’$ Polynomial and Fom ivr S'.rits — by S. R. Ranga- 
nathan, M,A, 


In this note iseveral formultu ai*e obtained from the principal 
Fonrier series ; also oxpre®siona are derived for certain series, 
such as 

1 


2 *^ 4 *'* * 7 *** 8 *'* 




16. Conics t'anieAt'np 0, 0'— by H. Vythyanathaswamy. 


Further applications of the author’s “ Cyclic centres’ to proper- 
ties of the polar line of a triangle with respect to a cironm- 
conio are given here. 

2 



£,■ gitimacy r.f (h> ()'ihna>y ('<'inp}t.r .Vhwi/*C' — by Pi*. P. A. 

A groop conception of the complex nnmlxT in which, for 
ninltiplication. n complex number is represented by n linear 
group traneformation x' =a.r — by, ’/' = f>jr + nj/. 

At the conclusion of the reading of papers, the Hony. Jl. Secretary, 
explained briefly ithe circnnistances which contributed to the success 
of this Second Conference of the Society. On bcdialf of the Reception 
Committoe.be tendered a vote of thanks to all those who had taken the 
trooblo to attend the Conferenco.eren at certain inconvenience to them- 
selves. He furiher added that 'on that very day, India )md the pecaliar 
good fortune to learn of a remarkable episoilc in ibo history of 
British Rule, ri'c., the appointment of Sir S. B. Sinba as the Under- 
secretary of Slate for India with a peerage, I'his he hope<l wonld act 
as a powerful incentive to all loyal an<l j>alriotio .sons of India, and 
would contribute to the material and iolellectual adv.ancement of India. 
The best thanks of our Society woredno to the Vice-Chancellor and the 
Syndics of the University for the loon of their hall, to Principal Covern- 
ton of the Klphinstono College for the use of the CoUc 'o promises, to 
the Chairman of the Bombay Port Trust for the launch and the 
arrangements at the Docks, nnd to the Mint Master, Bombay, for their 
kind oo-operation. Ho alone could personally appreciate what Sir John 
Heaton as the Chairman of the Reception Committee, and Prof.'Wilkinson 
had dono to make this conference a success, IJis best thanks were 
dae to all of them — as well as to four members of our Reception 
Committee, Messrs. Uatar, Chandralraya, U. R. Kapadia and Gaitonde- 
for all they had dono in connection with the conference. 

On the motion of the Hon. Mr. 11. P. Parnn.ipye, seconded by 
Mr. V. Bamaswami Aiyar, it was resolved that 

“ This Conforonce of the Indian Mathomalicnl Society takes 
this opportnnity to put on recoi'd tlmir deep sense of gratitude 
for the appointment of Sir S.P. Sinha. as the Under Secretary 
of State for India, with j'ecragc, and that a copy of this 
resolution bo transmitto<l to Sir S, P. Sinha”. 

The motion was carried with acclamation. 

On tho motion of the Hon. Mr. R. P. Paranjpye, seconded by 
the Hon. Mr, R. Uittlehailes, it was resolved that 

“ A hearty vote of thanks of tho society bo conveyed to the 
Vice-Chancellor and the Syndics of tho University, to the 
Principal, Elphinstone College, to tho Chairman, Bombay 
Port Trust, and to others for thoir kind co-operation in the 
work of the Conference,*' 
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The motion was adopted unaaiiiloodly. 

While concluding the sessions of the Conference, the President, 

Prof. Wilkinson, offered a few suitable remarks, and expressed a wish 

that, oircnmstances permitting, Ihej would try to meet for the third 

Coifferenco at some central place which it would bo too premature to 
notify at that stage. 

With a Vote of thanks to the Chairman, the Conference, concluded 
its sessions at ll-SO a.m. 

In the afternoon at about .i p.m., the members were taken for a 
visit to Uis Majo.sty’s Mint. Hero the visitors wore ehowu the various 
departments of the ilint by the ilint anthoritiss, and as soon as this 
was over, the whole party marched on to the Alexandra Docks.' At the 
Docks, onr members bad the opportunity of witnessing the troops and 
Kut prisoners, who having disembarked but shortly before from a trooi)- 
ship from Basra wore being entertained in the Dook-sheds. Some of oar 
members were inlruduced to the General in charge of the arrangements 
and the scene there produced such a sympathetic impression on some of 

ufl, that a small sum of Rs. 25 was immcdiatciy subscribed by onr 
members on the spot, and handed over to the Officer commanding as an 
humble contribution from the Indian Mathematical .Society towards the 
entertainment fund. 

After walking over the Docks, the whole party rested for a while 
at the “Mole” Railway Station, and there after some light refresh- 
ments our members assembled in a meeting under the chairmanship 
of Mr. V. Kamaswaoii Aiyar, and the following resolution, proi)08ed by 
Mr. V. Ramaswami Aiyar and seconded by Mr. il. T. Naraniengar, and 
supported by ilessrs. Hemraj, P. V. Seshu Aiyar and T. V. Mono, was 
unanimously adopted— 

“ That the most cordial lhauks of the Members of the Mathematical 
Conference belonging to outstations bo conveyed to (be Recep- 
tion Coioinitfeo. and to their Chairman] Justice Sir John Heaton 

for the kindness and attention extended to them during their 
stay in Bombay.” 

Mr. D. D. Kapadia. Hon. Jt. Secretary, thanked the members on 
behalf of the Reception Committee, for their kind appreciation of what 
little work they had done ; and after some happy exchange of mutnal 
greetings and farewell, the members dispersed at about 5 p.m. This 
oobbltt'dcd the Second ConfoWnCe of the Indian Mathematical Society. 
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Address o* Welcome by the Hon Justice Sir John Heaton, Kt. 

Voiir ExcelloDoy, 

1 1 is Dij PfivLlego to offer you u welcome and :»Uo to offer you thanka 
on behalf of the Indian Mathomutu-ftl Soci-^ty for your kindness u» con- 
senting to open our Second Conference, We arc neither im old, nor a 
powerful Society, bat wo represent a not.unimportant effort after intel- 
lectnal im|irovecueut and the 8)*read of sound thinking m n la. 9 
such we venture to hope that our wi-^hes will have some slight valao and 
we do most genuinely wish for Your Excellency the greatest possible 
success in the outcome of yoor administration. 

We value Your lOxoellency’s presence amongst us not only on 
account of the high office you hold. There are other reasons also. 

The work wliii:h Your Excellency had accomplished before taking 
u[) your present office demonstrates a capacity for aocnratoly stating a 
problem and a realisation that the collection of correct data is an 
essential preliminary to the solution of a problem. In other words, 
Your Excellency has manifested the spirit of Science, and in particnlar of 
Mathematics — the earliest and perhaps the most important of Sciences. 
Moreover, Mathematics displays to a peculiar oxtont an intellectual 
method which is beginning to appeal in a marked degree to men of 
affair.s. In Mathematics, a conclusion cannot claim, and will not be 
accorded, any importance until every process leading np to that conclu- 
sion is frankly displayed and is fully exposed to the most searohing 
examination. That is the essence of tho Mathematical method. It is 
easy to imagine the dismay with which old-fashioned politicians and 
dii)lomati 3 ts would regard .such a method if applied to their branches 
of affairs. But it has now become apparent that a change is in progress 
ill the minds of men of affairs. And in Your Excollonoy’s interest in 
our Society we have an indication that such men no longer hold them- 
selves aloof from the application to political and administrative pro- 
blems of homothing of tho spirit of the Science of Mathematics. 

Our welcome and our thunks therefore are tho expression of a 
feeding much deeper than that of more formal oompliment. 

1 now ask Your Excellency to beisu good as to declare the Confer- 
once open. 
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Message of 

His Excellency Sir Ueorge Lloyd D.SO. KC IE, 

Governor of Bombay. 

Mr. Chairuian and Gentlemen 

First let me say how extremely sorry I am to hare been under the 
unavoidable necossiiy of canuolling my cngageuictit to open the 
Conference of the Indian ilatheuiatical Society this morning. 1 hare 
the greatest sympathy with the idealo ofyonr Society and have 
been Tory interested to learn, from a perusal of the papcr.s sent me, of 
the work it has done, of the Library and Journal it maintains and of 
the keenness which its members show in attending and writing papers 
for these conferences. 

I fully recognise the difficulty which you experience in attracting 
members from all parts of such a vast connlry as this, but I am glad to 
see that Local Governments have contributed their tpiota of snjipori in 
the sha])o of travelling allowances to such of their officers as attend the 
conference. I hope that the Sooioty will not hesitate to appeal to iny 
Government for any further assistance they may require and, while I 
cannot promise to grant its request, 1 can at least assure you that I will 
lend a syiuputliotio ear to any such suggestion. 

I underotund that the maiu aim of your Sooioty is to encourage 
research in pure mathematics by post-graduates, and I know that most 
of you look upon this research as an end in itself ; and upon the results 
of the research as so many valuable additions to the Science of 
pure mathematics. Now, while entirely sympathising with this point 
of view, 1 wish to point out to you that your re.soarcti work has other 
and very valuable results. 

Mathematics is an osseutial adjunct to almost every science known 
in the world ; any work, therefore', which increases ouv knowledge of 
mathematics, tends to increase our knowledge, or our means of obtaining 
knowledge, in all these sciencen. From this point of viow it may be hold 
to have a practical value for practical workers iiitho sister sciences. It 
might however seem that the elucidation of some of the abstruse and 
. highly teobnioal problems which I see down on your programme, is only 
very romotoly connected With the consideration of praotual scioncos, and 
from.a narrow point of view, of coavse this is-trao ; hut I wotrid like to 
call yoor attention to another side of the question. One of the dangers ‘ 
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of tho existing Indiao educafioual system is that it has a tendency to 
give nnduo im})oi'tanco to examinations rathci* than to original obser- 
vation or in<lei)endent thought. Research work is valnahle not only 
in «Uscovering new jiroblenis, but also in training worker.^ to use the self- 
reliance and independence of thoaght they have gained to the problems 
of their every day life. Knowledge acqnired, or stodies pursued, for the 
sake of examinations alone are not of the highest value, but tho kind of 
work which yonr Society foster.s and encourages is, in luy opinion, of tho 
greatest utility not only by reason of the results obtained, or the 
encouragement to further stiulies it affords, but also because it streng- 
tlicns tl»e mind and 'character of those engaged in it, and it is mainly for 
that reason that I am so glad to see yonr Society i»rosporing. 

1 sue that you nuinluT among yonr mombors lueu of many profes- 
j,i JUS— civilians, politicians and professors. Your 6rst President, Mr. 
llaDumant Hau, was a Professor of the Engineering College, Madras, 
and your fourth. Uewan Bahadur Ramachamlra Rao, was a Secretary 
to (jovoriiinent. Such men cannot bat ]>rofit in their ordinary profes- 
sion from the concentration and independence of thought they have had 
to cniploy in these mathematical research stodies. As regards the 
quality of the mathematical work which Indians are now doing and the 
position of tho scholar.s who are mombers of yonr Society, 1 need only 
mention one out of many names. Mr. Ramanajan, after a most brilliant 
career, starting from a very hamblo origin, has been elected a Fellow 
of tho Royal Society, one of Iho highest honours a man can hold, and I 
wish him all success and honour in his future career. 

Qontlomen. 1 must not detain you longer. Oucc again L must say 
how disappointed I am not to bo present at your Conference. I wish it 
all HUCC 08 H and I hope that you will enjoy and profit by tho discossions 
I see on tho progranime and hy the meeting and interchange of views 
between utembers from different parts of India which is ono of the chief 
values of such conferences. 


Report of the Hony. Jt. Secretary, Prof. D. D. Kapadlo. 

Vour Excellency, and Oeotlomen, 

On behalf of tho Commitioo of the Indian Mathematical Society, it . 
is my Very pleasant duty to extend to you all a very cordial and friendly 
wolcomo at this— tho second Gooforonco of tho Indian Matbematioal 
So'cloiy, and express oar sense of appreciation for the trdublo yoa hl^Vo 
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taken to bo ju'esent at the conference and make It a snccos^s. We con- 
sider ourselves extremely fortunate in having,' Vonr Excellency amongst 
Q3 to open onr Conference to-day; and the cheerfolness with which ' our 
Excellency accepted onr invitation is a clear mark of apprecl.it ion 
of the work done by our humble Society up to now in a quiet and 
nnostontatious manner. It is useless for ns to say that the Society feels 
highly flattered by yoor presence amongst us, and it shall be our 
constant endeavour to exert onr utmost to prove oarsolves wortliy of 
this honour. 

At onr First Conference held at Madras in December 191(1. I had 
the privilege of relating in detail the history of the foundation, the 
progress and the work done by onr Society up to then. This has been 
printed in onr Journal fer Febrnary 1917. On this occasion, therefore, 
it is needless to repeat the whole thing over again. 

Onr Society was founded in April 1907 and, during tlipso 12 years 
of onr existence, we have been steadily progressing and growing, in 
nnmbers. Our present strength is 197 members — viz: 1 patron, 1 Hon. 
member, 9 life members and 186 ordinary members. We have reason to 
believe that, as onr Soctoly becomes more widedy known and our 
aims and objeots more clearly understood, scholars will flock in greater 
numbers to our Society. Dut onr first and foremost duty is to aim 
at greater cflicien. y ; that means that wo ought to be in a sounder 
financial position than what wo enjoy a( present aud that we should have 
the most active co-oporat'on of our membor.s. 

In connection with the first point we are sorry to say that most of 
the income earned by ns as sabscriptions i-. spent in the course of the 
ordinary routine work of tho Society, and hardly any surplus is left 
for adopting means to inerdaso our efficiency; and in connection with 
tho second point, oor work being a labour of love, it requires a certain 
amount of persuasion to make our members co-operate in the work of 
oor Society. 

Our Society is meant primarily for the promotion of mathematical 
study and research, and it therefore does not appeal very forcibly to all 
engaged in the teaching of elementary mathematics. We had once 
formetl a plan of having a branch of oor Society dealing with eloraont- 
ary mathematics, but the ides had to be kept in sospense for the simple 
reason that before the parent Sooiety was established on a rigorous 
basis ensnring its permananco and stability, it was not advisable to frit- 
ter away onr energy in different directions. 
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For achieving the high i^leals of the promotion of mathematical 
study on<l resenreh, the Society ha-^ organized- (i) a Jonrnal for the 
inntual intercl.nnge of ideas ami as a medinra for inter-coramiinication, 
(ii) a circulating Library having periodicals in snfficient nombors 
to facilitate .puck circ.lation of them amongst our members, and (m) a 
Library of referonoe books. Wo have at piosent a Ci.cnlaling Library 
with some 35 Periodicals and a small Ueforenco Library. 


What wo said in oiir last report in connection with onr Journal and 
the Library, remains nearly true to-day. When we met last, we 
lioped lo achieve some tangible results by canvassing financial 
assistance from all possible sonrec.s, sneh as the Home Government, the 
various Provincial Governments, and the Maharajas and Ruling Princes 
of India. But since then events took a dramatic lorn, and the nnited 
and organized efforts of all lovers of Humanity and Freedom were 
required to bo employed to save mankind from nn enforced thraldom at 
tho hands of a Nation, who up to ihen had achieved a name in the realm 
of L'-arning and Science, but who perversely thought that * Might was 
Right,’ and that ‘ the end justified the means/ During the course of tho 
iitanio St Toggle, wliich is now happily ended, there could not bo but 
one and fnhj aim in view, namely: the vigorons prosecution of tho 
righteous campaign without the least diversion of all possible available 
means and resources of the lOnipire. It is indeed a matter of pride 
for ns to note that India had opportunities of playing her own part 
in the struggle and that she in general acquitted herself creditably- 
Our Committee therof. re considered it advisoble to postpone onr 
efforts for the collection of funds until the events took a favoarnble 
turn. 

Now, however, tho circamstanoes havd improved ; the armistice has 
been concluded and very soon wo shall be in a position to hear the 
joyful tidings of a Feacc-onsnring, to a greater or less extent, the safety 
and liberties of mankind. People will have now leisure and energy to 
devote to thoir domestic problems, and our Committee hope to aohieve 
some tangible results in future, by representing onr real and legitimate 
wants to all those who aro in a position to contribnte their mite 
towards tho promotion of tho intelleotnal and material progress of India 
as a whole. We trust t hat our appeal will not be in vein and our Society 
will bo able to do something soon for tho advancement of the Soienco 
jpf Mathematics, the oldest of tho Soienoos, for which India had a 
'peculiar fascination from the remote past. 
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Oar .Tonrnal }ia«i gcnorallj lioon an attractive feature « r 

aotiritios. 'I'here are sevornt directions in whicli one %voaM like to -»*t 
improvemoats in the journal. We arc however not fav from coire^/t, 
when we say that it has stimulated many yonn}; gentlemen of proniis>o 
to contribute articles an<l notes on niatliematir \\ subjects. an<l 
problems. Wo need hardly confess that though wo liave not been 's 
yet able to attain the stan(3ar<l of originality aod excellonro found in 
some European an! Araericin Journal^. yet our Journal has sufficiently 
attracted notice from outside oven at this early stage of its oxistence. 
Onr energetic Editor Prof., M. T. Naraniengar has boon rhietly res* 
pODdible for its get^np and for its periodic appearance. 

Our Circulating Library is a very useful appendage of our Society. 
We are getting some 35 European and American periodicals for 
circulation amongst our niemberB. To Tuake our Library serve its 
purpose more officientlyf wo want several of these periodicals in <lupli- 
cate and triplicate copiea. Sometimes one hears of complaints from 
our members with limited means i hat tlie burden of return postage 
often precludes them from making a free use of the Library. 

The stock of reference books and journals in our Library, suitable 
for adiraiicdd and research work, is very limited and scanty. Every year 
we have been trying our best to effect some improvement in this direc- 
tion. But by the end of the year hardly any sni^plns remains to be 
utilised for buying good books. The late Sir Ratan Tata oheerfally 
gave 08 a donation of Rs. 600 in 1900. Beyond that we have not been 
fortunate to receive help from the public. The conceotration of all 
books on Advanced Mathematics, and back nnmbei'S of important 
Mathematical Periodicals in a suitable Central Library is a great public 
desideratam^ and the Library of our Society can aj>tly he made a ctnirv 
for all kinds of Mathefnattcal books both ancient and modern. It should 
be our constant aim to try to make our Library a source of inspira- 
tion to all workers in Mathematics. 

Only but recently, H. E. Lord Willingdon’s Government recognized 
the necessity of such a central Library for Oriental Literature by libe- 
rally contributing their mite towards the Bhaodarkar Oriental Research 
Institute* Not only has the whole valuable colleotion of the rich 
•Sanskrit Manascripta of Deccan College, Poona, been handed over to 
the Governing Body of the Bhandarkar Institute, but aUo an annual 
recurring grant has been placed at the disposal of that Institute. Our 
wish therefore for centralization of our Library on similar lines, wo 
presume, could not be conddorocl as highly extravagant or coming 



%vWhin the cntej?ory of fhimei*ical schemes »mj>ossiMe of execution. Thin 
qne.stion is not one of looal iniporfance Mono. It affects various 
provinces equally, and hence all conoeine«I in the inti-lleclual welfare 
of India ought to participate in thi.n matter. 

Onr Society is capable of immense potenlialilies. If we had snflici* 
ent funds at our disposal, we cnnld organize schemes for oiloring prizes 
to Indian workers for some kind of original work in Mathematics, or 
ovtn offer Bcholarshios and fellowships to deserving students to enable 
tliem to concentrate their attention and dive deeper in their 
studies as Research Students. Onr helplessness in this vespcot is almost 
criminal When the famona mathematician, Mr. RninnnujnD, P.R S., 
sought some modest liolp from our Society to enable him to devote his 
attention to Mathoroatioal studies and research, onr bankruptcy was 
made manifest. We feel it imperative that our Society should spare no 
efforts to found a Researoh Fund for the promotion of Mathematical 
Research in India with the generous help of onr Govoinmont, the Ruling 
Princes of India, Zemindars and others No greater incentive for snob 
an organization is needed than the example of the South Indian 
Mathematician above-mentioned. 

Bnt while wo talk philosophicnlly about such schomos, and indulge 
in these visions, we onrselves have a heavy responsibility on our own 
shoulders. Wo are in fact in the beginning of our existence and we 
have not os yet gone beyond the foundation of the odiGco for the raising 
of which wo started onr Society ; and though wo may increase in num- 
bers and havo'onongh Gnanoes at our disposal, yet unless everyone of us 
works with heart and soul and contributes bis individual share in one 
form or the other, our Society cannot attain that vigour of life so 
essential to its growth and welfare. In conclusion, therefore, the Com- 
mittee appeal strongly to one and all who share in the proud 
privilege of being members of the Indian Mathematical booicly, to rea- 
lize their responsibilities and contribute their mite for the aohiovonient 
of the laudable object for which this Society has boon jirimarily founded. 

Our Second Conference meets under favonrable oiroumstanoeS. 
The dire war has now nearly ended ; the peaoo is in sight and humanity. 
18 again taking a breath of relief. Again, at the tioio of onr First 
Conference hold at Madras on the 27th, 28th, and 29th December 1916t 
the Bombay Government alone granted facilities to onr members to at- 
tend the conference in the form of actual travelling allowance; bnt on 
this occasion, we feel gi'eatly flattered to 6nd that not only tho Bombay 
Oovornmont, bnt tho Governments of Madras, the Central Provinoest 
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and the Nutis’o Slutc.s uf My &orc> Hyderabad, Travaucorc, liaroda 
and Kolhapur, the Mission aathorities at Beawar — all have granted 
facilities to our ruembers to come to the conference. Oor best thanks are 
due to all of them for their appreciation and recognition of oiir Society. 

In conclu^iou, our ComruiitLO bog to thank roost heartily one and 
all who liavc so cheerfully in one form or another assisted tlie Society 
over since its foundation during all thtse year>. It would be invidion^ 
to single out particular naiae-J. Wo appreciate thankfully their efforts 
and sincerely wiali then) to continue their support as hithertofore. 


Presidential Address by Professor A. C. L. Wilkinson. 

At (ho Fourth International Congress of Mathctnaticiaus h^hl at 
Homo in 1908, a commissioa nn asiappointcd to umke a comparative study 
of the Mathematical teaching in the Secondary Schools of diflcroni 
countries. 1 he commission represontod praci ically all the Kuropeun 
oonntries, the United States, Japan, Australia, Canada, Cape Colony 
Mexico, Brazil. That India was not represented anil took no part in 
the collecting of material was probably due to the fact that on 1008 no 
rbdtaDa had joined tlie conferonde. A preliminary report was made 
to the Fiftli International Congress held at Cambridge in 1912, but 
its work was not concluded. Amongst several outstanding points loft for 
conBidoralion I uuty mention one, tfz , 'Uhe practical and theoretical 
training for teachers of Mathematics.*’ 

As a result of the enipiirics instituted, we now liavo a vast body of 
literature <lcaling with the teaching of Maiheroaiics in nearly all 
civilized countries., includiug not only (lie general teaching, but also 
special leaching as required for physicists, Kngiocors and other soientists* 
Id 1912 it wa.s staled that llic reports publislied so far amounted to over 
9000 Octavo pages;' Oerinaiiy loading the way with a report in G 
volumes, Franco following with a 5 volumes report, hJngland, Japan, 
Bolgiom, 2 vuIuii.CH each. It may be noticed that the reports are ull in 
one of four language^, Eugli.sli, French, German, and Italian^ 

In directing your attontioii today to (his subject of (ho (caching of 
Elementary Mathematics, I am guided nu( only by itii pai’Atuouut 
importance but also by tho fact that it is one of the objecte with which 
our Society was founded, but which up to now has been, I fear, neglected 
namely, the formation of branches for promoting the study of Elemen- 
tary .Mathematics and the improvement of. Mathematical ter.ohing. 
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Malhumatical teacliiug uuturally covera » wiJo lield, i^oiuinencing 
Troui tho drst steps of arithmetic of the KiDclergarteo Schools, we 
))ass frotu the study of arithmetic io the primary school to the study 
of mathematics, that is Arithmetic, Algebra and Geometry in the 
■secondary school, and then on to the more advanced study of these 
same subjects with Trigonometry. Analytical Geometry and even the 
elements of the Calculns added in the 6rst stage of our University 
Work until we arrive at the higher stages of Houour.s B.A. and M- A. 
teaching and lecturing. 

1 propose to confine myself to the study of Mathematics in the 
secondary schools, where great changes have recently taken place in 
regard to elementary foitbooks, teaching and the syllabue for Uni* 
versity examinations. In England these changes were largely brought 
about by the efforts of the Mathematical Association with its joornal 
'* The ^lathemalicul Ga/ctle.” It is tree that fur some time attention 
was chiefly concentrated on tho improvement of Geometrical teaching i 
and we juisaed from " Kuclid edited " to “ hluclid revised ” and then to 
** Euclid abolished.” In (his respect France hud anticipated us by 
over a century ; tho first edition of begondro’s EUincnt$ de (jeometrie 
appeared in 1704, and on this was based most of tho textbooks in use 
on tho Continent of Eux'opo and United States; England in fact 
remaining tho last stronghold of Euclid unadulterated. Reform in 
Geometry effected, it was natural that Arithmetic and Algebra should 
next be dealt wiib aud the results of many of tho changes that havo 
recently been advocated in England are to bo seen in the correspond* 
tug now typos of textbooks and tho changes in University curricula 
throughout India. At tho time of the formation of our society, most 
of this work was accomplished, reform was generally nooepted and 
was being actively introduced into our schools and Colleges. But 
has not tho time now como for us to endeavour to weigh in the 
balance these reforms, to sum up the results of tho changes so far 
effected, to compare our own methods with those of other countries 
and so determine whether further changes are not now indicated P 

bet me commence by suggesting two fundamental questions for oar 
iinmediato consideration. 

(1) Why do we teaoh Mathematics as a compulsory subject, 
aritbmotio in tho sense the word is commonly employed, 
elementary algebra and a course in geometry oorresponding 
to the first l(>Qr or six books of Euclid P Granted that 
some or all of those subjects should form part of every 



edaeiited man^s ei|uipuient, to wliat extent shouM each be 
tunght compolsorily ? 

(2) Is it necessary to maintain the ancient water-tight com[>art*» 
meot system of three groups of arithmetic, algebra and 
geometry ? 

It is a ^latheuiaticiun’s privilege to deny the obvious or axioD^aliCi 
to refuse to accept as necessary the most elementary principle without 
enquiry. I'bc reducing of geometry to its fundamental hypotheses led 
to the development of non-euclidean geometry, a subject still very little 
nnderstood outside the small circle of profosbiooHl Maiheumticians ; 
again the logical basis of algebra leads one to consider the abolishing 
of the most obvions properties of numbers, the as>ociutive and comma- 
tative, and develope now sciences. Therefore we may seriously claim the 
right to inveaiigaie the root basis of the presence of Mathematics in 
OQr present system of education, without respect of authority, until we 
hod that anthorily justifiedi by argninent or result of experiment. 1 
shall assume that no one desires to di?>puto the axiom that every citizen 
of a civilized country must learn the three ii’s, reading, writing and 
arithmetic ; language comes naturally, it is acquired as a chiUVe mind 
develops almost unconsoiously ; every savage spoaks his own language 
and counts on his fingers or tallystick; and until quite recently, in Kuropo 
and Asia few men could read, write and cipher. But in these days tho 
labour of acquiring these three arts is so insignificant in comparison 
with the lifelong advantages and pleasure to be obtained therefioui. 
that we even realise that it is a duty to enforce this minimum amount 
of education on every citizen. But having taught him to read, wo do 
not insist on his deciphering Egyptian hieroglyphics or Assyrian 
Cuneiform ; having learnt to writOi it remains optional whether he 
acquires proficiency in shorthand or the art of engraving ; and therefore, 
why having learnt arithmetic, enough that is for his practical needs, 
sboold he be compollod to manipulate complex fractional or decimal 
reductions or the thousand and one tricky problems that you will find in 
every well ordered textbook V 

Tho primary reason for teaching these subjects iS| 1 taku it, histoid* 
cal ; a secondary (and now the primary) reason is iho value that wo may 
pat on the study of elementary mathematics for training and developing 
the reasoning powers As far as Indian schools are concerned, the 
foandaiion of tho Indian Universities about 1860 led la tho introduction 
of a well defined school coarse on antUmotici algebra up to quadratics, 
and the first three or four books of £ucUd. who at that time still reigned 



ill England anchallengcd. All this whs of course based on the corros- 
]>onding English school course and was what a boy of 15 or 10 might bo 
supposed to know. It is therefore necessary to go back to the history 
of education in Europe in order to realise the gradual dcrelopment and 
extension of the School and University curriculum. The basis of cleoion* 
tnry education in luedieval times was Latin, logic and rhetoric or 
iiictiiphysics. 'I'his was a three years course, called the t ‘ ivinm, and led up- 
lu the U. A degree. This was followed by four years spent in the 
study of the Q'totlrivium, arithmetic, geometry, music and astronomy. 
Hut frequently, apart from making n declaration to the effect that he 
had attended lectures on the subjects, a man continued to study logic, 
uieia))hysics or theology. No tests of pro6cicncy were imposed in the 
(jiuiilrivi’trn. and wc learn that at Oxford as late as 1450 A.D. a studeDt 
seldom succeeded in mastering moi‘o than thu Brst two books of Euclid. 
Tliesc were the days when all learned men wrote and spoke in Latin, 
when neither the Uindn number notation nor the Arabic science of 
Algebra had reached Europe. In these early days Arithmetic was a 
formidable science, based on the Koinau system of ciiumoraiion, and its 
most difficult as well as essential purpose, the calculation of the date of 
Easter and the other moToablo festivals of the Church that depended 
on Easter. The works of Boethius, 500 A. D, formed the basis of all 
that was written up to the middle of the thirteenth century when tho 
Hindu notation became well established. Tho history of tho 
modern textbook in England may be said to date back to 1540, when 
Hobort lleconle published Gfontult; of Artee", of whom Do Morgan 

wrote that “ His memory deserved a much larger portion of fame than 
it has met on several accounts. Howas the first who wrote on Arithmetic 
and Geometry in English, he introduced Algebra into England and 
was in all probability the first Englishman who adopted tho 
system of Copernicus.” 

Shortly after in 15b5, decimals were invoutod by Stovinus of 
Bruges ; logarithms by Najiier in 1614, and in 1631 there appeared 
Ooghtred’a "Clavis Mathematica,” originally written in Latin but trans- 
lated into English as “The Key of Mathematics, now forged and filed”. 
This was the oulminating point in the historical development of tho 
science of Arithmetic and Algebra as derived from tho Arabs. Wo now 
approach the stage when Arithmetic was to becomo utterly trivial anil 
mechanical when sooh a book as Cocker’s Arithmetic, “being a plain 
and familiar method suitable to tho meanest capacity for the full under* 
tlanding of that incomparable art as it is now, taught and practised b^ 
tho ablest schodlmastera in town and country. Composed by Edward 
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Cockor. late practitioner in tlie Arts of Wrilinp, Arithmetic and Knjirrav- 
ing. Being that so long promised to the world.”, was to receive such 
commendation, tliat •' according to Cocker” became a hywoid for 
accarncy. .This much over-rate«l work %va3 publisheil in 1700, and 
the next century and a half comprises nnmerous publications, now 
happily forgotten, in which Arithmetic was still further debased. 
Accnr.'icy does not require endless sommations of long columns of 
ponnds, shillings and pence ; lengthy compound j)ractices. whose com- 
plexity depends on an utterly unscientific set of tables of mea^uomont ; 
incredibly distant O.C. M’s, or unintelligibly large L. C. M’s, tcrrifical- 
Ij complicated vulgar fractions wltich ultimately reduce to unity; llio 
development of the intelligence can be attained withont the introduction 
of compound proportions, true discounts, medial and alternate alligations. 
The signal of revolt was first hoisted by De Morgan, born at Madura in 
180G, who pointed out that j)rocess<‘s and not results, logical argumenf.s 
anti not tricks, wore the scionfific foundations on which .arithntetic 
should be based , that mere dexterity of raanipolation with an entire 
absence of reasoning and an entire absence of statement was valueless. 
What Do Morgan wrote nearlya century ago is well worth reading even 
today and a new edition of his work “(in the stndy of Mathematics” lias 
been recently published in America by McCormack. The first sign of 
improvement was apparently in Colenso’it Arithmetic, which had a 
considorablo vogue in the middle of last century and on which all 
succeeding textbooks have been based. Dnring the last ton years there 
has boon a fresh revolt against the traditional teaching and 8co]>e of 
arithmetic and at the present moment the educational world is being 
ovcrwlielmed with an avalanche of odd textbooks, English and Indian; 
some consisting of only graduated exorcises leaving explanations of 
theory to the teacher, others full of typically worked oot examples 
intended for liomo or private study ; some with answers, some without ; 
some especially intended for the University Matriculation, others for the 
working man or for bastness-men or evening continuation classes; some 
for kindergartens ; others for standard.s 1 to 4 ; each and every one 
adornc<l with a preface pointing out its special applications, innovations 
or merits. Perhaps some of the most marvellous are those written for 
Indians. These are veritable mines of information ; miniature textbooks 
of political economy and banking, explaining the intricacies of 
mercantile law under stocks, giving every conceivable table of measure, 
English and Indian, obsolete and current ; your Indian student was 
equally prepared to distingnish between a hogsboarl of beer and a 
hogshead of wine, having wo will hope never tasted either; he conld 
porchoso a hide of land, inform yon of the ancient valqo of a tester or 



24 


moi<lore, wa^ equally familiar with tlio clnodocimal aa with 

Shavankar^a^ coqM »lraft a Inll of ox^liange on a Lon^lon Hank or cash a 
hnnrli at the local ^^a^^var^.^. 

Retarninc to my 6r5)t (|uestion, you will perceive tliab the answer 
to that part of it relating to arithmetic is erceeilingly complex. Wo 
teach certaifi portions of arithometic for their ntiHiy in oiir daily life; 
wo teach other portions, as logical exercises, the rest and, I fear, greatest 
portion is^taoght because it ha> gradually become incorporated in the 
textbooks and because it is presumed no examiner may set a qaestiou 
either relating to the foolish individual who turns all the taps of his 
hath on simultaneously, including the waste pipe, and times its hlling 
with a stop watch, or the anxious secretary of a club who is puzzled over 
his handicap in a billiard tonroainent. It may sound strange, but there 
is a certain qnaint humour about many of the arithmatical problem^ of 
the past and even present genera tions. I expect thivt most of you know 
the hoatman*s diiricuUies with the wolf, goat and basket of cabbages, and 
have hoanl of the Roman widow whoso share of her lamented hnsband^e 
estate dopondod ou tlie sex of a posthumous child, wdiich proved to be 
twins, a hoy and a girl. It was however loft for a &[adras examiner to 
immortalise Aesop in Arithmetio in 1867 as follows; — 

A crow wishing to (}uenoh his thirst came to a vessel whioh 
conlaiaed 26 cubic inches of water. The crow being unable to 
roach the water picked up soveral small stones^ oach § of a 
cubic inch in size and let them drop into the vessel nntil the 
water came to the top of the ve^ssel. If the size of the vessel 
W'as such that it would exactly hold 73 cubio inches of water, 
tind the iiuinbcr of stones dropped iu by the crow. 

I think that the most vividly realistic problem I have ever come 
across is! ho following from an Indian Textbook. Like the stories of 
Ralhns in Lewis CarroTe TangUd Tales, it requires the art of the 
painter to really depiot it« 

1 wo monkeys having robbed an orchard of 3 times as many 
plantains as guavas, uro about to begin their feast when they 
espy the injured owner of the fruits stealthily approaching 
with a stick. They oaloulate that it will take him minutes 
to roach them. One monkey who can eat 10 gaavas per mi- 
nute Snishes them in | of the time, and then helps the other to 
oat the plantains. They jost finish in time. If the first monkey 
eats plantains t>vioe as fast as gaavas, how fast oan the second 
pionkoy eat gnavasP 
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The wh«4e proMom is so ilelicioas in its sontimonf an^l accjhlontal 
misprint, ih it I feel that it calls for no comment— except tliat this ^i<lc 
of arithmetic can wellbe ahnUsheil and the whole of this chi>s of problems 
relegated to the comic history of aviihnietio. Who are really respon- 
sible, the textbook writers or the examiners ? 'The evils of examinauon^ 
are well known, the remedy for theta haivl to find. A boy <*an be spo^'i- 
ally prepared or crammed for an examination nn<l thereby obrain a post 
for which he is utterly unfitted. A rnan^s intelleciaal life may be ruined 
by the process of accamnlaf ing <bffcrciit kinds uf knowlotli^r for repio- 
dnclioo in the oxamiDation room in a match agaiU'^t time and ilicn allow- 
ing it to escape more quickly than it was poured in. The proce-s of pre- 
paration may bring deleterious to the health or constitution of 

those undertaking it. It is not even un infallible proce.ss for ubtuiniog 
the best or cleverest men Too much importance may be utiached to 
certain sobjects on account of their intrinsic difiiculties or the facility 
with which an examiner can floor the candidate. hJacli and every one 
of these evils are exemplitie<l in arithmetic as crammed and sometimes 
examined in. 

The methods of teaching arithmetic in the earliest stages is a matter 
for the pedagogist or psychologist, and the writings and lifework of 
Qrobe, Froebel, Festaloz7.i and Madame Montessoia and others too 
nnmeroos to mention show how little onr ancestors knew or cared 
about the psychology of the ohild^s mind. We are concerned with the 
final stage, namely those arithmetical exercises in which oxaminors 
delight and the consequent abnormal growth of the arithmetical 
texi<*book. Wo have too, out in India, problems to solve that are 
essentially different from those in England or other countries and it is 
oor first duty to organise enquiry into the leaching and examiuing of 
arithmetic; to obtain aothoritative opinions from those engaged in 
school teaching and finally to study the teaching in other countries than 
England. I may perhaps just mention some very simple ) oints of 
enquiry. 

Should the mnltiplication table be learnt beyond 9x9? 

Should not a simple table of weights and measures be drawn np ? 

In snob case should not those measures only in common ubo in • 
daily life be inoloded ? 

Should compound practice bo retained in oor textbooks? 

Should true discount be taught ? 

Should not more importance be attached to an algebraical 
solntioD of a problem than a so-called aritbmotie^l one ? 

4 
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A secon<l snbjeot in tlio qnTulrivinm O^omotry— still toJny n pivot 
in oiir system of seconclnry education Euclid lived and wrote The 
2200 years ago at Alexandria. The medieval stmleiit wholsto- 
died lloelbiiis, learned the enunciations of all the propositions of the llrst 
book ao'l those of a few selected propositions from tli^ third and fourth 
books. Boethins only troubled to give proof.s of the first three 
propositions. The whole of the V'h'mculK were first translated fiom 
Arab sources into Latin by Adelhard in 1120, and in the fifteenth century 
the first six books were generally studied in continental Universities 
for the aster's Degree. The first English translation was made by 
Billingsley and printed in 1570, followed by editions by Barrow in 
1650, Whiston in 1702, Simson in 1756 and the multitude of textbooks 
of the 19th and 20th centuries. 

While Euclid's work is of a very high order of accuracy and rigour 
and most valuable as a logical discipline, we can hardly suppose that it 
was over intended for schoolboys, and even as a subjeefc^in the quadri* 
vium, few men paid any attention. However last century an English 
schoolboy would start learning Bnclid at the ago of 11 or 12, aod 
gradually >vork his way through the first six books. It was however not 
uncommon, I almost said noiversal, to evade the logical diflioolties of 
tho 5th Book, a real masterpiece of logical roasoning, and to pass on to 
the 6th Book after committing to memory a long-winded definition of 
proportion and a still more obsonro definition of duplicato ratio. 
Gradually it began to be realised even in England, the last stronghold 
of Euolid, that modern progress in orithmetio and algebra demanded n 
different treatment of the science of Geometry. Tho labours of the 
Assooiation for the improvement of Geometrioul teaching are evident 
today in the revised syllabuses of all Indian Universities. All toaohera 
have not welcomed the reforms, though there are probably few who 
would retain the pomp of the old time regime, when not a single 
symbol of abbreviation was permitted, mnob loss any algebraioal 
processes in combining rectangles and squares, when deviation from the 
written text was to be accounted a mistake. For some Eaolid was an 
end in itself, for others but the threshold of a mathematical education. 
At first sight it woold appear that Eaolid is essentially based on sense 
perception, as for example those well known fallaoies of the figure 
given in Rouse Ball, Mathematical Recreations; and moat teachers, 
possibly unoonsoionsly, make a considerable appeal to . the sense 
perceptivity of their pupils by the carefully constmotod diagrams used in 
demonstrating the proofs of the various problems and theorems. The 
visual sense can be assisted or even' replaced by the tactile sense ; it is 
this in fact that now forms the basis of so-oalled praotioal Geometry. 



Several matheioatioiaos have coDtiuued their mathematical work after 
losiDg their ejesiyht, but I believe that there is ooly one iubtauoe on 
record of a man practically born blind (he lost his'sigKt a few montlis 
after birth^, who Jias achieved distinoliun iu Mathematics. That was 
Nicholas Sanmlcrsou, born iu 1682, who became Locasian Professor of 
Malhoiuattcs at Cambridge and whoso lectures on Algebra and fluxions 
were pobltshed after his death. Some recent oxporimenls in teaching 
Geometry to the blind possess great interest and in fact a montb^s 
teaching of Geomotry, or Arithmetic^ in a blind school would, I believe^ 
Considerably benotit most teachers. Geometry as conceived by b^uclid 
possesses many difficulties and we have added to those inheront difficult- 
ies by the invention of riders and problems of constractiou in such 
numbers tliat few textbook writers let a boy off with less than five 
hundred to a thousand. I do not wish to dogmatise, bat speaking of my 
own boyhood 30 years ago, I believe that only a very small percentage 
of English schoolboys bonefited by the logical reasoning of Euclid, and 
iu India, apart from (ho same difficulties, a boy had to learn the subject 
in a foreign language, with well known consequences— a largo percent* 
age of IndiuD boys memorised the propositions and few masters ever 
found time to solve many riders in class. This evil was not altogether 
unkoowD IQ England, for Pollock, who was senior AVranglcr in 1806> 
relates with pride that he coold repeat thu first book of Euclid word for 
word and letter for letter. 

Let us be careful that (1) the new course does nut bccomo too 
stereotyped, (2) that it remains rational and roasonable. Are wc tu 
separate the sense perception from the abstract tliought, or rather at 
what age shall we commonco to combine the two.^ si the process to 
bo gradual or shall wc completely separate thu two aspeols ? 

Where shall wo slop ? Must every educated man know tho property 
of the nine-poiut cirolo ? Is there not more conviotion that tho areas of 
irianglos are as the , squares of their sides to be found in the simple illns* 
(rations of * bisecting, trisecting the sides or in buildiug up l4>3+5 + 7 
rectangles, than by a formal proof, whether algebraical as at present 
iangbi, or Euclidean as in tho past when Similar iriauglos uro in the 
daplioatu ratio of tlieir bomologiiu sides** proved a sorurnet fur tho 
examiner tu entrap the unwary. Tho discovery of iucomuieusurable 
magnitudes was of supreme importance in the development of Greek 
Geometry,, bill it is of no importance to the practical engineer. If we 
etriously tbonght that an exact study of magaitndo was essential for th^ 
developmont of the cuUare of tho ordinary individnal, then let us insist 
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on iho voi*y auJ appreoiation uf the 5ni aud lOth booka 

of Kuclicl or their cijuivaleuU 

And there is still a third subject, Algebra, a very recent human 
inveutiouy not included in the ijundrivium. Dating back to the Arab 
^Y^iter Abu Ja’afar Mohammed (about 820 A.D,), known as Al Khowa* 
ra/nii. wu i*an rocoj/ni-^e three <li?>tinct periods in its development. The 
rhetorical, when the equations were >yritton in words; the syncopated 
>>hcu f he wortis nro abbre> luted us in Kccordo and Cardan; the modern 
url symbolic alifebru of Vieta» Descartes — which exists today. Tho 
tuuchiD^ of this subject has been more vitiated by the examination evdl 
than any other. Its ogic was wholly neglected, it existed only as a 
irolloction of rules whose object was the solution of examination 4 ues 
lions. Llorc a^ain during the last ton years a great revolt bus taken 
place and tho methods both of teaching algebra and the arrangement of 
tho text books liuvo uudergono gicai ,and beneficial aberations. Bot 
tradition still remains firm, chapters on ratio, proportion and ev'en 
^a^lation still ilisfiguro our textbooks, tlie study of the arithmetical 
and geometrical series and their natural corollary, logarithms, is 
postponcil until eluboruto chapters on surds and indices have been 
ijiastt’rod and an elaborate stu<ly of the hariuonioal progression still 
wearies most Hchuolboys. 

t.*uiisidoring first iho standpoint of the osofulness of olomontary 
mat hematics toother sciences — engineering, physics— much of ilie time 
spent on algebra must be regarded as entirely wasted. Is the process of 
li.C F cser employed except in pure mathematios ? Taking the second 
Htaiulpoint, the value of malhouiatics in developing tho mind, the care- 
fully arranged sots of .siandaril examples must dull any miud, and so far 
from devtdoping tho reasoning powers, by tho time a student comes to 
porrniitatioiis and combinations, having depended in the mejority of oases 
entirely on an uncomprohended sot of rules for his past exerctsos, ho 
fails lamentably on the first occasion that some real mental reflection 
is required from him. Oar course in algebra is too long beoanse we 
<laro omit nothing : generations of text book writers have been in keen 
competition with genorations of oxuiuiners, the oue to leave nothing 
out of his book that could possibly bo sot, tho other to set something 
not to bo found in tlie book, and the rcsolt the despairing candidate 
who religiously works every example in his textbook and any other be 
can get lioUl of* 

i liopu that I have succeeded iu making it- oloaTt by this brief resume 
of. the history of the three school subjects in mathematics, that vitbat we 



are teaching today to schoolboys from 12 to l7is the re>alt of the wisdom 
and research of many generations. That it is possible foi the average boy 
to assimilate this accumulated knowledge of centuries in such a brief 
period is possibly one of the best reasons that we can give for the statly 
of mathematics up to a certain point. The irrefutable logic of Geomet- 
ry, the perfection of the Symbolism of Algebra, arc inheritances from’ 
the past and it is not possible to calcnlate, though we might estimate 
from statistical experiments in which the present rising generation 
would unfortunately have to play the role of the corpus vile, the effect 
on the development of the uhild’a mii.d of three or four years’ study 
of mathematics. We most to some e.'^tent accept an unanimons verdict 
of ail civilised countries, but when we enquire to what extent the 
study of compulsory mathematics should be cairieJ, we shall find very 
considerable differences both in theory and practice. A study of 
the sohool text-books of America, France, Germany and Italy will show 
you how great is this divergence in practice and will, I think, lead 
yon to enquire whether we are not even today requiring too high a 
standard from our youth. It was the accident of circumstance that leil 
India to adopt the system prevalent in England iu 1860 and to change 
in conformity with changes that took place subsequently in England. 
In the past, India’s contribution to elementary textbooks has been 
rather in the nature of creating storehouses of problems by the solution 
of which in over increasing numbers, no boy should fail to achieve 
success io the all-important matriculation examination that governed 
his future prospools in life. How utterly vicious a system had developed 
we all admit, and the present rcorgauisation of elomontary luathe* 
matioal education that has been going on for the last two decades 
requires the closest co-operation of all concerned, the expert and the 
practical teacher can each learn their deficiencies only from the other. 

I need only deal very briefly with the second fundamental question 
propounded, namely, the complete separation of tho three subjects 
now taught as Arithmetic, Algebra and Geometry. 

In many other countries, notably Germany, arithmetic and algebra 
aro not sopaiated and tho system that provides a mathematical work for 
each standard or even for two standards possesses many advantages for 
the studeut if it fails to give muob freedom of choice to tho teacher. The 
complete treatise on arithmetic that includes the teaching of the addition 
and maUiplxcation tables of tho kindergarten schools with tho stocks 
and problems . of the secondai'y school appe ars to mo a complete 
ano^ly. Many writers have likened tho toachin^ of eloioentary ni^tbe- 
znatibs to a spiral ora circle cootiaat^y i 



lUvisioD, fractious, Knle of three should not he complotely done at ooe 
stage. The simpler portions can he <lone first, fractions may bo added 
long before they are divided, decimaU may he used in praotical 
measureioent long heforc they are multiplied ; the simple equation in 
algebra muy with advantage precede the meohauical operations of the 
divisioD and multiplication of polynomials, and uo distinctiou need be 
allowed to remain iu u hoy*s mind hetween a problem in arithmetic and 
one in algebra, 

FJnipnry into the teaching and extent of conipiilsory maihetnatics is 
by uo means tinished. IVadition still prevents many changes from being 
introduced into Knglaud, a country in which the cult of Kuolid is not 
dead oven today. Nor shall we answer these fou<lamental questions 
without collecting the opinions and experiences of a large body of 
teachers, without studying the system in vogue in other countries and 
lastly without studying the theoretical writings of the pedagogists^ 
Therefore I urge upon you the necessity of carrying into practice that 
article of our Constitution tliat ]>rovidcs for the formation of branches 
iu the various presidencies, whose duty it will l>o to promote the study of 
eleuicutary mathematics by setting on foot enquiries into the methmls of 
teacliing, the oxteut to which each subject should bo taught and 
numeroUsS other quoslion.H which will bo suggostud; with Iho materials 
thus collected classified and discussed, we shall he in a positioii to 
advocate such farther refoi uis as may be considered necessary and thus 
in the future bo able to initiate where in the ]>ast we have only 
followed. 


Introductory Notes to Dilferontisl Geometry* 

By Eric H. Nbvillr. 

Introductory. 

It. is a commonplace of writers on differential geometry that the 
arc clement of a curve is essentially positive, and there Is universal 
agreement that the curvature of a curve in space also is positive^. That 
these two conventions arc someliuios troublesome nobodyt will deny ; 
ihc object of the following paragraphs is to sbow that they are neither 
necessary nor desirable oven in the earliest stages, and that in fact the 
Gubjeot oan be developed smoothly and rapidly without either of them. 

6se for. example Boll, pp« 277, .283, 2SS, Biseubart, pp. lOy 14, ISW Forsyth 
p*p 2, 4. Couliuontal autbore make*t1 e bame ossumptiont. 

fTbe diffioullies are faced .frorupulously by ‘Bisoobart, as for example on pp. 
i 82 » — There are of coarse wnteps oarslesa onongh to break wifeboht suspleieta * 
conventions by which they profess to be bound, 


Tho OMenco of the treatment. I adopt is in the <le6nition of a cnrvo. 
The nsnal view is that a curve acquutt the order of its points from the 
paramoter by means of which it btudicd. I as'orL that ou the con- 
trary thA curve of kincmaticai (jeomulri/ is not the mere aq-jr^i/ate rf its 
ptnufe^hut it this coU> cfi. a ,.J points with a d- finite s.rial or, hr that has 
to do uith any /;a«rfC»i?ar variuWc used in t\,fcus6in,j the cu»»v. Of 
any two points of a kinematical curve one precedi s the other. 

If P. Q are two distinct points of a carve, the secant PQ is not the 
Euclidean line through P and Q hut the ray or directed lino on xvhich P 
and Q have the same order as on the curve : if P precedes Q on the 
curve, the socant PQ is the ray through P and Q whose direction is from 
P to Q, and the secant QP is this same ray. The tangent at a point O 
also is a ray, the limit of the secant PQ as P and Q approach O inde- 
l>eDdently. 

The chord PQ has it.s length measured along the secant ; the length 
of PQ is therefore positive or negative according as P precedes or fol- 
lows Q. and the length of QP is the negative of the length of PQ, 

Analy.sis begins when the positions of a current point O on the 
curve are con elated with iho values of a real variable/. If Q lies 
between P and R, then lies between t^ and ; hence for a given cor- 
relation the sign of depends only on whether P precedes or follows 

Q. The sign of when P precedes Q is called the sign of the oorre- 

latioo, and if this sign is positive f is said to bo on increasing or a 
pOBitire Tariable for the corve. 


The length of the chord PQ divided by is a deBnite number 

with the sign of the correlation ; on a regnlar curve this number tends 
to a unique limit as P and Q tend in any manner to O, and this limit, 
which will be denoted by u>, is the speed of O with respect to f. If T is a 
second variable for the same curve and u> i.s the speed with respect to T 
W=Iim { PQ/(T,-T,) } =Hm { PQ/(f,-(,) } { (^-f,)/(T„--lV) } 


and therefore 


df/dT, 



the value of the integral, which is thus shewn to bo independent of the 
particular variable, de6nes the arc of the carve from P to Q. Since w 
has the sign of the correlation, the are from P to Q is positive or nega- 
tive according as P precedes or follows 9* The arc to the cnrrei^t 
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point O from some definite point denoted by f ; the speed w is the 
derivative ds'rlf, and since tlie arc is always found, in ]tractice as well 
as in theory, by intcKvation of tho spi ed, ic is sometimes called the aro 
function of the curve f r the variable t. By the adoption of the arc for 
variable, the sp ‘cd can be made unity. 

If O I is the fang- r.t at O t'> a curve T and fl is a fixed point, the 
point T at unit distimco from fl in the dirociion OT iroces tho tangen- 
tial indicatrix of T. It is assumed that this iiidicatrix has no singulari- 
ties and is itself an ordereil curve, but tlie order of tho p-‘ints on the 
indicatrix is not mmlc ibj'fndenl on the order of the point.s on the 
original corve : if V precedes on T. the tangential image of P may 
cither jirecede or follow tho tangential image of (J on tho indioalrix 

Since fl is a fixe<l point, the motion of flT takes place in the piano 
throogh n containing the tangent to the curve described by T, and 
since O moves in the direction OT (possibly with a negative speed), the 
motion of OT is in tho parallel plane through O. This plane throngh 
O, with a oyclio direction yet to be assigned, is the osculating plane, and 
tho principal normal, a normal in this plane, is therefore parallel to the 
tangent to the indicatrix Hence it is possible to define tho direction 
of the principal normal to the original enrve and the direction of the 
tangent lo tho tangential indicatrix to bo the same; in effect, some- 
times the order of the points on the imlicalrix is known and determines 
the standard diieotion OP of tho principal normal, but often it is tho 
latter direction which is known and serves to distingtiish tho standard 
direction of tho tangent to tho indicatrix ami in this way to determine 
the order of precetlcnco on tho indicatrix. 

The ratio of the speed of T to tho'spead of O is independent of the 
variable t and measures tho cnrvatnre of tho path of O ; in other words, 
the ourvatnre, which is denoted by is the speed of tho tangential 
imago of O with respect to the arc of the corvo described by O. The 
sign of K depends on the relation between order along the original onrve 
and order along tho indicatrix, being positive if precedence corres- 
ponds to precedence. If no other circumstances induenoe tho choice, it 
is natural to give the points on the indicatrix the order which makes x 
positive, but if the direction of the principal normal is otherwise decided 
the sign of k is both determinate and significant. 

The ooorsp taken in plane geometry is to tleiliie the etandard direction of tho 
normal ns makiug a right angle with that of tho tangent, when tho aign 

of the ourvatuie deterniino* on which aide of the tangent tho carve is to be found, 
t^uite analogous ia tho case of a gendosio on any bifaoial rnrfaoe : the principal 




normal cf a CQodeein Tnnst lie alone the Dr>rf..al to tho Biirfncc, fin<l if to tl.o former 
of these rnys is asBiened the diro rtion of the liitter. it buoomes possible to eTpro<.-i 
the corvatore in direction and nmoont in tho eimpio anserciou that the curvjtnro 
of the corvo is the iiorniat corvatiire of the surfuev Anoihc-r <>xi.i»plo may ho 
drawn from the discussion of Bertrand curves— piirs of curves with si eoimnori 
principal normal ; strictly cpeakin?. the afi->uiiiption that ciirvutnro must be posi- 
tive roiidors tho invcsticiiCion usiiallv civen purely tentative, und tho work would 
ho roislond iiiif if the aBSumpiinn were aoyihini; but (.'rntiiirons. 

For kinemalical geomelry the osculaiiDg plan? is tho jilano OTP 
with tlie cyclic tlirection detcrniineil by the convention that there is a 
positive right angle fponi the firngent OT to the principal normal OP. 
The spatial convention distingnishos tme of the two directions at right 
angles to this j»lane as the positive normal direction, anil it is this which 
is the direction of the binormal OB ; in other words OB is at right 
angles to both OT and OP and there is a positive right angle from OT 
to OP round OB. Tho binormal indicatrix is traced by the point B at 
unit distance from Cl in the direction OB. 

The torsion of the enrve measures the spin of the plane OTP or 
the, velocity of the point with respect to the arc. Although the argo* 
ments for Kupposing torsion essentially positive are neither weaker nor 
stronger than in the case of enrvafure, it has long been recognised that 
torsion has a signi6cant sign, the reason for the perception hemg that 
the direction in which torsion is to be measured can be assigned by a 
single univer.sal convention. If tho spin of the plane OTP were not 
wholly about OT, the tangential imago T would have a velocity at right 
angles to this plane in ad<Htion to its velocity in tho direction OP, and 
this would contradict the definition of the principal normal. Hence it 
is always about tho tangent that the osculating plane is spinning, and 
always parallel to the principal nornjal that the binornml image is mov- 
ing ; the torsion can therefore be gi\en a definite sign either by the 
choice of OT rather than its reverse as tho direction round wliich to 
measure the spin of OTP, or by tho choice of OP rather than its reveres 
as the direction in which to measure the velocity of /^. 1 he two plans 

give opposite signs to tho torsion, but unfortunately both have been 
used, so that care is nec^s.sary in tho comparison of formulae from dif- 
ferent writers ; tho first convention is now accepted as the bettor, and 
it is the spin of OTP about OT which, denoted by is called the tor- 
sion. Bat to adofit either convention in jircferenco to postulating that 
torsion most be positive is to admit that the current point of a binormal 
indicatrix most sometimes be held to have a negative speed. 


5 
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SHORT NOTES. 

Oil the factorisation of two lar}2:e numbers. 

T have sncceeded in factori'^iug two of the larpe nnmbers that appear 
in the second column of the table prepared bj William Shanks (on the 
determination of a prime nnmbor, the nnnibor of fignres in the period of 
the reciprocal being given) and published in tho I‘rocecili>i/f$ of the Royal 
Society rtf London, (Juno 18. 187-1), Vol, XXIl, p. They are 

16.^r)Jd60'4901fi4l A' 99909 99999 00:.00 (X0CK3 99999 99999 OOOOO 00001 
ap]iearing against 60 A 100 in the table referred to above. The former 
of these is equal to 4188901x39526741, and the faoiora of the latter 
are 99004 9800G 98004 9901 and 10100 50200 70200 50100 1. 

I am not aware of these factors being given previously. With the 
former of these resnlts the factorization of 10""-1 becomes complete. 
In fact it is equal to 

3\ 7. 11. 13. 31. 37. 41. 61. 101. 211. 241. 271. 2161. 

3641. 9091.9901.27961.2906161.4188901. 39526741; 

all primes. 

The factorisation of 10'®"—! now stands as follows 

3*. 11. 41. 101. 251. 271. 3541. 5051. 9091. 21401. 25601. 

27961. 182521213001. 7887594:1472201. 

9900498006980049901. 101005020070200501001 ; 

all hut the last fonr are known to be ]irimcs. 

Ai.i.ahapap, 7th January, 1919. N. B. MITRA. 

On Questions 942 6c 943. 

Mr. Ijeather*8 solntion of Question 94:i, (p. 448 Vol. X) may 
possibly be taken to imply that that problem was taken from the 
Punjab University M. A. Papers of 1918. We therefore wish to state 
here that this problem and the special case published as Question 942 
were composed by Mr. Hem Raj who had arrived at the result inde* 
pendenily. He made enquiries as to whether this property of the 
oo-efiBoients was already known or not, but ns it was new to every 
one to whom it was communicated, the questions were accepted for 
publication. It now appears that, by a ooincidenoe, one of the qnestiona 
was sot at the Punjab M. A. examination last year. Professor Wilkinson 
has since traced the result in Question 9*13 so far back as 1899 when it 
was published by Glaishor in the Quarterly Journal of Pure a»*d Applied 
Matheinatics (Vol. 31). The special case in Qucslion 942 appears to 
be due to Wolstenholmo. Ur. Glaishor’s proof is summarized by 
Professor Wilkinson as follows : — 

Ar— the sum of the products of (1, 2, 3...n — 1) r at a time; denote 
any term of the product by p.(/...u(» '*t<)v(u—'r).., whore tho conjugate 
factor n—p, u — g...do not occur. 

In A,,, I we have sots of terms 

p.u (n — K)r(n -- r) . . . 
pqr M(n — ft)r(n — t’)... 


• • • 


• •• 


4«e 





The first set of terms, by associutin^ each term with its couiploment 

(rt— !<)... 

= u (m — f')c( »t — i) . . . . 


•2 


The second set of terms gives rise to an clement 

' — 7)' +i^7(“— ') + (“"iOC" — '/) } 

+^(n — j)(n — < )-J- (n— jj) 7 (n — ' ) + («— 

= n'r* (/* — m) w(n — f) . . . 

Thus the second group of terms is 

r+1 { t<(» — 0 • > 

Hcncc A 2 ,+,= — + 

Similarly 

_p r+ 2^ ” “)•■• 

where the suflix to the T denotes the number of elomonte «, » — i', r, 
n — y,... occurring. 

Now it is well known that Ai, A;.....A„_<, A„_i-4-l are divisible 
by « when » is a jirime, hence »(»• — •O^'C” — v)...is divisible by w 
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Astronomical Notes. 

The Planets*. 

Most of the planets are favourably situated tor observal.uu at Ibis 


time. Their positions on March 1. «vo given below 


Planet 

Meronry 

Venus 

Mars 

Jupiter 

Satnrn 

Uranas 

Kept one 


U A. 

23 ^ 

0 
2.3 
6 
9 
22 
8 


Decl 


Constellation 


6« 

... 7" 

17' 

S 

... Aquarius 

13 

0 

14 

N 

Pisces 

46 

2 

19 

S 

. . . Pisces 

25 

... 23 

29 

N 

... Gemini 

46 

... 15 

3 

N 

... Loo 

3 

... 12 

41 

S 

... Aquarius 

38 

... 18 

25 

N 

... Cancer 
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Tho Sun’s position on tho same date is H.A. 'l'2h 40rn Deol 7° 52' 
S i so that, Merourj, Venus and Mars arc evening stars. Satarn was in 
op])03ition on Feb. 14th. 

Comets. 


A now cornet was discovered (probably the last for the year 1913) 
by Ur Sohori* at Hamburg (Bergdorf) on Nov. 23. 1918. Its position on 
Jan. 30 was K. A. ‘%h 9m, Dec, IG^ N. Tho comet is too faint to be seen 
by telescopes of small aperture. 

illr. Denning gives tho following list of periodical comets which are 
duo to return to Perihelion in 1919 ; — 


Name 

Period in year 

Lost observed 
retorn to 
Perihelion. 

Brook.s (18H6) 

5 594 

1886 June 6 

Finlay (188G) 

G 540 

1906 Sep. 8 

Kopff (19CK>) 

G.681 

1906 May 2 

Holnes (1892) 

G.857 

1006 March 14 

Schaumasso (1911) 

8 071 

1911 Nov. 30 

Do Vico (184G ) 

7525 

1846 March 6. 


Do Vico's comet is interesting as being one of (ho six forming Neptnne's 
family of comets. It will make its appearance in tho southern sky. 

Nova Aquilae. 

It appears from a communication to the R. A. S., that one of tho 
earliest observations of this Nova, after its outburst, was made by 
hfr. Q. N. Bower of the Palms, Nungambaukam, Madras, who observed 
tho Nova between 9 and 10 P. M. (Madras Time) on June 8, 1918. The 
earliest rcoord is on a photograph taken at Harvard on 1888 May 22. 
Its photographic magnitude was then 10. 5. ■ It has been found on 405 
subsequent photographs which sufficiently indicate small fluctnations in 
the brightness. 

A New Observatory. 

'J'he Smithsonian Institution U. S. A. has recently establi^hed an 
Observatory at Calama, Chile (lat. 22® 28' S, long. 68® 56' \V, altitude 
7300 ft.) for observing (he solar variability for a period of years. The 
site is believed to be the most cloudloss in the world. 


. Nizamiuh OhstrvaionJ^ 

n^fdcrahad (Deccan). 


T. P. 13HASKARA SASTRI. 
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SOLUTIONS. 


Question 958 . 


(Mabttn M. Thomas, m. a.) Kstablish the formula 

rfa;" dx' L ic''-' 1 V J J 

where w> //> g^r. 


Solutfori by Sad'inand^ T. K. J{:tldi, und L. -S'. Vaidyanath'nt. 

Let D stand for a:^and 0 for the usual auxiliary operator. 

dx 

We have 


H, =»^-’0(0— 1 ) 

=«-'^(0-i.)(0~^-l) 

=*'^-'0(0- 1) 

=r*-'(0-g)(0_g_l) 

w,=a'D'^-'’Qa=.D'0(0-l) 

= (O-r)(0_r-l) 

«^*flr-"D'fl4=0(0-l) 

==*-" 0 ( 0 - 1 ) 


= «!-"D"(n):sai 
Hence the resalt. 


..J"« d"n 


.(0 — «+g^ + l) aj-^u 
....(0 — n + l)a 
(0 — i^+g4-l)«* 
( 0 — »»+!)'* 

(0— g+'^+ l)Mi 
..(0— »»+ 1)» 

..(0 — r+l)u4 
.(0 — «+!)« 


Question 959 

(JI. T. Nabanibkoaq) : — The eide.s AB, AC of a triangle ABC ore 
produced to D, K, suoh that BD=CK=BC. If the circle ADE out the 

straight line All, in J, prove that 21, J = 11, 


tiolutton by K. B. Sfadkava, R. D. Ka/'vc and R. If. V~. Gulasvkiutran. 
Joining D and E with J it is easily seen that DEJ is an isosceles 

triangle, and DE=2i')J cos^. 


Again in the cyclic quadrilateral AEJJ), wo have 
AJ. DE = (AE + AD) JE 

which gives AJ ooB.^ = oH-fc'2+o/2. 

4 S 

A. 

Also, AI, co8..^=«, and II, cos— =:u. 

2 ^ 


Jli coB^s^ which gives the the theorem, J 
2 2 
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Hcffuirh$ by K. J, Sanjana M. A. 

More generally, if BD^ la, CB^nio, denoting by a' aud R' tho side 
DE and the circumradiae of tlie ^ ADE, wo get 

DJ = KJ=21l' sin DK=a' = 2R'Bin A. 

A 

Lleuce by Ptolemy’s Theorem, 

JA. 2U' sio A = 2R' siu (c + ^a+b+nta) 

JAs=---— — - { 2R(sin B+sln C) + 2(i+m)R sin A } 

2coa|- 

= K { sin B+sin C + /(+ m) sin A } /oos-^. 

A 


■ » 


Also All = r| uoseo ^ H cos^ %s 

« A ^ 

I, J=JA — AI, 

= — i sin IJ + sin <J + (/ + m) sin A — ‘l»oo3 
cos 4- C 


B 

OOB -g- COS 


-5 


U 


{ sin B + sin C + (i + m) sin A— sin A — sin B— sin O } 


COB 


. L 


= ll (f+m — 1) »in A/ cos | A *2 K sin A (1+ >h— 1)# 

But III =4 K sin * therefore = 5 O + m — l). 

Am i 

When Z^ins t)io roauH in the qacalion is ubtaiued* . ^ 

If constanti^'t whutovor uurabors / and fn may b 0 | J is a 

fixed point on AIIi, given by Ii J = -i (p— 1) Hji thus the civolea like ADB 
are coaxal and nil inlersect in tlio two real points A aud J, 

If the @ AUB outs the external bisector I# AI, in K, we can simi- 
larly prove I, K =2 R oos •J- A — o» -pl) ; also 1, 1, = 4R oob i A 

thus — OT + 1 ) and L . — J (fn»— 1-4- 1). 

Bence, if Z— 7n=a constant, 2* the oirolee like ABB are oo&xaliand 
all intersect in A and tho fixed point K, givenby IgK = ^(l± 2 ) Iili* . 

Additional oluttons hy N. P. Pandya and il. K. Kf^vialramanit 
i/. B. ilftro, K. J» Sanjana and B. D. Sarve- ... 


• • 



QUESTIONS FOR SOLUTIONS 


1015- (N. Sankara Aivar, M.A.)r— Show that f>- — y® = c*— = 

has DO solations in non-zero positive integers nnlcsa p is of the form 
(12 Tn + 4±3i±J). 


1016. (P. Samitcls Lam.) Can Rolle’s theorem bo proTod if the 

condition that the fanotion / (.v) is continnous in the interval in which 
the fanotion ie detioed, be removed and in its place it bo inserted that 
f(x) shonld exist at every point of the interval except perhaps at the 
ends ? 


1017- (N. Sankara Aitar) -The conic which tonohes the sides at 

their intersections with the external bisectors is drawn. Show that the 
fonrth common tangent of this and the Steiner ellipse divides the sides 
in the ratio a (b— c) ; 6 (a— c), b (c— a) t c (6— o) and c (o— h) : a (c — 6) 


1018. (Sadanand):-- P rove that between certain limits 



e* — I sin X tf- — 1 sinSz , t’®— 1 
e^l !• ■*' c®Tl 1 


sin bx 


+ 




e’— 1 cos X , e® — 1 

r 


cos 3t, 


:v 


c>®— I 


cos 52 



1019- (Hbmraj) Show that if (p-f 4) be a prime nnmber and the 
B's stand, as nsnal, for the Bernonllian nambers, 

B,-B,+ ... + (-l) 

where | tn | and n are integers prime to each other and | m | is a 
mnltiple of (p+4). 

1020. (Anantabaman):— Constrnct a magic fqnaro of 81 cells with 
the following nombers at the places assigned : — 

let row 5th cell, 25 ; 

2nd row:>— 4th cell, 79 ; 5th cell 29 ; 6th cell 27. 

3rd row:— 3rd cell, 4^^ 5th cell 81 ; 7th cell 5. 

4th row:— 2ad coll, 7 ; 5th cell 13 ; 8lh cell 19. 

5th row (in fall) 61, 47, 9, 67, 41, 15, 73, 35, 21. 

6th row :— 2nd oell 63 ; 5tb cell 69 ; 8th cell 75. 

7th row:— 3rd cell 77; 5th cell 1 ; 7th oell 39. 

8tb row :— 4th oell 55 ; 5th oell 53; 6th oell 3. 

9th row : — 5th oell 57. 
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1021 (Hrmraj) •• — A', B', f/', D' are the orthocentres of the trian* 
gles B C D, C D A, etc., of a <{iietlrilatoral ABC I-). Show that ^ A B C 
= A A'B'C'; blit if ABCD is cyclic these two triangles are similar. 
Show also that AA', BB', CC' and UD' bisect each other. 

1022- (M K. Kewai-BamaNi) : — Solve the following 16 systems of 
font equations each 

± ax‘‘^hxy-\-exz-\~flxic=p,^, 

± hy'*-\‘cyz-\‘ihjw->rayx=pi„ 

± cs’+dsu- + arj:+6ry =/>i. 

± QirJ-b fctfy + citT 

(Snggestod by Q. 153.) 

1023* (N. P. Panpya) Find the minimnm sphere which would 

contain all the following a sphere of radios 1 in. (2) a squarebased 

prism lengthl^ in* breadth 1 in (I)) a cylinder of height 2 in. on an elUp- 
tio base of axes 2| in. and an<i (4) a regular tetrahedron of edge in. 

1024- P* Pandta) : — Find the condition that the maximnm 

inscribed ellipse of a triangle may have its minor axis along the in* 
Fenrbaoh radins. Is there any scalene triangle of this description P 

1025 S. R. Ranoanathan ; — Show that the determinant of 2»» 
rows and colnmns 


1 

1 

1 

1 

1 


1 ! 

2 ! 1 ! 

3 ! 2! 

4! 3! 

5! '4! 

• • • 

0 

1 

1 

1 

1 


1 ! 

2 ! 1 ! 

3 ! 2! 

4> 3 ! 

• • • 

0 

0 

A a A 

1 

1 

1 


1 ! 

A V A 

2 I 1 ! 

9 V V 

3 ! 2! 

m V m 

« B * 

# 4 ^ 

0 

0 

V 

1 

w w 9 

1 

V V 9 

1 


2! 

3 ! 1 ! 

4! 2> 

• ea 

0 

1 

1 

1 

1 


51 

3! 1 ! 

4! 2! 

5 ! 3! 

• a • 

• 1 

1 

1 

1 

1 


IT! 

3 ! 1 ! 

4! 2! 

5 ■ 3 I 

6 r 4 1 

« » • 


= { l»’*+*.2«*.3**‘-*...(2«)V(2n+l) > -* 

1026< (S. R. Ranganathan) : — The source being a Inminons point, 

show that in any plane passing through the point, the curves of ^nal 
illumination are either systems of lemniscates, or circles which 8nve* 
lop the lemniscates of these systems. 
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Nfp- V. R KM.n\v\M(AtVi;R’-» rjKfn;f:. patto 3iJr' .Vpnti, 1007. 

Sir, — 1 recoDJly sent a propo'^al to soioe vrontlt?ineo intor.A^te l in 
ni ntheniai ios siij'^esti nf; the {or mat ion of a .s tn:il I M ithe iii iti-: i\ fso -iot.y . 
The proposal ran ;i3 follows ; — 

Sin. I believe several frion<ls intorcstc*! in Matheina'ios have felt 

the present lack of facihtieafor >eeiiig mathematical perio licaU iikI 
books. 'I’his is a \ cry great <li'a Ivatjtag.! w<* arc snfYorittg. 


I propose Iherefotc that a few frien'ls may at once join an^l for;n a 
Bmall Mathematical Society anti subs--ribo for all the important 
Mathematical periodicals and. as far as possible, for all important 
books in Higher Mathematics. 

Vic may call the Society “ The Analytic Club” for the present, and 
have it in view to give it a broader basis with a suitable name by 
and by. 

Oiir work immediately will be to obtain all the important 
periodicals and new hooks an»l circulate them to members. I shall bo 
glad to undertake the dnlics of Secrelnry for the first year nu<l ilo my 
best to promote (be object in view. 


If half a dozen members c.in be counted njion to join immediately 
and each anb.scribe Rs. 25 per annum, we shall bo able to inuko a good 
start. The Annual Subscription may perhaps bi somewhat, less, say, if 
a dozen members can be had ; but even a dozoa inembor.s paying Rs. 25 
per annum would not snflico to enable the Club to obtain the more 
important books appearing every year. I propose therefore that the 
subscription be Ks. 25 per aDnnm. 

It appears to mo necessary also that membor.s should bo preparo.l 
for a farther aacritlco, and 1 ^iKoposo that each member should send iho 
journals and books bo receives on to the noxt, and the last to tho 
Secretary, at Ids own cost. 1‘his in effect avouM bo to add about Rs* 5 
more to one’s subscription. I hope friends interested in mathoinatios 
will not consider this a too heavy .sacrifice — at any rate initially, in giving 
the Club a start. 


Will you kindly write to mo if you are in favour of Ibo proposal P 
In case you are, I request you will send mo your subscription of Rs. 25 
for 1907, as early as possible, so that wc may make a start at 
once. 


This is only a tentative sohemo and wo may try it for a year and 
then introdneo necessary changes. 

I proios) to consider the Club formed as soon ns throe friends 
have agreed to the propo.sal, making w'ith mo four niomber.s. Thereafter 
all business requiring determination by tho Club can be done by 
circulation. Requo-sting tho favour of an oarly reply. I remain, Sir, 
yours truly, 

(Signed) V. B.vuaswaui Aiyab. 


2. In response to this proposal (which I Avas able to send only to a 
very limited number of persons) thj undermentioned have AViitten to 
mo consenting to become members of the proposed .Society : 
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Messrs : 

R. N. Apte, 51. A., LL. c , i.n a Rruf. of McUh , R ijuiMin College, 
Kolhapur. 

M. \ • Aninachala Sastri, 5i. a,, Assistant Profes.sor> Nizam’s Coll- 

iiyderabad. 

K. Chinuatambi Pillai, d.a.^ Assistant Professor, Christian Collej^‘'e, 
Madras. 

B. Hanuiuanta Kao, Prof, of ^latheinatics, CoUoko of Engi- 

oecring, Madras. 

D. K. llardikar, a,A*> Professor of Mathematics, Nizam’s College, 
Hyderabad. 

G. Kasfnriranga Aiyaogar, , Lecturer, Maliurajah's College, 
Mysore. 

B. Krishnamacliari, 5 j.a., Asst. Su{»eriDtendeut, Accountant* 
GeDeraTs Office, Madras. 

A. V. Kuttikriahua Menon, 5U a., Teachers* College, Saldapet. 

V. Madhava Uao, it. A., Prof, of Mathematics, Maharaja's College, 
Vizianagaram. 

M. T. Narayana Aiyangar, 5i a , Prof, of Mathematics, Central 
College, Bangalore. 

It. P. Paranjpyo, B. sc., Principal and Professor of Mathe- 

matics, Forgossoa College, Poona. 

U. Uaniachandra Rao, u. A., Collector of Knruooh 

K. J. Sanjana, it A , Principal and Professor of MatbomaticSi 
Samaldas College, Bhavnagar, Kathiawar. 

P, V. Sesliu Aiyar, ua , Lectorer, GoYerament College, Kumbha* 
kunatn. 

S. P. Singaravcla Mudalior, DA., Asst, Professor of Mathematics, 
Christian College, Madras. 

U. Swaminutha Aiyar, n,A.. Treasury Deputy Collector, Coimbatore, 

T. U. Vonkalaswami Nayndti, ii a., Professor of ilaihoujatics, 
Maharaja's College, Mysore. 

K. Ki ishnan Nayar, b.a., n.c b., District Board Engineer, 
Mangalore. 

S. A. Siibraniania Aiyar, d.a, ikc.c., Exoculivo Eugineor, j^Iadras 
P. W. D., iladunapalli. 

With me it makes 20 members. 

3. 1 bog to declare on behalf of all those that have joined, that the 
Society is now foi mc<I, under (he proposed name •• The Analytic Club" 
for the time being} and 1 shall be its Secretary provisionally. 

4. My thanks ai*«? <luo to the gentlemeu who have joined, fur the 
support they Lave given me in start iug the Club. 'J'he membership has 
ulreudy exceeded tny mudest anticipalionH, and muoy mure, I think, will 
bo joining. This roDilcrs souie changes and a better organization at unco 
nccoBsary« 1 shall soon be snbniitling to members proposals for a 
simple CoQstitotion for the Society according to which Dio affairs of the 
Society will be managed by a couimittoe consisting of a Prcsideut| a few 
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ofHco-bcarors ^nd some sidclUional nionil)or>- Kr<>in tho ai\}>f>orb that I 
havo recoivecl in tliis ro’^pect also, I feel wo shall havo a Comniitteo ^ivinj; 
tho f'roatest ])ossil)lo contidonco. 

5. I think, tlio Sociofy should uow aim at being a combination of 
all Professors, Assi-»lant Professors and liocturors. and men of liko 
iotercst ifi Msit houiatics or in the promotion of Mathematical study, in 
whatever province of Imlia, with a view lo thO creation of a Central 
Mat h<‘matical Library from whicli members can obtain all inathe- 
nialicah including astronomical, books and journals through the i) 08 t. 

10 very journal should he sent in circulation to inoinbers wlio have made 
a general a|i|>lica(ion fo« tho same ; an<l cveiy book and journal shonW 
be sent to Tiu-rnbcrs on special aj^plicat ion> as often as applietl for. All 
this, of course, subject to rules that shall be made in this behalf. 

d. If f ids conception of tho imniodialo aims of tlio Society bo 
approved, our Library should proforably bo in a ]daco which is postally 
a good centre for all India. In this rospeot, Pooua is, next to Bombay, 
tlie ino.st central place for all India. It is practically Bombay as 
regards the rest of India and it a centre as regards Bombay 

Presidoucy itself. Further, I am glml to bo able to mention that Prof. 
Paranjpyo will bo willing to take cliafgoof the liibrary, provision being 
nnido f*)r the discharge of piivcdy nicchauical work thrungli As.sistant 
Librarians, My draft const itinicm will bo fountl to ]>rovido for tliis. 

I trust Ma<1ras iiiomberH will emlors** jny suggestions and show their 
full approciatiun ui t)io reasons which make Poonn, wliicli contains that 
noble institutiun, tlic Fergusson College, so felicitous a centre for our 
Society. Furtliex*, by voting Poona us uur com re, wu Matlrassoos will 
convince tho rest of India that wo do not look at tho matter from a 
purely ]>rovincial point of view. And it is my deep hopo thaW a 
combination fonnocl on iheso lines may bo of fruitful consequences in 
iho future. 

7. Further, we shall have to gel more than ono copy of most books, 
an<l journals, an<l probably Hoveral copies of some journals, forthosako 
of convonionco. 'Ihis being tho case, foino of tho extra copies wo got 
can bo placed in Branch Libraries in Madras, Allahabad, Ac., as 
tiiembei ship extends, so that inenil>ers in those Provinces may get thoiu 
quicker on thoir application. 

8. 'Lho subscription of lls. 25 has been fell heavy by some of those 
whom I addressed. Among, tho provisions in iho draft constitution 
that I nhall Hubinit, will b^ ono enabling tho Comuiittco to reduco Ibo 
subscription in tho case of any particnlnr inoipbcr to Us. 16, and to 
continue this coiice.ssiou as long as llioy deem tit. 1 trust that this 
[provision will be passotl and that it >vill siilliciently meet all cases 
whore such oiicounigoiiicnt may be necessary. The scheme ought to bo 
taken advantago ofy inoro Hpeuially by the younger gentlemen intuveslod 
in mathematic'*, many of whom will be the future oooupunts of the 
muthoinatical chairs of our coUogos, — aD<l 1 hope none of them will fool 
dolorrod friim applying for momborship at Jonoo. 

i). iulonding members will commnnicatu with d he nndorsignecl. 
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Conics with vanishiag 0, 0’. 

R. VrrUVNATHASWAMV. 


f^PrcSiiilol fo Ih' StC'Htl hnlian Mathematical Conjerencc, Ja»iuu/y,'f 1919.] 
§ I. Sf'IJ llaTTiiOuic Quarltcs. 

Two quartics (auOi'x.^a,ti,)(j',l)*. said to be har- 

inoniu, if 

Cob , — 4:1, l»3 + G«i»b, — dOobj + a -bo = 0. 

A quartic is solf-harmonio, if 

CoOi— 4c,a3+3a,* = 0, ... ... ... (1) 

t c. if its i — invariant vanisbcs. 


The relation (1) is of the second degree in the coefticienls. Hence 
uh(.>i a y three of the rcots of a self harrntiuic ijuarlt'c are hnoun, there 
ij>'e two values 5 5' (say) <‘f the fourth root. 

Theorem I. 'I'he roots of the Hessian of the cubic whose roots are 
a, /S, y are 5, S'. 


Jjet the co-ordinates of a.,/3,y be 1, u>, so that the roots of the 
Hessian are 0,co . If \ bo the foiirtli root, we find, on equating to zero 
the I — invariant of (*' — 1) («— \), that \=50 or cc . This proves the 
theorem. 


Hole. S,8' maj bo termed the ejelio centres of a/fy. This has 
already been done in my Note on ‘Pascal Hexagon' (J. I. M. S. 
Vol. X, p. a42. 

Theorem II. /f 8 be a cyclic centre of a, /?, y, every one of the numbers 
/?» y> 5 ts a cyclic centre of the rematiiiiiy three. 

For the quartic (x- a)(*— /?)(*— y)(j:- 5 ) is solf-barmonio and tho 
solfdmrmonic relation is a symmetric one ns among a /? y 5 . 

'i'heorom III. !) o.ffy8 is a self, harmonic quartette, («o that each 
of the numbers is a cyclic centro of the other three) awl »/ the other cyclic 
centres of /?y5, ay5, a/?5, a/Jy he a'/?'y'&' respectively, then (1) a'>?'y'6. 
is a self-harmouic quartette', {'Z) the other cyclic centres of ff'yo\ a'y'5" 

a'/?'6', a'^'y' ref^ecfit’cly (3) cx/fyh and a'/f'y'8’ have the same 

automorphic linear group. 


As before wo choose tho co-ordinates of a,/?,y, as 1, U), U>». Let $ be 
0 BO that 5' is CO . By forming the Hessians, we readily find <x'/3'Y to 





Write these valoes as per following sohome 
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SiQco cc is ol>vionsly a ctcHo confre of 

1 (ji (li^ 


it follows that self-liaruiouic. 


ceutrc of a'/?'y' i. 




Further ^inco the other cyclic 
o (C), WO may either verify 


direcll}', or pri*feral)ly predict from .symmetry, that ilio other cyclic 
centres of ^ V /? Vo V* /? ^ reS)iectively. Finally 

to jirove (3) we remark that the ]»rocess l>y which we derive ^ /3 y'o' 
from Ci/?yS involves only the Hes:5ian and the ^elf« harmonic relation, 
and is consequently iuvariuniio for linear transformations. lienee, if any 
linear transformation cun i«is the gronp (ci/^>'o) into itself, it cannot 
bat transform also into itself. 

Cor. 1. Associated wi^h every self-harraonic (juartotto there is 
another and the two are symmetrically related. 

Cor* 2. One cross-ratio of a self-hartnonio (pmrtette is an imaginary 
cube root of — 1. Iftncc any tun ^e//-Aarrnonic qnart’.ttes Uf'e /n'ojccfivc. 

Cor 3. Let (a$), (a'5') be corrcsponiling pairs stdected respectively 
from a self-hurmonic quartette and its associated quartette. If be 
the liarmonic conjngato of a'lir.r.^. (oo^)* j^airs (a5)» (^''5') 

harmonic. , 

This is apparent if wo take the special coordinates exhibited in the 
scheme. 

Cor. 4. From the known property of the Hessian, wo see that if 
(aa') be a corresponding pair of two associated ^elf-harmonic quartettes, 
the homographic transformation of period throe who.se 6xed points are 
(aa') carries (/?y5) i^lo itself and (>3V5 ) itself. 

Theorem IV. Given the linear group of a quartio (t*.c. a group 
coDsistiog of identity and three mntnally harmonic involutions) the 
quartio belongs to a ooo-parameter family. Three of the quartics of the 
family are perfect fquares. If the parameters of these bo the roots of 
the cubic F the roots of the Ues&ian of F are the two self- 

harmonic associated quartics of the family. 

Proof. Let the involutions of the given group have 6xcd points 
(0,co )| (1,— 1), 80 that they are — It is obvious that 

cvoi*y quartio belonging to this group must be a reciprocal quadratic in 
0 ^, i.e. of the form 

»*+2X®* + l. 

\ may be conveniontly taken as the parameter of the quartio. There 
are evidently three values of X for which the quartio is a perfect 
square, viz, oo, li^l. The values of X for which the quartio is self- 
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hr.rmonic are ± VS Tl may bo infor.-orl Ibal tho qaartios Jotermine.l 
by U,e,o two valno, are a.tocia.o. ainoo they belong to Ibe aa.ae gron,.. 

It laoas ly voril'eal that ± v''> ' Ibo cycl.o cent . oa of (tt . 1, ). 

S II 7 >roj..ol,e. of I).. I'nl...- b-.e o/ a A U'. e. !. ■> < '.Vean.-confc. 
q-ho cyelio oenlloa of tin- vorlioos of an inscril.o.l A are tbe .nter- 
...eiiona oi 11,0 conlo w,.b i.a ,.ola,. lino (vl.Uo .Pa-oal I lexagon, oo. c. V 
The ll.ooro.na of the prevloas ,,a,ag,a,.h l.-analalo tbomaoboa .nio 

f,.nowinggoonn.l.ioal,..o,.e.lioa. (,U 1 tbo lotlcr.a 

fn bet t!jo polui* lino of Ali-- no u J , V 

rorofiag t., |.oin,a on 0,o oonlo). Tbon the polar l.nea 
of lici). ACl). Aim r-spootively through A. H 

oinl C. bet the«?o polur lines be AA , UU , CC . 

. c A'P'H' A'H'D' A'U'C' are AA' 

(2) 'I’ho polar lines of 11 C U , A O l> , a i u , 

IMV, CC'. UD’ respeclivoly. 

(3) The rroaa ratine (A II O O). (ATVCTV) on tho conic are-to 

— U)'. 

U) 'I'hcre is a conic lonching the tangents at AB C D and 
having A B C U as a seU-polar qnaUanglo. 1 his como 
passes through A'B'C'D' ami its 0,0' invariants with tho 
given conic l>oth vnni'^h 

These follow inunedialely from Uie geometric interpretation 
of harmonic quartics quoted in Grace and Young a 
Algebra of Invariants. Those results aro proved below 

by oUunoiitary methods. 

(r>) The conic inscribed in corresponding triangles BCD. B'C'D' 
(say) has dnublo contact with tho given conic tho chord of 
contact being A A', (cor 4), 

(G) AA', nil', CD'. C'D touch a conic having double contact with 
tho given conio. (cor 2). 

(7) bet U'b, D'M, D'N be drawn conjugate to DA, DB, DC 
respectively. bA', bB'. bO' are all conjugate to DD' and aro thoroforo 

crmcurrtaf at tho pole of DD' (cor. 3). 

(8) ABCD and A'B'O'D' have tho same harmonic triangle 

(Th- 111.) 

§ III. The Four-yoint System of Contos. 

It can bo shown that every four-point system contains a unique 
pair of conics for which 9. S' vanish. If those be S., S., the values of 
\ for which S|+VS, is a lino conio nro tho roots of an equation of the 
form V+K=0 since 0 0' vanish. Now tho values of X for whioh 
S +XS. is S, or S, aro 0, oo . Henoe wo have the important theorem- 
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Th‘: ci/ch'c ct?/j<iv.c r.f the three ftin-cont'ce -•/ ■« fnu.-.p.t, ,it si/st-. m ,ir, 
cf/n-ics for u'hich 0, O' va'n'sh. 

Now let ix-* choose a flifferent co onlinalo systera for the conio-^. 
by taking the cross ratio of the font* common points io an sissigned 
order on each of tho conics as its parameter. The line-conics are 
represented in thi.s sj.stom by the paiMiueters 0, » , L. Hence the 
parameters of the two conics for which 0, 0' vanish are — — u»*. 
Uence, 

The four pot'ntf of intersection of two coa.'c*- for n hich Q.Q'vaHtah 
form a sclf-harmontc f/uart<.tte on either ; aul conversely. 

Since any two conics can bo reciprocated into each other, we have 
the perfectly general theorem. 

The cross ratio of th>: points of interseotion of two conics on one of them 
is equal to the cross of the points of contact of the common tangents on the 
other. 


Hence the points of contact of common tangents on either of two 
conics for which 0, 0' vanish, form a self-harmonic quartette. 

Now if A B C D be the points of intersection A'B'C'D' the points 
of contact of common tangents on one of the conios, then evidently A 
BOD and A'B'O'D' have the same harmonic triangle. Hence 

The points of intersection and the points of contact of common tangents 

on eith^fT of two conics for xohich 9. 0' uantsh. form associated self harmonic 
quartrit*^$. 

The converse of this may be proved by using the general cross- 
ratio theorem. 


3 
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Bernoulli’s Polynomials and Fourier’s Series. 

Bt S. R. RaN'janathan. 


[The object of ihis note is (i) to establieh the Fonrier expansions 
of BernouUi’s Polynomials and (ii) to dedacc the sums of certain 
interoelinj' types of seiies in a finite form and (o work out some iiluS“ 
tratire examples with the help of these formnlatv The results (14), (-2 4; 
and (1*6) seem to bo particularly interestinp. 

Of these (i) is Bugpested as a problem in Whittaker and Watson’s 
Mod(.ni Aualysif the other references, which are all to Bromwich’s 
Infinite Series are given as they oconr.] 




in what foUowB, series of the type 

\n 2 m n X ^tcos 2 vr n * 

_ an 2 ^ 

oconr freqnently. Hence, it wonld be well to observe at the beginning, 
that both the above series are absolutely convergent for all valnes of 
p>l ; they are also ea.sily shown, with the help of Weierstrass’s M-test 
to be uniformly convergent for all values of x, provided p>l (vide: 
Bromwich, Chap. VII, Art. 44, Ex. 1.). Farther, 






is nniformly convergent in the open interval (0, 1). 

Starting with the well-known resolt (Bromwich, Chapter VIII, 
Art. C5) 

III ...\ =x-i if o<®<i 

tT \ 1 2 3 / 

and, integrating term by term, wo get 

(—1)’ /cos 2 w a? , cos 4 vf * , cos 6 w » , \ _*_i. 

w(.— 1— + 25— + 2-*‘2!- 


3* 

Hence the constant of integration is determined to be ^ , by put- 

ing a;=s0 on both sides and remembering that 

1 V 1 _ 

2“-*7T»*Zj H* (2 s)! 

where is the slh. Bernonllian number, s, being an integer. 


Similarly, integrating the Brst result (2n — 1) times, we get 


( — f 008 2 vr 0 , cos 4 it « 

JiS T 


, cos G vr 0 , 

1 giii P 


• •• 


} 
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a”* li, a 

1 » . I • 




(2m) ' 2 (2n— 1) '^2' (2ri — 2)' 4 ' (2n — 4) ‘ 

H 


' {2n — 6y 


(-)" 


.. B., 

( -J r.) 


: 1 \ * — 

(■>-0 I 


«•!- I 


+ 


( 2 m — 1 ) (2'^ ) Hj X 






4- (-)"*’ B.. J 

where t,„ (x) Ktands for the //ilh. Boiiioulh's Pulynomial, (rj. l^romwuh 
Chapter X. Art 94 ). 

Integrating once move, 'vo get 


( — 1)"^* ( %in 2 -n x sin 4 tt x , sin w i 

J ^ 

1 


} 


ihuK, we have in the interval (0^1), 
2 w X , cos 4 w X , oos 0 tt x 

I.M 


^1X1 4, 

2’^'* ^ 


(2n+\) 


+ • • • 






and 


( 2 ».)! 

sin 2 TF X sin 4 tt x , sin 6 tt x 

j 2*141*^ 2*^4* 


:p« 


+ —r •^4- 
• ♦ 1 ~ 




« • • 


Putting ill (1), svo get 

•;«-i r a 

4^'’ 

~ * 

Thut, wo have 


(2-^) : 


B..= 




» ) 


• • « 


(0 


( 2 > 


(I) 


( 3 ) 


which gives in terms of the preceding H^n. With the help of this 
fonuulat ^he first few aie ca?«il^ calcolated, since ihe fir;>i few 
are calcolaicd with the help of the subdiitutiuo suggested m 

Bromwich, viz. — 1) and /, =i(x — A). 
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Writing in fulK we have 




2r.C2n — 1)B,2« 
2 ! 

2«(2»-l)(2n— 2)(2f»— 3)B.,2* , 

4! 




Again* i^utiing in (2), we gel 


(2n4-l/! 3 s«+i + 5 »fiti '• ^ 

_ -n**'** E,. 

2tH+n2„) !’ 

whoro K„ is llic )*lh. Euler's min»ber. (C/. Bromwich, Chap. X, Ex. 38.) 
Thus, 

r — \'*+« 

2u + l 

which gives K„ in terms of the B's. Writiug ia full 

U’ 2« B,.,4 , 2»(2.*-l)(2a-2)B,2" 

" '' '' I2»4l 2! '* 14! ■ 

...+(-)" B„2*’'|. 

Next, ]>utting = ^ in (1) anil multiplying both sides by 2, wo get 


(2 ( 
(2 n) ! (. 

B„+ (-)"+• 




1 1.1. *> _ 

f 1 

11 •) 

^,+ giH+ J)tS+ ••• J 

{l- 

■^2'^ ^4*" J *** 

^ 1 X 1 4. 1 4 \ 

2*" ' 3*'* ' ‘ / 

-{ 

]iM + ^ + 3>« ^ 

_1- 

3*"-* 2*’*-* -n*'* „ 

— — — « ■ i5M* 




(1-2) 


Thus, 


**»• 3 *^'— 1 — 


■ (5) 


And, putting in (2) and multiplying both sides by — we get 

V3 


I 




1 , 1 L 4 . 1 _ 1 4 . L_ 

5*»*+*’'~^*"+* gi»»4 1 ' ] O'"'*’* *** ' 


” V3 V^n+TT - 


(2-2) 



means of this formula, the following results are easily got. 


1 

1 

4* 

1 


_ 4'n' 

(2^1) 

1 

2* 


4 


1 

1 

4. 

1 

- * +-^ - 

_ 4^‘ 

(2-22) 

1* 

2^ 


‘4'’’ 

6^ ^ 7‘ 

72nv'3 

1 

1 

+ 

1 

5^ ^ /■ 

47 -n' 

(2 23) 

1’ 

2’ 

4’ 

na.4i5v3 

1 

1 

-f < 

1 

_ 1+^- 

_ 323671’ 

(2-24) 

i’ 

2’ 

1 

4" 

50 T 

55,801,305v^ 


Putting x = J in (Ij, transj^osing and multiplying by 2, we gi*t 

1 -±- 1 
2-'* 4» 


+ 1 ' . 

5*” T’" 

Ill 1 

8*'* 11>'' +13**’ 

_(2-7t)*- / 
(2«)! 1 

+ 1 + 


3*"\ 2*'‘ 3*" 

2.71*" 

3*’*(2»)! 

j^(3*".2*''-‘+2*"--l) B„+ 




• • 


Also (1*2) can bo written as 

i+i_+±+ + 1 . 


••• 




Subtracting (1’3) from (I’^i), 

= 2 / -L +_L +-1 + j. ^ + 

1^2'" 4*'* H*” 10*"^ 14»”^ 16*"^ 


} 


So that, making use of (5), we get 

^ ' 2*” 3t^*l ' 




(1-3) 


( 1 - 2 ) 


(G, 


• •• 
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Hence, we get from Cl'S) end (6) 

, I 1 . 1 _ 1 _ 1 _ ^ j. 

‘ <pi 8’" 10*" 

(3»'‘— 1) 

3*'* (2») ! 


_rA}B 


«• 


... (1-4) 


. .1 

1.1.1 

2w* 

1— - — 

2’ 

. _. • t • 

4’ 6’ .7* 

• 

r» 

,N 

1 ! 

. 1 

1 1.1 


2 *~ 


729* 

l-J.- 


403w' 

2" 

4*^5* f?' 

393,660 

, 1 • 

1.1,1 

5207^" 


4* 5- ^ 7- 

49,601,160 


• •• 


■ • • 


(1-41) 

(1*42) 

(1-43) 

(1.44) 


(2.3) 


2 

Also, jintting «= » in (2) and mnltiplying both side by- g, we get 

1,1 1 ... 

*• 

~ V3(2»+l)t 
Subtracting (2*2) from (2'3) 

^vW^nTiyr ^>>} 

f 1 ^4. 1 L-4. ..*1 

2***+* J 




V3(2n+1) 

so lhat<^^+, (1)=-^^ 4»(4^i(i)- 


• • • 


Hence, we get from (2 3) and (7) 


... (7) 


l.l_l_l.l.l_.. 

2*^^ 4»"+» 5t«+i’^7i»*+i * ** 


• ee 


(2-4) 


ThnSi by calonlating the Bernonlli'e Polynomials of argnment J, 
both (2-2) and (2*4) oan be oTalnated. For example, 


+ ' 


T^2* 
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-L+-L— L— i- + = (J.I.M.S Q. 950) ... (2-4'>) 

1»^2‘ 4® 5* 2916V^ ■ f K J 


^ 4- = _ 

1 T + 2’ 4* 5’ ^ 


91V 

1 57,464 V-^ 


... (2-43) 
... (2.44) 


1 

r 

’1’*'^^" 4" 396.S0y,280,V3. 

Agiiin putting a= J- in (1), transposing ami multiplying both sides 
by V2i "'e get 

1- 1 __1 +i_+ J -1 -1 H- .. 


9*" 1 1 


\n 


13*' 




V2'l4*’' 8*" ■ 12’" 


} 


= J-2r2vj + 

- -1 - r i-^+ 1 - "t 

V2. 2*'*-* L 2”* 3”* ‘J 

= 71 — J (2*”-’4.2*”-»— llB 4- 

V2. (2n) ! 2®**-‘ t. ^ 

(-r^*2«"-W«(J)| - (1-5) 

The following particolar cases of (1-5) are easily calculated ;— 

... (1-51) 


1-1 1 4. 1 u. 1 

3« 8V2'“ 

” 5 **^ 7* '^’5^ ’* 768. V2 


3 


(e/. Brcmwioh. Chap., X., Ex. 14) 

2161V 


l_l_JL+jL4.i,_ 

3* 5 ® 7“ ^,474.660 V2* 


... (1-52) 
... (1*53) 


Similarly, we get from (2) 

1 . 1 1 L 

5t^4l 7*«+* ' 


. 4.J— U 1 

I ' I 


• •• 


V2. (2n + l)! y2* 


J_fi L_4.JL_ \ 




V2 (2n + l)! 2*''+ 
which gires, for example, 

1* ^ 3* V 


.{ (-r+*2«"+"<#>^+,(|)-(2o+l)E„ ] ».(2-5) 


7* 


• •• 


d4 V2* 


••• 




(2 ‘51) 
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^ :{- 

i-+l 

1’ ^ ;V 

1 ' :v 


t 

-\h 

t 


19nr> 

4u;v:v'-^‘ 

30771' 

4T>.>;?.'50v':i. 

s3.r>707T^ 

' r.l^T{.iK)7.0H0\' >' 


... (2-52) 
... (253) 
... (214) 


Ijaslly, ft.Ming (12) :in.l (l -l) sUle by si.b-. wo get, afier sUgh& 
sirnpliGoat iun, 

^ ^ j 1*'' 1^**' 19’^* ^ 

2. 3”' (2h)’ " 


I'hns. 


i+.v +^+ai+i3i+-- 


Tt- 

9 • 

• • • 

... (1-61) 

571* 

4hMG ■ 

• « • 

... (162) 

7290 ’ 

• • • 

,« (1-63) 


14. 1 a. la. 1 4- ^ 4. --l!i: 

I+-^V-t-7,.-+n-^+13-+ ■■• -721>0 - 

Similarly we tiot from (2 2) txml (2*4')» 

1_ 1_4. L ^4. 1 !— + i - 

p'l ti 7>" 1 1 11**' 13*’' 1 ^ 17»'*i i ^ 19*”+^ ** 


(2-6) 


Thus. 


1 11 1 . 1 _ _ 

1" •5"+7» ll’'"’‘i3" ■ 18 v3 

1 11 1.1__ llfl'^ 

1‘ S*'*’?* 11*'*’I3* "■ 1944V3 

1 1_ _ 30171’ 

T’ 5’ "^7’ ir'^13’ “‘ ^oyoori 


524,880V3 

1537171“ 


1 _ I j_ 1 _ 1 . 1 _ 1537171“ 

V l^'^r ll-‘*'l3“ 264,539,520V3' 


... (261) 
... (2 62) 
... (2-63) 
... (2-64) 


Note ; — Tho oaloolation of +»„+! (^) ftnd (J) which are reqaired 
in the above can be done almost mentally op to by makirg use of 
the eubfltitation given in Bromwich, viz., y=.x(m — 1) and z=x—^. 
Hence it is that tho formulae arc interesting for application to simple 
pnmerical coses. 
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Legitimacy of the ordinary Complex Numbers. 

By G. a. Miller. 

It is wgU known that in 1797 Caspar Wessel presenteil to the Aca- 
demj of Copeohagen a memoir in which he established the legitimacy 
of the orvUnary complex numbers by giving a geometric meaning to 
these numbers and to tlieir combination by addition* snbtraction, mnlti* 
plication anil division. Somewliat later W. K- Hamilton (1>^37), and 
A. L. Cauchy (lJ?47). established this legitimacy in two adiUtional ways, 
the former having employed for this pnrpose the now classic methoil of 
real nnbiber cooples while the latter employed the less cominoiily used 
method based on eitoivaleDce with respect to modolus !• C. F. Gauss 
had elated that he would publish a demonstration of the legitimacy, but 
he failed to do so. 

Id view of the great usefulness of the ordinary complex numbers it 
may be desirable to give here a proof of their legitimacy which differs 
very materially from those noted above but is based on facts which are 
very well known. This proof is here based largely on the group concept 
but it can clearly be given withont the explicit use of this concept. 

It is evident that the totality of the complex numbers a + h t, where 
a and b are real nnmber.s and t =\/( — 1) can be placed in a (1» I) corres* 
poodence with the translations in the piano represented by the equations 

x' =*+a 
!/=y+h 

In fact, we maj say that each of these translations is a complex 
number and vice versa. 13y doing this, these complex numbers become 
dynamic (and not static) geometric elements. 

The two complex numbers 

a-h&r and c + fH 

or the two translations 

as'iaaj + a x=x + c 

y'=y+b. y'==y+d, 

are clearly equivalent to iho single translation 

®' = *+o+c 
y' =y+b+d 

That is, when the complex numbers are regarded as these Iransla* 
tions, two of them are equivalent to their sum and this proves that the 
ordinary complex nnmbers can be combined according to addition, re- 
duoiog to the addition of reals when the nnmbers are real. The tola* 

- * Of. Mneydopedie dee Seieneee Matkematiquee, t. 1, vol. 1, p. 389. - ■ 
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ify of t he complex numlier?? thus coDstitutes » coutionoos two parameter 
group, viz., the group of tran'Jilations in the plane. This* group is abelian 
and its identity is the ordinary zero. 

The complex number a+fti may also be said to be the linear trans- 
formation roi>re3entcd liy the equations* 

X =<2X — 

y =6r-f ay 

If these complex numbers with the exception of 0 arc represented 
by the totality of such linear transformations, it is easy to see that two 
complex numbers are equivalent to their product. In fact, if 

j=x-4*'y and d =x'-pj'y' 

then s' = (a-f Hence the ordinary complex numbers, with the excep- 

tion of the identity of aildition, constitute another two parameter con- 
tinuons group of transformations. This group exhibits the fact that 
these numbers can bo combined by multiplication and gives a perfectly 
clear geometric significance to such combinations. 

Although 0, or the identity of the translations group, does not 
belong to the latter group of transformations, wo may clearly require 
that when 0 or the transformation 

»' =0x— Oy 
y'=0x+0y 

is combined with any of the transformations in this grpup it shall 
rodneo to this tranformation. If this is done, it rcsnlts ;hat the ordinary 
complex numbers become real and their legitimacy has been fully 
established, since the said transformations are evidently legitimate. 

An advantage attained by regarding the onlinary complex numbers 
as such transformations is that it furnishes a much broader notion of 
number and it puts life into number.s. The static goomoirio interpreta- 
tion of these numbers brought them from the ghost world into the world 
of reals, while the dynamic geometrio interpretation endows them with 
life and the power to do things. If one complex number is regarded as 
belonging to one of the two continuous groups of transformations 
muniionod above, then all the other complex numbers should be regarded 
temporarily as belonging to the same group and to bo affected by the 
first number. Our omjihasis is, however, not on this evident interpre- 
tation but on the fact that it establishes the legitimacy of the ordinary 
complex numbers in an interesting and useful manner. 

In the Encyclopedic des Sciences ilathemalt'qucs, tome 1, volume I, 
page 362, certain group.s of transformations are represented by ordinary 
eomplox nambors. The two groups noted above would eeem to have 


* Cf. Pascal’s Iteprrton'um d«s hohoren i/athemattfc, vol. 2 (IQIO), p. 1G7. 
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cloi^ contact vfxth those consi<leretl at this ]>lacc in the 
la tact, thc^e ui*onjiK mij^hfc bj roL''aiHlt?U a*< amonu the sitaph'-^t an«l most 
interestintr illustrative e^camiiles of cont transformation y^roups, 
so tha* ttie present |>roof of tho legitimacy of the ordinary complex 
numbers may also sowe as an easy introduction to some olornents of the 
^rou|) conce]>l. 

Univi:h-i I r OP It.MNoC'. 

Oefobc.-. 1918. 3 


Astronomical Notes. 


1. The Orbit of Siritift. 


The micrometer measures of the companion now exten<) oror more 
than a complete oirenit. The independent investigations of tho Orbit 
have been made by Dr. Aitken anil M. Jonkheere respectively by 
discussing all iho availublo measures and there is a remarkable agree* 
znent between the two results, 'bbe elements obtained by Dr. Aitken 
are as follows : — 


Period 

Time of Periastron passage 

Eccentricity 

Somimajor axis 

Inclinatiod 

Nrxlal Point 

Anglo between Note Poriastron. 

2. A Total Eclipse of iho Sun. 


50.04 years 
1894.133 
0.5945 ‘ 
7" 570 
43^.31 
42". 71 
145^.69 


A total Gclipso of tho Sun (invisible in India) will oconr on May 29. 
Tho path of totality pansen through Central Africa and crossing the 
Atlantic^ passes through S, America. Tho duration of totality is G"' 
50* in mid Atlantic. Tho eclipse occurs in a region of the .sky which 
is exceptionally rich in bright star.s and the Astronomer Royal has 
drawn attention to tho iuiportanco of the occasion as it aSoids a 
favourable opporf nnity for testing Einstein's theory of relativity* 
according to which a ray of light {massing near the Son will be deflected, 
tho deflection being inversely proportional to tho distance from tho 
Sun's centre. It is proposed to tako photographs at the time of the 
eclipse showing a gooil number of stars and if succossful photographs are 
taken, these will be compared with those of the same region already 
taken for the porpose, which show tlio same stars in thoir ondistorbed 
positions. The comparison is expected to throw some light on the 
validity of Eiastein’s theory. 

3. Photo-Electric observations of the brightness of the Corona 
w€re made by Prof. Stobbins during tho total eclipse of Jnne 8, 1918. 
The light was foand to be equal to O.G of tho light of the fall Moon. 

4. Comet 1786 II ;~Miss. Palmer has, in Astronomical Journal 
No. 744, investigated the orbit of the comet 1786 II whioh was dis- 
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corerea hj Miss. Caroline Herschel an.l was observed for a P®ri«l of 
S2 daya by soveial astrononier.s. She deduces the jiiost i>robablo 

period ^f^'ova Persii From the motion of the nebulosity 

ronnd this Nova. Frof. Turner has determined its parallax and the value 
obtained is +0 .0093. A new determination by the 

been made by A. Van Maanen with the 60-inch reflector of the Moonfr 
Wilson Solar Observatory and the relative parallax deduced from M 
exposures is + O .007 ±0' .COl which corresponds to an absoloto P^allax 
of +0^.009. The close agreement of the values obtamcil by the two 

different methods is noteworthy. « # rrr ^ 

6. A Ntte Piibhcation. Since the late Prof. Watsons cUsbio 

treatise on Theonticui Astronomy went oat of print, tnere has 
been a treat need for a text-book in English dealing with determination 
of orbits and oeleatial mechanics generally. Ihe publication of 
Prof Plummer’s “ fntro<luctory Troatisc on Dynamiral Astronomy 
admirably satisfies this need. The book will serve as a good introduc- 
tion to the treatise of Tisserand and other standard works on the 

^ 7. In the “ Observatory ” February 1919, attention is drawn to a 
slip in Sir R. BalPa Spherical Astronomy. The last equation on page 


338, giving tan ^ (Semidiurnal are) should read 


a h 
tan - 


= ± { sin .5 (s++— 5)sin (=— <fi+S) seo ^ (z+<^ + 5) boo \ (s— 4^ 5) > 

P Pra^wara S%astri 


i 


Supplementary Notes. 

(l) Stntietieal Mechanics in Astrowiny. It ie well known that 
Btaustioal mechanics owes its origin to the investigation of the laws of 
thermodynamics on meohanical principles. ClnuBius and Maxwell 
may be said to bo the founders of the science. The method was greatly 
developed by Maxwell and Boltzmann. 

On account of the elegance and simplicity of its principles, the 
science of statistical mechanics received an independent development 
apart from the field of thermodynamics from oontribntors since the 
time of ClansiQB and Maxwell, bat it was chiefly known as the theory 

of ga868a 

It was proposed by PoiBoaro to apply the theory of gases to a 
stellar system. Bot a diffionlty was felt. In gas-dynamics the 
prominent featnre is the ooUisions of moleoolesi whereas in the stellar 
system! collisions are exceedingly rare and oaunot be the harmless 
rebound of the theory of gases. 
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During the last few years, the eeneral methods of statistical 
mechanics have been brought into use for astronomical purposes and we 
have thus a regular progression through rigid dyn ^mics, hydrodynamics, 
and gas-dynamics to stellar dynamics. Some of the prominent workers 
in this hold of inquiry are Schwarzschild, Eddington, Jeans and Charlier. 
Charlier’s theory lays importance on the small deflections of stars by 
chance enconnters, and he finds that tlie stellar universe ha.s approached 
considerably towards statistical eqnilibrinm. 

(2) (Ju>!stton 841. On p. 79 (J. I. M. S-, 1917) there is a note on 
Question 841, stating an elegant, though rather artificial, Oxford (1898) 
rider, which runs thus 

“ If the moon were to move in a circular orbit round the Earth, in 
a plane inclined at an angle u) to the ecliptic, the time of revolution 
being eqnal to one sidereal day, show that it appears to an observer on 
the earth to oscillate in a slender figure of eiglit, over a point on the 
equator." 

•The solution may be gpven thns 

Let V be the orbital co-ordinate and R',5'tbe equatorial co-ordinates 
of the moon referred to the node of the orbit on the equator and let (o' 
be the inclinalion of the orbit to the cqnator. 

Since V is the orbital co-ordinate of the moon, it is also the 
eqnatorial co-ordinate of a suitably chosen point on the earth’s eqnator, 

as the two angnlar velocities arc the same. The R' and 5' of the 
moon are given by the nsual formulae : 

tan R'=-tan V oos (o', 

sm $' = sin r sin (o'. ... ... ... (I) 

Hence the hour angle measured westward from the meridian throagh 
the fixed point in question is 

*=r— R'. 

From this 


tan h 


tan V. 2 sin*^^ 

£ 

Iq-tan* I' oos (o' 



Equations (1) and (2) give the apparent motion as V varies through 
360®. Prom (1) S' varies from 0 to (o', (o' to 0, 0 to— (o', — (o' to 0 as V 
goes through the four quadrants; and from (2) tan h vanishes at 0, 90^ 
180^, 270® and is of alternate signs in the four quadrants and has a tnming 


value dt sin'^-^eeo (o' (in each quadrant), whioh is small, so that the 

2 


figure is that of 8. 



R. N. Aftb, 


G2 


SOLUTIONS 


Question q 62 


(A. C. L. Wii.KiNSON) ; —If two ciri-le‘< ure sue * that hoxagom can 
he inscrihod in the one which i.re circiimscrihed fo t)»e other, prove that 
the sum of the pro.liicls of the lUa^^onals taken t wo a* a time U constant 

and equal to 

(ir-e’)' 

Solution by F. //. n. (Ju1af-kha-a7>i, ^f.A. 

TiOt two fixed circles of radii R and r rospeotively with their centres 
distant c apart be sncli that a hexagon A, A,A,A(A:iAo »9 inscribed in the 
former and citcumscriboil to tho latter. 


(a) Thin 
same JUced cit'd 


the triamjlcs A\A^A^ and A^AiA^, a*v 
i\ coazia} xcith the /«•<> given cit'dcs. 


eif'cnnisceihed to the 


For, the variable trianple A,A,A, is inscribed in n fixed oii ole, while 
two of its sides toQch another fixed circle ; hence, by Poncelet’s Theorem, 
the side AjAg touches a fixed circle coaxial with the two given circles. 
Hence, tho sides A, A*. A.A,. AgA„ A.A,. A<Ae. A^A, all toncU a fixed 
circle coaxial with the two given circles. 


(6) Thv <Uago 7 iah /,.1„ A^A^, A,Ao interfect in L, the limiting jJoint 
of the syfiteni <f circles c^axal tcith the tico given cieclef. 


For, applying Poncelet’s Theorem to the variable quadrilateral 
A,A,A,A 4 , the aide A,A« tonohos a fixed circle coaxial with the two 
given circles. Hence AjA*. A, A* and A,Ao touch the same fixed circle. 
But by Brianohon’s theorem, tho three diagonals AiA|, A^Ag, A|Ao 
moet in a point. Hence their point of intersection L is a limiting 
point of the system of circles conxal with the two given oiroles. 

(e) If be the length of the tangent to the inner given circle from 
tho vertex A,. ('• = !, 2, 3, 4, 5, 6), then 

(i) t,t| = fjfg=Vi, = o constant, 

(ii) Va-l-V*+Vi = V4 + constant, 

(iii) Vi = f» constant. 

(i) For, from the property of coaxal oiroles, (Theor. (4). p. 350, 
Nixon’s Euc. Revised), 

— ** ~ J* ^ = a constant, ... (W) 

Ajti A,L A,L A|L A,L A,L 
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aldo AjL. A4 L = AjIj. A jL = AjIj.AcIj = a constant. 

Honce = a constant. 

(ii) If be tlie lenptb of the tant'cnt to the incircle of iliA,A A,., 
or ofAAaA,Ao), from the vertex A„ we have 

•h'h'I- _ -9 

7 i + 7 »+' 7 -. 

where p is tho inoirole of ^A|A.A.. or ofz^A.A,A« ; an<l 

( 7 »-> 7»)('7 - i- 7 .-)(g^+ 7 i) = 4 K/ 0 . 

7i-t-7ii + 7 

Hence /0*+4 R /0 = 7i78 + 7.7»+7t7i- 

We have shewn tliat p is constant. 


Hence 7i7*+7j7i + 7j,Ji »s constant. 


Again from tho property of coaxal circlos, 

Si- =21 =ZL = -??=^= a constant. 

^1 t, - f* t, U 

^j<»+V6+Mi= a constant. 


Similarly V« + is constant. 

(iii) We have — =p^= . 

7 i+ 9 f + ?6 7 i+ 7 <+ 7 « 


Hence 


_ _ _^4 constant). 

(7t+7»+?t) (7*+9«+7n) 

is constant. 


Hence from c (i), 

(^+^^-^)'t+(^ + ^) is constant. 

Uonoe V*+ V» + ^f4 + <4^6+ ^6 + Vi is constant. 


(d) A,A|*A,A*+A,As-A,Ae-{- AgAe AiA, is constant. 


For, from the equations (W) above, 

A1A4 00 (tj+tj); A^As CO (<a+t») AjA., co (ts+^e). 

Hence AiA*' A*A..-1- A- A*(A*A 8 + AjA«‘ A, A 4 

{ (ti + + (^1+ ^4) } 
which is constant, from c (ii) and c (iii) above. 


(e) The constant yaloes in the foregoing are cosily determined by 
taking the case in wbic^ the hexagon is symmetrical with respect to the 
line of centres of tbo two given circles. Cat before determining tbo 
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cooatants, let as establish the invariant relation connectmu ^ Rand c 
for poristic hexagons. 

Let a,a,a,a,a,ae be the hexaRon in the symmetrical position, the 
axis of symmetry being Oja*, the diameter of the given outer circle. 


Write 010 , 0 ^ = 4; a,a,a,T=0. Then since the sides a,a„ a.a, 

a, a* tonch the inner circle, it is easy to see that 

r = (R+c) cos 0 = (K— c) sin 4 = R cos (0—4) 

+c cos (0+4)- 

Hence. cos 0 cos <#> (R+c) + sin Osin 4 (R — c) = r. 

cos 4+®in 0 = 1- ••• ••• ••• 


Now writing 


= cos 0 =s P, 

R+c 


r 

ir=c 


sin 4—9* 


the relation (i) is equivalent to 

3-2 (p*+9')=0’-9’)'. 
or {i+ip-q)')} ii+ir+q)'} 

giving the invariant relation between /, R, c, for ponstic hexagons. 
(/) To (icfcrmtnv the con$ant value of 

A|* Ag t ^8 ^•4* AjAg' A| Ag 

=: aia4 a,a5+a,aa a,a,+a,a,*aja4. 



We have ajttg — 2R 

a,aa=sa,ag»2R sin 0+4* 

Again, since from (c) (i) 

cos 4+ sin 0 = 1, anil 8in4+oos 0=p+g, 

wo have 24-2 sin (0+4) = { ^ +(p"l"9)* } • 

a,a4+a,a* = R[l + (iJ+g)*]. 

Hence, the required constant value 

= 2aaga,aj + (a,a4)* 

=(a»a4+a,a,)»— (tt,ag)* 

= R’[1 + (P+9)*3’-‘*R* 

= R-[1 + (P+9)-] [i + 0'+»’)-t+^P+^.] 

= R*[l + (i>+9)’3[l + (p+!7)’-l-0>-3)"3.f'0“ 
= 4R*pgLl+0'+9)’] 

4RV*[(R»-c*)*+4 R»»*] 

(R’-e>)* 
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Question 96.^. 

(A. C. \j. WiLKiKsoji) If two circles are sDcb that qiiaclriiatcrals 
can be inscribed in the one which are circumscribed to the ottier, prove 
that the ratio of these quadrilaterals is constant. 

Solution bij V. H. V. Gulasvhharam, M.A. 

To avoid ambiguity, the latter part of the question shooM read 
“ prove that the area of any such quadrilateral bears a constant ratio to 
the area of the corresponding quadrilateral whose angular points arc the 
four points of contact of the inner circle and the original quadrilateral." 

Let there be two circles such that a quadrilateral can be inscribed 
in tbe one and circumscribed to the other. Let AjA^A.A, be one such 
quadrilateral; and Ti,T,, T 4 be the points of contact of the sides A, A,, 
A,Af, A)A|, A 4 A] respectively with the inner circle. 

If 4 be the angle between the diagonals A| A, nnd X, .\,. the area of 
the quadrilateral AiAaA,A 4 =i A, \t. A, A, sin -i. 


Again since Ti Tj and T* T 4 inter.sect at right nnglo.s, the area of 
the quadrilateral 'J'lTaT.T.ts Vl.T,* 

(vide : Ni.xon, I'licUd Uevis'd, p. 1S7. Kx. 8 ?) 


Hence we are required to prove that 

A, A.. AyA,. sin'^ 

■ T,1V 


IS constant. 


Again we see that TjTs and T 4 T 4 bisect the angles between AjAy and 
A| A 4 ; and the point of intersection 1 j of AjAi and A.A 4 is the limiting 
point of the system of circles coaxal with tbe two given circles. (Nixon ; 
Euclid lU'vised, pp. 370, 375 and 424.) 


Hence if denotes the length of the tangent from the vertex X, 
(r:s 1,2,3, 4) to the inner cirole, we have 


also 



A,L. A,L = 


= — /^_-=a constant (say)l/\; 
A(Ij 

A^L. A,L=a constant. 


• • 3; a constant (say)^ 

Also A|Aj “ \t(,-}' ( 4 ) ; A 4 A 4 — ^ 4 ), 

By Ptolemj’e theorem, ^ 

A|A|. AjA 4 = A|A|. Aj.Aid- A|A|. A,Aj. 


Bence (fi + ^a) is constant. 


4 
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Hence AjA*. A.A , i? constnnt. 

Again since IjT, bisects the angle A|LA„ 


... ( 1 ) 


LT, 

Similarly 

o A,Ij. A,Ij (Hnbaon: Plane 

Ailj + AjL 2 

Hence 

T'T. vor.es 

But 

/,t,»t,t 4 = a constant 


T T 

Similarly 

.PT ^ 


T,T T.T, X sin 4 ... 

/ts... •( f|-f V * 

V C'.+M 

(Hobson’s Plant- Trig.^ p. 206 ) 

Hence from (1) and (2) 

A,Aj^A,^«. sti^ ig constant, 

T,'f, 

whence the theorem. 

Question 964. 

(H Br.) If / (.*» V) ^ rational algebraic fanotion of k ai 
sQch that / (— x,v) = (-)*+‘ / (*.y). show that 

(i) f ^ 20, cos 20) 


(2) 


and y 


:= fa'" / (sin 20, cos 20) 

k\ Jo 


'/eVootexie, 


ana (ii) J ^ (gin 0 , cos 0 ) Qu^t 


= ^ /(sm'0, ooi0)|^d0; 


where \=cot 0 , or ooseo 0 , aocording as 

/(—*.— y)=/(Ay). or — / (r. y ) 

[The integrals are assumed to he finite^. 



Solution by K. D. AlaJhuva^ 


These resolts maj be sopposed to be more gcoeral than the general 
case considered by me in solation to Q. 702 (published on p. 190 of Vol. 
VIII, J.I.M. S.f) but the same method of procedure is also available here. 


8ince the integrals may bo assumed to be finite, the range of inlegra 
tion may be split up into parts so that 




i-TT 


2tf 


iT 

® « 2-" TT - 


+ 


and tlio following sabstitaiiuns be made : 

in the second iutcrral, pot 4 = 7 ? — 0 
third „ pot 4=0 — ^ 

fourth j» pnt 4 ~ 2 w— 0, and so on »*• 




We shall therefore have in the first case, 
r / (sin 29. cos 20)g^, 




l-n r/(8‘“ 24 . coa 2y)_^ (— I'^+'/Csin 24, cos 24) 


dil 






, / (sin 24 f cos 24 ) , 

+ — - + -J 

} 0^ 

=j / (sin 2i, cos 24) d4 [^+ 

o 


“Sr?* ^ 

o 

which proves the first part. 

Again, for the second pari, proceeding in the same manner we 
notice that / reneate itself, multiplied hy unity in every odd interval and 

by in every event one } and that ^'qh repeats itself siroi* 

larly, so that in every interval wo shall have / (sin 20, cos 20)^* (oc** ©) 

repeats nnaltered by the sabstitations (2)^ tan 0 however changes into 
(-rtane. 
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Tliereforo 
oo 


0 


j" J (sin 20, cos 20) tan 0 0) rf0. 


0 0 tan 0 

J / (sin 20, cos 20). tie |_— y tt + 0 


o 






fi””, rtan 0 , tan 0 , tan 0 

= J / (sm 20, cos 20). d0 I ~q — '■e_-n**’0+^ 

o 

tan 0 .Id*' /«_! £l^ 

+e+2ir-+Jd0S^“‘®> 

il-n Jk 

= J / (sin 20, cos 20). d0. tan 0. cot 0. ®)' 


IT 


d ’ 


f (sin 20, cos 20) (cot 0) ; 

which establishes the Srst oase completelj. 

For oase (ii), we still proceed in the same manner ; thus 


J 


CO 


/ sin 0. cos 0) 


f* ,r»r/ (sin 0, cos 0) , / (sin 0,— cos 0) 

0*'+’ *♦' (11-0)*+' 

, / (—sin 0,-008 0) , / (—sin 0, oos 0) , / (sin 0, cos 0) , ^ 

+ (7T+e)''+* (2TT-0j^* (2'Fr+0)*+» '*'*'*J 


+ 


if / (— *,— y) = — / («, y)j 
the integral 


((0-2 


2Tf)*+*^(0+2n^ 




=.Pcia / (sin 0. cos 0) * 

*^(0-2-fr)*+*“(0+2'iT)*+')'**'"3 


if / y):=/ (*, yr 
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so tbat the second part 




-n 


de / (sin e. cos 0) 


where \ =cot 0, or cosec 0 according a-? / ( — x, — y) =/ (a-, y) or—/ (x^ y), 
as in. the problem. 


Question 065. 


(Hbmtsaj); — ABC is a triangle. A point J is taken on A I 
produced, each that JJ subtends at B or C an angle a, where cot a=:l 
cot C or 3 cot i- B. Show that there exists a circle through A and J 
which cals AB and AC in D and K, so that BD =CE =BC. [Suggested 
by Q. 959] 


Solution by K. Sanjana >ittd . O. I/cathtr. 

Take the figure and notation of the solution to Q. 959. 

Z+m + l C 

Thena let cot asss— — J cot— , more generallj. It is easily seen 

that ^Blils^ C, 80 that ZBJIj=l C — a. 


Hence 


Jri_ 


sin a 


1. 


I,B sin C^C— a) sin .tC cot a— cos ^C 2cos^C* 


l+m — 1 


C . A 


• A 


\ 4 R C08:5«in.^=2 R (f + m-1) sin^. 

J COB -iO £1 £, £ 


Adding I, A, JA=R < 2 (f+m— 1) sin 5 A+4 cos ^ Bcos iC } 

s= — — / ff+m—1) sin A+sin A+sin B+sin C T 
cos 5 A t. J 

=s { (l+m) a+b+c } /2 cos J- A. 


Let any circle tbrongb A and J out AB in D and AC in K. From 

JA. des=jd. ae+jb. ad, I 

we get 2 R' sin A = 2 R' 8in^(5' + c'), 

2 cos f A £ 

b'+c'^it+my a+b+c, or (6'— 6)+(e'--c) =(i+m) a. 

Tbos BD+CE = (f+^)‘ If 2s=fn — Ip cota=3cot ^ C, and 

BD+0£:s2(i» BO tbat for some position of the circle BD = CE=(i, 

The same result follows from cot 01 s8 cot ^ B. 



Question 965 (a). 


(A. C. li. Wii.KiNBON) : — Prove that 

1—2 1—2 (1+fc*) *j*+3fcV 


2 i',c,di 


1-2 (l + 2fc*) V+5tV _ 


— 3&*«jSA 


/fcN /*A'N 

where s^ — bd 1 J ’ <»— sn j> 


SchiUon hy F. B. V. GuUjsek/iaram, ^f. A. 

From the addition formula for the E functions, we have 
3E(*^+;:‘:)-3B(|)-3E(f) 

= — 3ft\*,rs. ••• ••• 

Wo shall now establish the following relations:— 

, , 1-2 (l + 2fc») ..’+5*V 

W 3 E ) =E + . (At -E ) 

To prove (i). 

It is easj to reduce the relation 

a Et{s:£(3u)+A:’snu sn 2 m (snu + sn 3u) 

Now write 3u=k+ik\ Then E(3») = E+^C^'-E'), 80 3.*=-, 
and, sn2M=iBn =Bn[(fc+ifc') — 

Hence 3 =E + i(ft'-E')+^"(l+AB,) 

=(E+V(fc'-E')+ (l+ftr,). 

Again, since 8n[^fe+tA^)3 , 


( 
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Making use of the foregoing relation 

= 2A-'V— 2fcV 

= 2 8* + ikW + - 1 ) ~ 2 

— 25(1— 2fc^,+2AV) 

= — Ll-2(l+2fc*)s,*4-5*»5/}. 
Hence relation (i) is established. 


Tn prove relatioit (ii). 

As before, starting with the identity 

3 Em=E 3/«+fc^ sDxtsn 2u (snu + sn 3a), 
write 3«=A:; so that E 3ut=E, sn 3« = 1, 

and, sn 2u=8n4^ =ssn(^Ar— =-£l 

o \ 3x t/j 

Hence 3 E Q) =E+*~*^*J1±^*^ 

^ 2kWc^ ( 1+0 


Ag&iD, since sn 
i.e. 


2k __ cj 2^|Ci<f| Cl 

3"“^’ 1— 

1 — 2s, + 2fc’ V— = 0. 


From the foregoing relation, 

2 fcVc,* (l+«j) 

= 2 AV+2 AV— 2 A-V,*— 2 A^^i* 
= 2 A»r,* + (A'V,‘ +2s,— 1)— 2 kW 

«2#, (l-2s,+ 2AV) 

= - [1 - 2 (2 + *•):#,’+ 5 kw:\ 
Bence relation (ii) is established. 


To prove relation (iti). 

Wo haTo 3K (.H, fc)=3t + 

(Vide Dixon, E. t\ p. 54.) 

write «=^;sn (^*'^=Cand dn-^V 

Hence 3 e(^^) =.• [^ + *'-3 ^ J 

Again from relation (iii), 


— 0 



Hence, nfter simpUfioation, 

rK' 


3E =. (K:'-E')+^g^ [l+2t'3'-V-S*J 




2«tcWi 

[for...=.n(^. !<) =•■§•. '.=-^ <^ = §-] 

= ' ^ 




Hence from the relations (A), (i), (ii) and (iii) the proposed 
identity easily follows. 


Question 966 

(A. C.^L. W11.KIN8ON) : — Prove that 


E-3 




Soli4/ron by F. H. V, Gulatekhafam, M.A., and K. fi. H'una lyet^ 
In the solution to Q. 965 (o), it was shewn that 


3E + 

where »i=8n Ci=on (^^and 4f|=dn ' 

It was also shewn that 

l-2.-:i+2ftV— ftV=0. 

(1 -F.)*(l- fc>V) = (1 “ 

(l-5,)V.«=fc'V 

(1— s,)c2,=ft'ji 
c,V,=A'#, (1+«|) 

SE(|) = E+^o.. 

•c\ • 
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Additional Solution (1) 6y L\ /I. V. (Julasfkh'trum. (2) by tk? Proposer. 

(1) When Wt =0, 

4 4 

^ \ ^ fr 

y t '' k'*—k'- (cjCjCgC,)"* Cf 

r — I r = I 

where 5, = sn n„ c, = cq «, etc. 

[Vide. J. I. M. S.. Vol. X, pp. 33S, 3.i0.] 
Write »<t = — K, then wlien f4i+tt,+**-j = K, 

3 

^ ^ Ewr — i!l+— jCgCgCj ... ... (1) 

>•= j 

Now writing u,=i*.g=Wa = ^^ we get the required result. 

O 

(a) By applying Jacobi’s imaginary transformation to 

(1), we can prove that when »*i+ «*»+ u*=ik , 

3 

^ e«,=.ck:'— K')— 


ClC*C* 


r = L 


V- 


• • • 


( 2 > 


r = l 


Now, writing ^ ^ ( v)* 


(6) Again, we have when «»+*'« — 0» 


4 

'S'' (Ibid, pp. 338,336). 

r-t-1 ** = 1 


Write U4=s — (K + tK') 

Hence when » 

3 

2 eu,=b+.(k:'-e')-^ 




r:=l 


Now writing u,=«,=Ug== ) * «« *?«*- » for E 


(2) Consider tho intersections of the carves 
ySsajfl— »)(1 — fc*») 

*)(<mj4-6) .»• ••• 

5 


(1) 

... (2) 
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The abscissae of the points of interseciion are given by 
p(aj) = ( I — *)(aJ! + 6)’ — *( I ~ = 0, 

6* 


( 3 ) 

( 4 ) 


and wc have immediately . 

a* 

Applying Abel’s Theorem to (3), wo have 

dF 

^ = — 2y,(af,c/a + ./6), 

whence as in Abel’s theorem 

Vx Vt 

or, », + !/, + Hi, = con8tant, where «!, u, are the arguments of the three 
points of intersection. 

From (2) aV+h=''‘-’, 


Cl 


whence 


e,CtC*i-«i*) cic, sn * 

5 - *l »» OP («!+»«) . 

CjC, sn (hj+m*) 

combining these values with (4), we have 

M,+ tt,+u, = K and o = 


k' 


ClCiC, 


X 'x,dA vD,Vo+«i«i6_ 2 j. 

Consider now > 2 ^ ^ 


^ yi 


dF 

dxi 


whence 


Lfc* 8n*ni<i»i=^-^- and since £di*j=0. 

^1 


k 

Wo Bod OD iute^aiiag and taking for tho lower Umiti 

E(«i)+K(u,)+K(«,)-3E =«on u^ on u, on i*, — ^ on* 

where u, + u,+u, = K. 

Writing u, = E, ii,suss0, we have the given result. 


Question 967. 

(M. K. KewALBAUAJii, M.A.) :>~>Prove that 

1 -* + 2 -*~ 4 -^— 5 -»+ 7 “‘+ 8 -*— .. . = 


3571 


B916V3 

^ofufton by (1) K. B. Jfadhava (2) by L. S, Vaidyanathan, M, A., and 

(3) by N. O. Leather, 

(1) Several problems of this nature have been solved in the pages 
of the J.I.M.S. (tnefe : Vol. 7.) 
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It may therefore he interesting to work oot very general cases. 

OD 

Write /ty) = X' 

— CTJ ® 

which Bati^fies the formal equation 




fty 


CD 


which, therefore^ the real equation 

[/-(»/)-, V(y)](l-.»)=0. 

Hence /(y) =Ct**’' where C is independent of y and y ranges from 
0 to 2'TT. 

S'TTt'x 

Patting we have C— 2w»/(t- “I)* 

BO that 


•xy 


CO 


2'7Tiv ,.tny 

2>Trix_i (0<:y<2>n). 




CO 


change y into 2'7Ty and 2'ntx into 0 ; we shall then have after some 
manipnlation 

Q 0y 


(A) 


— 1 




OD 


where the dash on the aigna indicates the omission of ti— 0* 


r. 




— 1 . 


If we now remember, that the coefficient — 1 “ Beruon- 

fit 

Ill’s Polynomial +«(*), and the coefficient of the Polynomial 


¥ni») 

we shall have 

and 4>'i«»+i(*) = (2 IK + 1 ) 

whore Br»t the mth Bornonllian number. 

These resolte are given in § 94 of Bromwich : Theory of Infinite 
Seriet ; vide i also I. M. S., Vol. 8.» p. 148. 

Expanding the right side of (A) and equating the coeffs. of 

9** , 

W ^ » iOfc+iy. 
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we have 

00 ^ 1 

n = l 

35 




2 ! 

n = l J 


(B) 


and other expressions. 

The TQlnefl of i, (y) up to rssG are given in Bromwich, p. 236 ; 
the rest may be easily caloalated. 

From (B) we got a variety of resoUs giving particular values to 
y and r. For the purposes of the present example y = i and r^'l. The 
result given by the Proposer seems to be incorrect; it ought to be. 

2916V3 

(2) We know that 

^ (-tt— a) =8in x+l sin 2 a-f J sin 3 a+ 0<ar<2 VT 

Integrating the above between -n and a. we have 

1/ a*\ w* rooe a , cos 2 a , cos 3 a 

2 C" ■" -2 ) "T = - L ^ + 


'+ 


2* 


a* 


$ 

:+ 




A « • 


( 1 ) 


Sinoe 


2jn* 6"* 


Integrating (1) between the same limits thrice more we have the 
following equations. 

(2) 


l/a^iT a»\-w»a__r9inaj_8in2a^sm_3^_j_ 1 

L 1" ^ 2* ^ 3* J 

l/a*'n a*\ . vr* _ fcos a ^oos 2 a_^ooR 3 ^ 4 . “1 , 3 ^ 

2C”6'"^ ^ ^ 2* ^ 3* ^ J 

l/a'-ff a‘ \ a^n’ 'n*a_r9ina,9in2a,Bin^a. 1 

2W“"120;”-^***W"LT^^ 2» ^ 3* ^ J 


putting x — we have 


fl* 17_V3- 
T**24'“^"*^ 


after simplifying, where S stands for the series whose snm we are 

_17^' 

3*xl2x Vi 2916^5’ 

(31 ^tan— = ^ + (Hobson, § 294) 

' ' Jn 2n « — ni n+m 3n— tn 3ii4-7rt 


Ss 
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DifEerentiaticg with respect to m, 

^ i_ ^ t ^ I 1 , f *)M'T 

DiSerentiating again 

_ r ^ ^ «L 1 1 . n 

L0‘ — m/ (M + wiy'^(3« — r/i)’ + 

= I 5 ^ I sec’ tan . 

\^n/ 2fi 2n 

Differentiating again 

sf J + ^ 1 , 1 "1 

L (u — m)« (»+«»)< (3 m— 

= Q) ‘ [" j . 

Differentiating again 

12 r — — ^ I _i _! 1 

t (m — m)* (m -t- ;m )* ^ ^3« — my (3»J + m)® * ‘ * J 

-(^y[ 12 sec®— -4 sec»— J tan— 

-_L-. 

(u — 77»)* (M-l-m)® (3«— 77i)« (Sx + m)® 

Pat n=3, m = 2 

X^— ^ + ^«+ =(^) [l 6 — Vs 


_ w®. 44 _ -n\ 11 
6 ’. V3 !’• V8 ' 

Pot n=3, •T» = l 

J _L+2.-_L+ 4-1 li 

2® 4® ^8® 10®^"*- Wy L"9~9J V3 


'tt®. 4 _ 'IT* 

6®. 3V3 2’. 3®. V3* 


Adding, we get 

i-+i — 1 

1* ^2® 4* 5® 7® 8® 10® 


_' 7 T®VC 33 -f 11 _ IT-tt® 
2®. 2916y3‘ 



QUESTIONS port SOLUTION 

1027 * (StlecveiO : — !f a prime number ancl equal to 2 u+lt 
show that 

(2-1; !^( — l)'' 2 ‘'‘.(n !)*, (luo.l. y>’) 

1028 I’andya) : — 'I'wo tantri-nt:* to a parabola a are fixed, 

and a third one is variable. 1 ‘ind the loons of the centroid of a 
triun^de ioscribed in the parabola, having its >ulcs parallel to the three 

tanj'ents. 

1029 - (SKi.EcrF.D) : — Provo that 

ii-y- 

r =0 

1030 . (Sei.ectsd): — I f + + + 

for intopral valnos of » from 1 to r inclnsive, then 

(a: + a,)(x + aj)...{a+Oj,.)=(y+ ai)(y + 'H) ."(y + 'V)* 

1031 - (C. Krishnamiciiahi) : — With the naual notation in elliptic 

fonclions, show that if « + e + to = 0 , 

p(»)p('^)pOO = :.y»+4 ^ ) 

Uednee that 

p (:) { p (= + ‘*'*)+ pC =+**>«)+ P (=+*"0 > 

- 1 P (“) { ,r p(2)*^ * h—pCO 1 


where p(m) denotes the Woierstrassian fonotioa. 

1032- (N- P* Panpta) ; — The month of April, 1919, ooinoides with 

the month of Chaitra of the Samvat 7 ear 1975. Find other pairs of 
coincident months in the next 300 yearo. 

1033 (V. Rauaswami Aitar, M,A.) If two fignres in a plane, 

one consisting of lines, and the other, of points, be in ortho-polar 
oorrospoudence, (that is with respect to some triangle of reference 
ABO) prove that they will continue lo be in ortho-polar correspondence 
nnder any relative motion of translation.. . 
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^^how also that the circuni circle of the triangle of rof^renco 
continnes inrariable in the tignre of lines and the nine-points circle, in 
the &gure of points. 


1034- (V. Kamaswami Aitai:, M.A.) :-Prove that the locus of tjie 

doable foci of a system of confooal bicirciilar qiiorlios i onsists of tho 
two circnlar cables whioli form the extreme members of tho system. 

1033- (K. Akanda 1{a«>): — Suppose that 

/(*)=ao + «ia:-l----+o„ ic" 

is a polynomical with integral (pot^itive. negative or zero) co-efficients, 
and that is irredHcibU that is to say it cannot be expressed as tho prodnet 
of two polynomials whose co-officients are also integral. Then show 
that/(j:) cannot have a root of multiplicity greater than -i «?. 

1036- (A. C. L. Wii-KiNsoN) . — A variable circle touches an 
ellipse at a fixed point. Show that the locus of the point of intersection 
of tho other two common tangents of tho circle and ellipse is the 
eonfocal hyperbola passing through the fixed point. 

1037- ( A. C. L. WiLKiNso.v) :~-If one angle of a triangle is 60*, 
prove that the Enler lino of the triangle is equally inclined to the 
two sides containing the angle of 60^ 


1038- (A. C. L. Wilkin-son) Tho equation of a conic referred to 

tangential areal coordinates is 

af*+fc7n*-f-c«*-b + -f- ifmji —o. 


show that the magnitudes of its semi-axe.s are given by tho equation 

Ia*q-4I J liU^+lG H'Asin’A si.i'B ain'0=0. 

where R is the radius of the circumcircle of ABC, the triangle of 
reference, and 


J = A 8in*A-fB sin*B + C sin'C— 2 P cos A sin B sin C 
- 20608 B sin C sin A— 2 H oos C sin A sin B. 


S = 


a,hy g 

h, b, f 




eto.. 


Hence, or otherwise, prove that if a conic >8 inscribed; in a triangle 
tho product of tho squares of its semiaxes is 4 Ra>^y, where R is the 
radius of tho oiroamoirolo of the triangle and a, /?, y are tho perpendi- 

oolars from the centre of tho conic on the lines joining the middle 
pointe of tho sides of the triangle* 
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1039. (A. iNarasinoa Rao) The integer 142857 is each that 
every cyclic perniQtation of ile digits is a multipleof itself. Find other 
DQxnbersS of the same 

1040. (A, N^jasikoa Rao) ; — Show that any small displacement 
of a rigid body may be resolved into 6 rotations about the edges of an 
arbitrary tetrahedron ARC 1). If the motion be one of pure rotation 
about an instantaneous axis, prove that 

’'■ob. ^cJ + ^bc. '^'ad + '^ca. ^bd = 0, 

^ab being angular velocity about the edge A B, with a similar notation 
for the others. 

Determine the angnlnr velocity about the axis ; also 6nd the 
relation betAvoen tbo w*9 when the motion is one of pare translation. 

1041- (A. Nabamnoa R.\o) : — Prove the following analogne of 

Ceva’s Theorem in three dimensions. 

A, H, C, D. are 4 points on the faces of a tetrahedron A B C D. 
If AA| BB| CC] & DD| avo the generators of a hyperboloid, we have 
four relations of the type 

AA.CD AB,AD AC,BD_, 

^BiCi)' Ac, AD’ AA,BD " 

Are these conditions all independant P If not, determine the 
relation between thorn. 
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Some Definite Integrals- 

Hi S. Ha-manujan. 


I have shown elsowhere * lliat tlic dehnito integrals 


X — ^U'X' 




A COS -rr / 

cosh -n 

sinh Tt X 

can be evaluated in finite terms if tv is any rational multiple of 7\ 

Id this paper I shall show, by a much simpler method, that those 
integrals can be evaluated not only for these values but also for many 
other valoes of t and w. 


Now we have 

.„(o^2r/ 


« cos 2 -n » ,lz 

o ' O cosh "TT z 


e 4“ 






cosh ‘Tt t X tc' ^ ‘I • i 
. . - tlx 

cosh -n « ^ 


where uf stands for l/u\ 
It follows that 




Again 




(1) 


r 


cosh — X oosh 7T d:+sinh — x sinh itx —a? 
w tc 


tv 


oosh 'TtX 


(lx 




4«- I + 

-CO j 2'7JXS • i^(x — 


The Mttaangtf oj lf<itAe/natic«| Now Series, Ko. 522, Oct. 1014. 


In other wonls 


1 


-^tc 


e 


‘nO ^ ic r^ain 'nix — 7ru*«^ 


I ‘ 

Jo 


sioh "nx 


lx. 


•jTt'UiL- ‘n(/ + if)’ 

« ' < i+*4^t..(0 > =^c 4 k- ■ 


It if? obvion,s tlmt 

f 4uV)-4ui-f) 
f SpuCO'" — iptrC— 0 

From (1), (2) ami (3) we easily 6nd that 




It is easy to see that 


'nic 

4 ’ 


i— — ^ 4 4ti(0) ; 4^{iv±i)^ (tt^ 

V2V«* 2/ 


■n ir 

’4 ; 




a-«,(K±i) = i±^^e 4 i 4«.(4<0 + +u.(5*‘-)=^ 

Again we see that 


and 


From (1) and (5) wo dednoe that 

^jt+icy 

6 A ' A .i 


(2) 


(3) 


(4) 


1 


= -7 « 4ir; 

‘ytv 

(5) 

,■ 


— , « 4 «r. 

■yu' 

(6) 

« tiT 


■4w(#-tc)=e4«'. 

(7) 


Similarly from (4) and (6) we obtain 

w 04 -tr)» _ , TT(<— tp) « - j 

e' 4 „. =e 4u- •^^+4^»0-«’) | . (8) 

It is easy to dedace from (5) that if n is a positiro integer, then 





'f urCO + ( - 1 )'*“*"* r* U,(' i 0 


(i)) 


_ 1 f -^■"(/±30* -/{r±5i)* 


— ...to terms 


Similarly from (6) we l»avo 

4'i«-(0— 4 'u(^±2mi') 


} 


(10) 






(t + ry _-.(/+30* + 


+ e 


i a 




4 (c 


Agaio from (7) we have 

. I 7i(<4.2»iu-)- 

„ 4 It4{t.(0 + ( — !)** c 4 u- #;4-('+2 »ki) 


— ...to « lerms^ 


= c 4 t( 


— c 


4 


71 


(/ + 5»)- 


and from (9) 

7T 

„ 4V. (i+4-,.(')l +(-!)" + * 

J 4- /r „ 


+ C 4u' ■ ■ ' O') 

— ...to It terms -, 


(12) 




— c 


(t + 2a)* ■" (t + 4« )’ iL(t + Gu)» 

^ 4 to - 4 ' 




4 ii’ 


n terms. 


Now couibining (9) aacl (11) we <lcducc tbut if m and a are pusitivo 
iutegers and / + 2/na' ±2nT> then 

... to rn terms ^ 

(_l).«ti.."-».. l.,rm(«+/) f 




.-e 4 W’ 


+ « 


•'4li0±50*^...to „ terms I . 


J 



( 14 ) 


Similarly combiuinf' (10) ami (12) wo obtain 


(.V— 2 h-)’ 


=t ^ " 




4 4r 


— e 


7T 

4 IV 


(/2 — 4ir)^ 


7T 


4 


4 it 


(s_6 terms} 


*c-.> * 

-,—-(<±30® ((±50* 

-^c * +c ** +.«.to H terms 

wliero aniM have the same relation as in (13). 

Suppose now that in (13^ and (14). Tbon wo see that 


} 


if then 

m 


XV 


(o( 1±(-1) 

-—f 

= . ^“’(o 






(15) 


TL (1-3 K )» 
4 ir 4 w 

— "t' 


(/_.5 h)" , , 1 

4 10 — ...to m terms J 


+ ^ I 4„, ^ ^ 

yic 


^ A to^ * + ...to n terms 

'Ttmt 


}• 


1 f ft ^ 

{|-+U0) [l + (-l) j 


(i«) 


^ f 

— « 4ir (. 


-5(t-2u-)* 

4iw^ ' 


.e ' + ...to m terms t 


+(- 1 ) 


tiirt^m ^ f)lt ^ ^ 

I 9 


-^tr 


e 


—JL ((— 30*_l . i •> 
4tt? ^ ' +s..to n terms v 


e 


’iV(^) 


where \/ii.* ehoald be taken as 



Id (15) suui (hi) (here is no los^ of gcneralitj in Mi|>posiue that one 
of the two numbers m and /i is odd. 


Now equating the real and imaginarj pai'ts in we deduce that 

if hi and u arc positive integers of which one is odd, then 


2 cosh nt 


j-OO Q 

c 


cosh 71 X 


= [cobh { (1— «) t } cos(’TT — cosb { (d — /^) / ) cos . ) 

+,/('“') [ cosh.! + 7 “) 

^ \m/ L i \ Th / ^ ^4 717^ 4;;</ 

— cosh • (I I ^ + -. - I + terms ; 

(. 7.1 / ) \ 4 71 m 4 //< / J 


and 


2 cosh 7^ t 


cos 2 

Jq cosh 71 


r / 7 T //I .r' \ • 

. 5 jin ( ] ax 

c \ » / 


(IS) 


— --[cosh { (1 — n)t } sin (7X7n/4^') 

— cosh { (3 — hy y sin (97rm/4n) 

+ ooHh { (5~a)^ } SID (257T/4/') — ...to 7t terms} 

+V(^)H- {( ‘-w)-} 

-oo»h( sin 

(^ \ in / J \ 4 7Tm nm / 

+ ...to n terms} . 

Kquatiog the real und imagiDary parts in (IC), we can liud similar 
ezpressiuDH for the integrals 


r B.n COB 

siDQ \ n / sinh ^nx \ u J 


c/r. 


From thoso formulae we can evaluate a number of dohnito integrals. 
Buch us 


cos 27TtaJ 
cosh 'TTX 


c 


COB 'TT (/x=: 


_ 1 + \/2 sin TT/'^ 


2^2 cosh 7T/ » 

cosj^ flin 71 dx= -1 + V 2 cos T if^ 
cosh 'TTx 2\/2 cosh wf 

J® 271 /^ ^ 


. . - - cos 
Q sinb 7T2| 


2 ainli Tit 


c 


ain 2-Tf/^ ^ nt^ 

sin vf or am^ » 

ainh vi0 2 ainb wt 


and BO on 
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Again supposing Jliat >•=— / in (13), wo deduce that if < = m u;±n_t 
where m and a are positive integers of which one at least is odd, then 


, 1 , ’'('—O’ 


+ ...to m terms 


■(•av- ('±')'_,-£,(l±30’+...to«lermB|. rl9) 

This fprmula is not true when both m and /* arc even. 

If III wion i whore »« and a are both oven, then 

,,„,(-) + (_l)0 + i'") + (20) 

= -5 » ter..s} 


,(-l) (*+"'"> (' + ='0 -l-nml 

+ ~, «■■ * 

Yu» 

^ 71 On 25n 

1 - « A 


J P 4n-_^, 4)0 _ ■■•to 1 n'iorms ^ . 

This is easily obtained by pnttiog t =0 and then changing s to f in 
(13). Similurlj from (14) wo ilo^luuc tliat if t=-m w:kn i wlioro m and u 
aro butli cvcd, or both odd, or m is even and n is odd, thoo 

(SilT 

+ ...to)m terms 1 


*54"( » terms). 

Zy/w 4*^* J 

If t= inw±ni where in is odd and n is even, then 

i'ff { (^H— l)f+fnir } 


Tti ^ 

4 to 


jn (f— 2tc)* 
4 w 


— « 4 It) 


((_ 4 ui)t 


( 22 ) 


...4-to ^ (m—1) -terms 



■fc(-l) 


1 + J(ni— l)(n-f 2) 'n(r// — !)(<+ „ ) 


\f IV 


=f I „ tcr„.s. } 


This is obtained by pnttiojr f — u- in (14). A nnmber of definite 
intofn'^is as the following can be evaluated witli tho lielp of the 
above formulae. 


1 *^ 

cos -ntx 

^ O cosh TTX 

sin ■ntx 
Jq sinh •n.c 


-7T(f + *>*;^^ 1-4-i 1- 

2 VJ 

^-n(f + i)x* f 1 1 + : 

^ “'^^VC^ + O’ 


* 

-J— \ 
V(' + 0 ) 


1 


and so on. 



Fractional Differentiation' 

Mv M. N.viiANirNOAr. 


[This paper relates to a inethol of fractional differentiation which 
is apparently a generalization of the cnstoniary processes of differentia- 
tion of the Calcnlns. The idea here developed is akin to that of 
expressing factorials . f fractional numbers by gainuia functions and the 
rosuUs arrived at are not altogether iinintoresting. So far as the antbor 
is aware, no reference to the ideas of this paper is to be fonnd in any 
previons paper in the Knglish language. In other languages also, such 
rofevencoR arc few and are of a fragmentary nature. M Paul Dienes in 
his '* Tji rivis .‘■tiifj}ihii-{fies (Ilf functions analyitiqucf ** (one of the 

collections of Porel’s pnn»]djlots) draws casual attention to the 
gcnralizcd derivate of Riemann and of the analogous process of integra- 
tion of a fractional or incoiunionsnrable index by Hadamard. The 
reference to the work of Riemann is to *‘Vi/'S'irh nJhj. Aufftisung dfr 
Jnt' ij. and Ih'iT' (P^‘l7) and " Miitli'-matifcJic TP« rfrt ; ” but the articles by 
Voss ami Pring.sheim in the Tjncyhipactiic <!■ i' Moth Wiffinschaftco 
do not make any mention ot fractional differentiation. Forsyth makes a 


casual reference to ll»e opotalor 



at p. 393, {prffl. Eqns., 1885,) 


but abstains from developing any properties of the operator. 

The International Catalogue of Scientilio Litcratare gives the 
following paper, which may have some hearing on the subjoot matter; 
but the present writer regrets ho has not been able to get access to it, 
U. E. Moritzor : “ Generalization of the Differentiation Process,** 
Amcr. Jour. -/ Ma/h. 24 (1902) 257—302.] 


(i) Ordinary Differentiation. 

1. The laws of combination of the operator D or — are extended by 

(IX 

considering fractional indices in the index law as expressed by the 
ouuation 

D'*D^rt = D'‘+‘*«. (1) 

Tlius wo may write 

dWi« = Dii, (2) 

D^D^D^i^Dti, (3) 

and HO on. The meaning of D^ or D^ in the above has therefore to be 
inferred from those fonctional eqaationa. 

* rroaontod to tho Indiau Matbomaiicol Oonferenoo, Bombay, January 1010^ 



Let us consulcr the fnncrl'M) x*\ We kaow tluil the operator D as 
upplie<l to it si^nitics that the fuoulioD has lo he lualtiplied hy the iuilci 

I 

n and imity subtracted from iho index. Hence tlie symbol U* sliould 
mean an operation which when repeated twice in succession will be 

equivaleot to the above. In other wunN. if \)- is equivalent to multi- 
plication hy II («) and diminution of the iialex by 


1 f 


t.c., if 

\)^ (j:“) = U{»yc" - 

fV) 

then 


i^>) 

and therefore 


('>) 


wbiuh is the fuuctioniil equaliou detiuiiig the new h^mbul 1{ ('<). 


■J. To solvo the iibove equation, we uiay jtroceod tlioa : 

Wo liave RC”)- R(" — 2 )“ ”’ 

R(/--l)=«— A. 

R(»)/IU»-1)=" 

= "r(// ), 

r(" + })=(»*— 2) r(«— , 
u(h) r(»— !) 

K(.u— 1) "TTnJ'rT^T+jy 


Hut 

anil 

8u that 


llunee 


= Oiiit o / ^(<1+ j) 

i) 

lU'^i r(.. + i)/r(«+i) 

\ r{n+l) 


Taen 


Tims 
Ru that 

and 


u (« — i ) = X r(/* + } ) r( ». ) 
uoi). u(« - i) = X •• i)/r(») 

= hj (6) 

5= 1 or \ ss 1 1 j 


K(^#) — r(*/ -p 1 )/T(/< 4 - i), 


(7) 


f 

Q Bromwich : Jtff. 6Vn'ef, p, 477, ICx* 51*] 


I = M ' + ^ ^ 

UC»> »*+? (" + 5)^ 


3. Next oonBidcr D* (*”). 


Proceeding as before, wo have 

R(a) U(»»— i) K(n — §) = »», 


/ 


an<i 


o 


r 
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^r(M+_i) r(»i-') 
r(«) r(»*+5) 
^ r(»+ i) /r(»+;) 

r(H)/r(n— A) 


R(«)=x. r(»+i),r(«+5). 


or 


It is easily proTCil tliat \=1 as ia § 2, and wo have tiuully 

u(„) = r(4+i)/r(..+=). 

_'_= * f 1 ^ + X 

H(/») ra)li + 5 3(«+S) 3tJ(„+3) -J 


1 

n— — ? 


4f. Generally (x”) =sU{»») as p 
wliore 


K(r.) = r(n+l)/r(n + ^- 

P 


aail 






p-2/>( 


„+ 3 _i) ^ 


5. Tho negative factional index is readily interpreted as 


follows 

1) =J!”“ir(«4-l)/r(n+i), 

binco 

D“H«:''“=>=a"r(n+5)/r(« + l). 

ur 

D“=(*'')=<i,”+-r(a+i)/r(«+fl); 

aod 80 on. 



G. In the follo>ving we shall use the notation a I instead of 

r{a+l). 

Theorem 1- The <ji.-ncralieeti Lttbnitz'n Theoi'om. 

If », V bo any ttvo />oli/nomta{s in z, then 

D'‘(ttt’)=(Di+D,)^ut. 

whatever p may le, integral or fractional^ po$itive or negative. 

The proof of the theorem depends upon tho well known property 
of the bypergeometric function given in Forsyth. 


t 



PI 


Thns 




in ! P »* *• *' • 




(/I* /?) ! 1 • 1) • “1) • 

(m— />)! L 7«— 




/>(i>— i) 




+ ••• 


} 


2 '. (m*-y^+l)("‘— >'+2) 

= . "‘L F,X —p, — '^ w— iJ+1 "I 

(m — ! C J 

jT/^+n)J I Forsyth, §1261 

(m-4-fl — />) ! L J 

which is the same as D'*(«’”a5’') 

Hence writing (it.v) in the form lA(a:"'. ai’')the result follows. 

The following farther extension is ohvions : — 

= (Di+ 0,+ Ds+ •••)^ { n-w.w... } 

6. Theorem II. X/.7 / (x) = 1 (a,. *") a»d F (a) = i. (ft,, a") uAe/c n 
may be integral ai- fraeft'onal ; th- n eh' cf>n>^laut trrm in /(/>) F(x) ie equal 
t 0 the con$tant term in F{D) /(*). 


For, 


/(D) F(a)=i:(.v D^. 


= L aJj 




(y— P) 


.<?-/• 


Hence the constant lerm is £ (n„ ft„. n !) and its symmetry shows 
that it is the same as the constant term in F(L)) /(*). 


8- The g''ry:rali8efl Binomial Servif. 

1 n 


Consider s=»i *' 


where cleDotes 
Then 


nl 


® 9 


X 
X- 


(n-r)!* 

D(=) = »j-(ij7, +"a(^ + 

+ } 
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- (-^)! 


(j’+l) l>r — nr=«»^ 


X - 


_ t 
X - 


1 / _ JL\ f JL 


7 / a 7X 

J. 


2”i('+*)’V rfc- 

■ '-Ul+*)"^'- 


TT 

111 other words, wo have t}ie followinp ponoraliRed binoinial scriesi 

l ^ 3 

...n + -‘5 Jy,+"-(2)! + - 


1 . ‘C* . 

^+’‘; (?)!+“' O) 


C ^ r > 

=‘'+»’>"i'+^fJa+x)-l- 


0. TA'j rah'#' i/ E.fjtonential S' rit$. 

' (V) i ' (^) ! 

ProooecUng! as in § H, we easily get 


y s 

r ■ ■ H- 


_ •!» 


tio ihnt tho series 


10. The •jineiah'fetl TayUr Senes. 

Hero we pnt g=/^(^) j_/ 'W , 

(IP- 

-■“i i 


and obtain 


D.c-r);.*=-— D,.7(A) 


•n 


= Lr,il.S;^D,,i/(*+A-l). 




so that tho generalised Taylcr Series can be written 
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11. Conaiticr the sorie^^, 


^ .rtf I 


^ -I* * 


^ ! Oi+l) ! 


+ ••• 


where a may bo any quantity except a negative inlegor- 


o^\ 


n 


We haye 


(a — 1)1 Q ! 


.'T-l 




(n-i)r =-■ 


a;"-» 


W-1) ! 


The series r is obviously always convergenL Pnither, i 
remember that 

1) ! = where > cr 

c can bo reprcsontotli by Barnes’ integral as follows : 

00 ^ 

- - *1^1’ y • (/^+y— ® ^ ^ 

' 2'nJ (« + y-l) ! v /3 J ^ 




where /?=; -x ; 


12. Propiu lt' S f‘f ^a; : 

/ d \ -^ 

Ijot Dj denote *< 


szn\X*\ 

n 


Hence, wo have 

(i) ir,(*”) = (n.)V; 

3 -i 

(ii) 4 

where 4 ia a polynomial. 

13. Let denote the operation 


f we 



ihon 


\^n • tti^r 

\.„ix') = x- U X 

= .E- (m+Oj* 

•J 

= (m + r)^j:'. 

•> 

tK'nco any nombor of operations \„„ etc, are commntativo. 

Edwards: D7fn. Cah, p. 4S6, Ex. 2.] 
14. We can prove that when >* is an integer, 

n''^” + ^D"‘' * (x' + ['6W, Ex. 3] 

For, the left hand side is cqnal to 


n"a."+'D"+'5:(o,® ^ 






} 


= D"1' 


( 0 „.r 


M'—l) 


E— 1 




^ w 


r — 1 


AIbo 
»Dd (0 


n4l 




('^),=(0U-O-G-)X 

^^(r— 2)...(»‘— 2n)x (»•— l)(r— 3)...fr— 2n+l) 
s (r) • 


Hence we obtain the result slated. 
More generally, we oan verify that 

r— 1 
2 

— 1 


(-;)' c;*)' 


r ! 


(i — O' 

by the dnplioation formula. [Whittaker: p. 234, 12.15 Gor.^ 

The result may also be written in the form 

(5) 'CiO 

Hence, as before, we prove that the result qnoted above is nnl' 
versally true, whatever n may be, 



2“^ Partial DiKerentiation. 

15. We shall, in this sectiou, discuss the properties of paitial 

differeutiul symbols &c. ns applieil to functious of more than 

dx' dy d~ 

one indepondant variable 

The following properties are immediate : 


(i) 


(») 


lx’"dy" d'/'djc"' 


,p»M 






dcr“'dy'^dzf‘ dy'‘dz"‘dzf‘ 
where m, n, p inay^bo any qoautities whatever. 

16. EttUr*8 Tlif.orems\OH Uorntnjcu- ous Functions. 
These may be written (with our notation) 

(1) •••') t' =»i « ; 

V rtj: au / 




dy- 

and Ro oil. 

Thus, the generalized theorem would be 

whatever r may be, tbo left liaml member being expanded as an 
ordinary multinomial. 

These roshlts may be further g' oeraliiccd as follows : — 

(i) Lot u=J!''V* ■» t'hon lJi'’D = for all values of a if D, 

operates on j;"* and D* on y”. 

Hence 4* (Di.U-) « = 4(«*. ») “• 

where wo are to understand that (w/'a") is to be replaced by in 

the expanded form of 4 (’"t ”)• 

Again, if 

wo have 4 (Ui, h>» D,) «= o (»«, «. p). u ; 

and so on. 

(ii) If « = a homogeneous expre-ssion of the /-th degree, Euler’s 
theorems will take the form 

(Di+D*+.,.) « = {«» + « + . ..)« = r M. 

(D, + Dj+) *« = »-,«. 

For fractional indices 


and so on. 



"On a system of three similar triangles, connected 


with a given triangle ” 

Ht S. IS'At;,\T.\NAy. ilADDlIA Coi.LIOI.. 

1. Let A,H,C,1) l)f foul- givfu I'oiuts in a platic. H is known 
tli.iL the |>c-hil liianu'lcs of ».acli taken with respect to the Iriiinglo 
foiincil I'y the oiiur three, are all «lireclly similar, iho t-iniilarily aris- 
ing from the fact that llic si-los of etieh of llie triangles arcus l.he 
rectangles il('.Al>. t’A.MD, All t’|). lUu it is perliai>.s not known that 
those four pe<lal triangles have the same iloublo point. It will ho shown, 
in this paper, that lluy have a common .loubie point which is the centre 
of the rectangular hyperbola .VBCI). 

Prom the property of the rectangular hyperbola, it is known that 
tho pcilnl circlefl of each of the points A,B,C,U taken with respoct to 
tho triangle formc<l by the other three all jiaas through a common 
[loint. In this paper. <iuito apart from the geometry of conios, it. is 
.shown (hat these circles meet in a point anti that point is tho doublo 
point in ipiestion. These follow from a consideration of three similar 
triangles, forme*! in a particular manner, as explained below. 

2. Let AHC he a given triangle anil A, the foot of the per()cudicular 
from A on BC. Drawing any line through A let BB|. CCi be perpendi- 
culars on iL from B and C. Tlien it is readily scon from the fignro that 
the triangle A,B,C, is invcr.sely similar to ABC- Tims for every line 
ilruwu through A. (here exists a triangle A,B|Ci, inversely similar to 
ABC. Ami a like construction gives, for every line tlirongh B as well 
as for every lino through C, triunglc.s inversely similar to ABC. We 
^^rococcl to consider the triatl of similar triangles arising when tho lines 
tlirongh A, B, C all pass ihfough a givof point U. 

3. Let the feet of tho perpendicnlar.s from B and C on A U bo Bj 
nnd Cj ; those from C uml A on BD bo Cg anti A» ; and those from 
A anil B on CD be Aa and B,. And let us denote tho foot of tho 
perpendiculars from A, U, C on B C, C A, AB respectively by Ai, Bj 
and Ca- Tlien tho triangles in qaestiou, corresponding to AD, BD' 
C D are A,B,C„ A,B,C„ A,B.,C#. Those are directly similar to one 
another, each being invorsoly similar to ABC. 

It may bo noted at this stage, that A]A|A| is tljo pedal irianglo of 
A with respect to the triangle HOD, BiBjBj is the pedal triangle of B, 
with respect to CDA and CiCfCg is that ot C with lespeot to DAB. 



•1. Thccircfn. h* the AJIJ\ A /> ^ ' , •i*Ji 

$* t o{ CO* ri.>i)Onf{nt‘j bides ?> c*mcu*'*'vu\ 

'I’u prove thiU BiC,, H^Cj, H. are coyycuvrvnl 

Let meet in llj. Lei U bo (in* isogonal coiijngalo of I) 

iu A li C. Now, au«l C are tbo feet of tlie ]>ei {)enili<*nlat\s from ll ami 
C on t)je opposite sides iu ABC- Ilcnco l)ie triangle A H.C^j is iuver-^cly 
similar to A B C. Hi iu A li^ L\ corresponds to D" in A H (L 

Kor, the angle A C.Jii = r5 C^Uj=B C B.. (ior H , C,, C are coucyclic) 
^tlioangle HC1) = ACD'. Similarly A B, B* CjSs^CBC, (fur 

C, B.^, Cj, B are concycHc)=C B Ds=A B D'. Hence Uj in A HtV- 
corresponds to D' in ABC as sutled. Therefore the angle HiAC,= 
IT A C = B A l)f which shews that Hj lies on A D or Bj Cj. Tlius IhC), 
13)CV BgCa are coucurrent at lij. 

In the same maaocis the other sets of correspondiDg diilcs C^Ai, 
CjAj, C^jAa concur at at and AjBjt A^Bj, oonenr at H .. 

f}. Let us now specially consider the fact that, in t)io triangles 
A]B|C|i A^B^Ct, A-BjCi, corresponding sides intersecting at th> 

vertices A|» Ao, A, arc concurrent^ vtz.y at Hj and H . It follows that A;, 
Afp Hj arc all coucyclic ; for, us is seen from the 6gure, JltH» 

subtends equal angles at and on one side and a supplciuentary 
angle at Ai on the other side, lli.net uk* have t}ie tlui*rcfn that the ifcdul 
circle A|AiA) oj A with fcspect to the tiiangb BCDjycK'^ through th. pointi 
U.j and U|. 

Iu like manner, the pedal circle BtBtBs of B with respect to the 
triangle CDA will pass through LI;; and 1J| ; and tbo pedal circle 
C^C|C« of C with respect to DAB will pass through II | and 

Time wo see that Hi, llj» U* conslitul-e ouo net of <he points of 
intersections of the tliree pedal circleH taken two by two. We can ntuv 
skew that tho other points of inlcrseotions of these pedal circles taken 
in pairs arc all one and the same point tc ; and that w is the coinniun 
double point of tne similar triangles AiB|C|, 

6. Let tis lake ic to bo the double point of the two triangles A^B^C.^ 
and A3,C«, Then irA* and wA^ .are corresponding lines of those 
triangles. They therefore divide the angles HaA^H, and HjA^H;; sirai^ 
larly* Therefore their intersect ion tr lies on tho pedal circle of A with 
respect to the triangle BCD ; and therefore tr A) divides tho angle 
B|AiC| similarly' 

In like manner tr and tr D* being corresponding lines divide the 
angloB and B| similarly end therefore ir lies on the circle HfiHiBiBiB. ; 

3 
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that is u’ lies on tlic circle of 15 with rospei-l to the triangle CDA ; 

and thcrtfore w H, flividcs the angle Bi hirailarly. 

lu like manner, again, w lies on the pedal circle CjCjO, UiHj of C 
with rcbpoct to the triangle DAH; and u’ C”, divhlea the angle C 
similarly. 

We have tnua shewn that the pedal oirclo.s all cointerBcct in «' and 
that w holds, in respect i>f the triangle A,BiC| the same position that it 
holds in respect of the triangles A^B^C; and A Br.C.i ; that is, u' is tfir 
cofrtmon itouW'- I'oitil <’f th’' Iriaughs AiBiC'i, A B.C.,, A B.C.. 

7. From the fact tliut tlio similar triangles A|B|C|, A.BjU;, A^B.xC, 
have a common double point ii\ it follows that tho triangles AiA^A^, 
BiB.Bj, C,C;C„ which are formed by taking corresponding points of theso 
similar triangles are themselves directly similar and have if for their 
common double point. And wo proveil that the circomoiroles of these 
triangles all pass through »i*. 'i’hese latter triangles are, as we already 
observed, (ho pedal triangles cf A with respect to BCD, of B with 
respect to CDA, and of C with respect to DAB. 

8. Taking now all the four pedal triangles of A, B, C, D, lar, of 
each taken with rospect to the triangle formed by the other three, it 
follows that every three of them have a common double point and 
therefore all the four have a common double point And the 
oiroamcirole.s of all these pedal triangles pass throngh tc. Hence w is 
the centre of the rcctangnlar hyperbola ABCD. 

9. Wc next proceed to shew that ir lies on tho nine-points circle 
of ABC ; whence, it would follow that i( lies also on the nine-points 
circles of each of the triangles BCD, CDA, DAB. To prove this, we 
revert to a coiihiduratioii »if the triangle A|B|Ci, a study of which, as 
the line through A varies, is interosting. For oar present purpose, we 
just require one property ut tho triangle. 

10. Theorem. -Is tlnf line through A varies, the locus of Oj, the 
ctrcutncenlre of /I, B, (7i is the uiwe-^intj circleof ABC. 

For, os the lino through A varies, A^ remains fixed and moves on 
circle AA,B. the Tho triangle A,BiC| which may be considered to be 
described on A,B| is of a known species. Hence any assigned point 
connected with it moves on a circle. In particular, the cirenmoontre 
of AiBiC| moves on a cirolc. 

Now when the lino tbroagh A coincides with AAi, the triangle 
A| B] Cl is evanescent and its ciroumcentre therefore coincides with 
All a point on tho nine-points circle of ABO ; when the line through A 
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takes t);e position AB. the varialilo (rianglo A, B, C, assumes th»* 
position A, li C, an<l the circnmcontre in this case is the mi<ldle jioint 
of n H (where H is the orf iiocciiiro of ABC) ami hence in this oa-e 
also the circiuncentre of A, B, C, lie.> on the nine-points circle of ABC. 
Lastly, when l he lino throogh A 'coiuciiles with AC, the variable triangle 
A, B, Cj becomes A, Bj C whoso circnniOontre is siiuilariy the middle 
pointof C LI and therefore L'es on the nine ]>oiots circle of A B C. Hence 
the locus >'f the ciren mc nlre the t' tangle A,B,C| is the n hu -points ct’rc^e of 
A B C. 

liPt O., O be the eircninceutres of A B C, and A,B,C . It follows 
that these also lie on the cine-points circle of A B C. 

Theorem. Any s- t of corr> sponding o'ccuui-diarn-’fcs of A,B,C|, 
A.B.C., AiBC </r< ci‘ticn/-r' lit, the point of cu:CU’',\nce lying always on the 
uine-p/iinfs cii'ch “f ABC. 

For, the angle B A,Ai = B A A, = i7T — B = C^A.^Oj. Therefore 
A,A..Oj are coUinear. Similarly A,A,0. are collincar. Ilonco 0,A,, 
O.Aj, O-.A , concur at Ai- 

Similarly 0,B„ 0,8^. 0:B, concur at Bj and 0|C, O^Cj, 0.,C, coccqp 
at C,,. 

Now I, being any three corresponding diameters, the aoglea 

which AiO„ A,;0.„ A,0, make with f., I, are eqaal. Hence f, 
coDcnr at a point <p on the nine-points circle of A B C. 

Bat u' havinir been shewn to ho the common doable poict of the 
triangles A,BiC„ A,B^C., AsB.,C,, the lines aO, « aO, are correspond- 
ing diameters. Therefore their intersection a lies on the nine-points 
circle of A D C. 

In the same manner, a lies on the ninepoints circles of each of tho 
other triangles BCD, CDA, DAB. Taos, all the nine-points.circles 
cointersect in n*. 

12. Finally let m-^ m.,, denote any three lines drawn arbitr- 
arily through A, B, C forming a triangle D)DtD„ ; constrooting the 
triangles A,B,C„ AsB,C,. AsB.,Cn as before, lot ir, a., denote tho 
double points of these three similar triangles taken two by two. Then 
it follows that they lie on tho nine-points circle of ABC, being tho 
points coiTesponding to D, D, D -. in the same manner as a oorrenponding 
to D in the foregoing investigation. Thug whatever tho lines 
may be, the cirel*^ of timiUtude of these Irianghe is always the nine-points 
circle of AUC. 

It can farther be shown that tho invariahlo points of those triangles 
are their ctrcumcenfyet Oj,OatO*. 
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The Theory of Linear Systems of Points. 

* U. Vyii[ynaiiusw\mv. 

[Tlio present tiieory is not exa<-tly new. In its root prinoiples it 
will be fonnil i<ienlieal with tho Invariant theory and the theory of 
F’olynoinial forms. Out the view-points are different. While in tho 
theory of iiivari.ants and of binary form-, it is the forms themselves and 
the relations between forms whieh arc the siihjcets of study, the centre 
of interest, here, is tho system of forms (or what is tho same thiup. of 
groups of poiuts) all possessing a coinmuo i>roperty. That this dis- 
placement of tho point of view does bring about a differenoe of methods 
an«l conceptions will he seen in the course of the paper. 

V/ith reference to tho harmonic jn-opeiTy, the chapter on 
'Apolarity* in Grace anil Young’s Ahji.hi'n of liivoitaiifu might ho con- 
sulted with advantage. Tho difference in nomenclature is explained hy 
the fact that this paper was written before I had any knowledge of the 
file Ajiolnr Theory. 

Tho principle of the geometrical representation is tho same as in 
ilie roprescatation of ])oint-pair.s in a line by points in a piano explained 
in my Note on ‘ Involution and 1, 1 Correspondenoo*.] 

1. Difiiituvi : The groups of points in a line whose coordinates satisfy 
/r linoo-lincar eipialions of the ^ypo 

will bo said to form a linear system of order n and class n—k+1. 

A system of order n and class n (t.e. a system defined by a single 
eiiuaiion) will bo called a romphtv system. Linear systems of order ti 
and idass otlior than «, will ho termed incomplete. Tho involntion of 
}>oint-pairs, for example, is a complete linear system of order 2. 

We may give anolhor definition of a linoar system wliich is descrip- 
tive in character and which will he found more nsefnl in practice. If 
we have a system of groups of » points which is such that there is an 
absolute symmetry among the points composing any group, and that if 
jvny r— 1 points of u group are given, tho rest of tho group is in tjotieral 
iiniijuoly dotermined, then the system is a linear system of order n and 
class r. In particular, if, when all but ono of tho points of any group are 
known, the group is determined, the system is a complo system. Thus 
groups of points on a nodal cubic which are its intorscotions with a 
line, a oonic and a oubiu form complete systems of orders 3, G and 9 
respectively. 
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2 . GKriUitjti icftl f'lf . 

Represent every group of u points l>y a point in spoco of 
dimensioas. If the gnnij) be 4 (a‘| tlie co-ethcionts'of t)io erpiation 

whose roots arc -Tj, m;iy be tnken to be the hotnogenuu- co* 

ordinates of the representative point. It may bo noted that the representa- 
tive point depends only on the groop and nit on the order of points 
group. 

In this representation a complete system wonM corresj>ond to a 
jjlane. Hero and in what follows a plan** in dimensions moans a flat 
space of ^1 1 dimensions. An incomplete system of class would lie 

represented by a tlat space of /—I dimensions. An immediate inference 
from this geometrical representation is that a unitjoe sy.steru of class 
/ can bo found to contain ** given ads. In pariictilar, a complete 
system of order n i.s dotorriuneil by n groups. 

3. 'I'hero arc 7i n — pie points belonging to the complete system 

of onler «, tliese j>omlR being evi<lon<ly iho roots of (ho ctjunliou 

-f := >• t*! + ‘'n = ^- 

Tbeao points wilt be termed the foci of the Hy.-.tcm. It is obvious 
that au iocoinplotc systeox will not in general possess any foci. 

A complete sysicin is determined by its foci. 

(1) If allithe foci of a complete system coalo.scc at K, the system 
consists of gronps composed of K and any other « — 1 points. 

For, if is an exact /*th power «<,(/. — • then 



(2) If the complete system whose foci are x, a*j...x„. contains the 
group yiyj...y„, then tho complete .system whose foci are '/»ys...y„^ 
contains the group j-, 

Let *, x,...x„, y, y>...y,. bo respectively roots of tho otpmtions 

ti,, a" + «Ci <i| j; ^ . -p ••• ••• (I) 

h„ y*‘+nCi - + 6„ — O. ... ... (2) 

The system whoso foci are tho roots of (1) contains tho roots t>f 

(2). Hence 

( — )**(<*o I'm — ^»»- i ^V^'h-****) = t^- 

The symmetry of the aV and h*e in thin relation proves the thooreni. 
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Tlio point-prronp.^ .r, »/, y*...y„ of this theorem ntay ho aaitl to 

ho hfiTinnoic. Thus a oonipleto systeni wouM of all groups which 

arc harmonic to the focal group. 

(3) A complete system of o<.ld order contaius its focal group. 

Proceeding as above, we tind the oouditiou that the complete 
system whoso foci are ar| a-'j. should contain the group x, .r. .,x„ to ho 

( — )" (a.. -Jr. — wC, )=0 

This c»ination is h/- >}ticaHy (rue if » is odil. Heoec iho theorem. 

This theorem is tantamount to saying that every odd group is self- 
lii^rinoDic. 

(4) The harmonic relalion is invariant for linear transformations. 

Por* a coraplote sjstom bein^ defined by a lineo^linear equation, is 
transformed into another sach system and tho focal group is trunsform* 
ed into tho focal group. 

(5) If points of a group of tho wth order coalesce at K, tho 
group is harmoiiii’ to agronp consisting of ti — r+l points at K and atiy 

r — 1 points. 

Make a homographic transroriimtiim reducing K to zero. If now 
the points (►f the two groups are roots of the equations 

h^y x** + nCi u^iX “ —0, 

using tho condition of (2), tho two groni>9 are seen to bo harmonic for 
any values of and 

(0) An ovon group is seU*harmonic if more than half of its 
points coalesce. 

'riiis follows directly from (5), 

•t. Th>: Iniltteritn'naU’ Systems autl the JCxtenaton of tJte Harmonic 
Jteldtion. 

Any two groups of points forming together ft gronp of a given 
complete system may bo said to be conjognte. All groups conjugate to 
ft given group of r points will form ft complete system of order n— r. 
which mfty be termed the polar system of tho given group. The polar 
system of the same group in this latter system is its second polay 
system nnd so on. 
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loS 

It is obvious on iuspurtiun itiut tbi! liivi. s*. c<>n«l. 
point al ioBnity w. *\ f. the couipioio system 

+ + u,, 

aro given by D(F)=0, D-(F)=0, D'^(F)— 0» 

where 1) <ienotcs different iatiou a*, r. /. one of the 

(1) The foci of the systems ure the suuccssivo lianuonic 

centres of the foci of P. (oidt ; Mr. Niiraniengar’s nn /At llat inomr 

Ca^lrc^, J.I M.S., Feb. 1913.) 

For let pssa,^*' + nCjaiX*'^' + + '^u 

Tt 18 evident on inspection that the foci of U(F) arc ll^o roots of 

= * =U. 

tlx X — p, 

wliere Pi p^ are the roots of (f =0. 

Thos the foci of D(F) are the harmonic centres of the foci of F- 
Repeating the |)roof, the fou> of D*(F) are the liarinonic centres of the 
fooi of D(F) and so on. 

(2) If F„ F, represent (he successive polar systems of the 

origin^ then the polar system of the group is given by 

F,+ D(F^,)i:C^) + l>^Jj'.-aU'iM + L)'(F). Vj •tr=0. 

For F =P|+a:iD(F)- 

=F,4-x,UB.4 x,(UF, + a^,I)»Fj 

=F,+DF.(x,+ ;,.)4 

and so on. 

(3) The polar system of all r-ads o' points w. r. I. a complete 
System of order ti, have in common a system of order u^r and class 
n— 2r, this system evidently consisting of the i)oint-group3 common to 

thocomplote systems 

i\, D(F,>,). D’'(F). 

The conjugate group of any gi’oup of the system I, is indeterminato 
and may be snpposed to be any r points whatever. For this reason 
the systems 1^ will be terned the tudtUiminatv ^ysUins of F. 

Tho system Ir will redooe to a single group if «—2ra=l. Thus (bo 
number of the systems Ir is the greatest integer in i ('» — !) and if n is 
odd there will bo a single group of ^ (a+l) points whose conjugate 
group is indeterminate. Since the groops of a complete system are 
harmonic to the focal group, it follows that a group of tho system I, 
together with any r points is harmonic to the focal gronp of F. 

We might agree to express this by saying that the groups of the 
^stem Ir ere barmonio to tho focal group of F. This is the natural 
extension of the harmonic relation to groups of unequal order. 
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All iiKHituplutc systoiJi ol onler « ainl clii5>y ^ — or, us it will be 
written, of type [«, regurtlo^l as the intersection of n — 5+1 

completu >ysltniis of order «. An iuilotcnuinate group of order 
M — /•<^f (_!/, 5J tt^orcforc a cotumon group of tliu « — 0 + 1 ^y^toms 
r, of the coii)]doto systems. Since I,, is of class u — 2r, it is cvifleui 
lliHt the n — 5+1 ir have in couimou a system 1/ of order 

n — r {\inl class { n — r — {tt — 5 + 1^) C'*+0+^ } [5—/* (>/ — 0 + ^)] 

The number of the systems 1/ is therefore the greatest integer iu 

5—1 0 — 1 is an exact mUggr u., wo will have a group 

» — 0 + *^ « — 5+2 

0 ( ,f — ^ points whose conjugate is absolutely inlermiuute. 

The following is a table showing the imle terminate groups of 
systems of orders up to 10. A single indeterminate group of order, 
say 4, is written 4^'\ while the existence of a system of indeterminate 
groups of, say order 4 ami class 2, is denoted by 


lucomplcle 

groups. 


systems of order less than 5 have no iudotcruiinalo 
T'lhl-: i>j i in». 


/• 

0 

r~* 

U-.5 


»w7 

.1^8 

1 

»^9 

1 

»=10 

1 

4 

1 . 

.I'l. 

1 

1 1 
1 

i 


i 

1 

1 

1 


5 ' 

4' 3'“ 1 

.V*' 

C” 

1 1 

i 

1 

4 

1 

1 

1 

1 

1 

1 1 

1 


.V*', 4'** 

GD j 

7<ji j 

gro 

■ I 

1 

1 

1 

«' 1,^'" 1 «■■■. V- ! 

: 8- 

9'*' 1 

1 

8 

1 1 

1 

1 

1 

1 

' 7C« Q(i) 

! 5'** 

1 

1 

7»»», 8'*‘ 

1 

91*) 

9 



• 


S'-', 7‘*> 
6'-', 5'” 

8'”. 9‘*> 


6. We proceed to the discussion of a very important class of 
incomplete systems called focal systems. 



(1) A of rhi-c^ !• cannof hov- thit-i - /(’c If possiM?, let 

K bo a system of class r and order n (>- r) containing more than - foci. 
We can 6nd a unique complete system containing K and any other n — r 
given H — ads (Compare tho geometric interpivtal ion of ^ 2) not 
belonging to Iv. In particular, wc ca-i liud a complete sy.stem containing 
K ami having u — points for foci. If !C has m >ro than r foci, tins 
complete system will have more than /< foci, which is im[)ossihle. 

Ihf. A system of class /• containing r foci is focnl syilrni. 

A .system of class r is completely determined by -• groups ind 
therefore by its r foci. 

Note that every complelo system is a focal system. 

(2) TAf focal (froup of a focal syalem is harmonic to every group of the 
system. 

For, we can 6nd a complete system containing K and having any 
other, «t — r points ns foci. Therefore every group of K is harmonic to 
the group formed by any (« — >) points and the focal group of K. Thns 
tho focal group of K is an indeterminate group of every complete system 
whose focal group is a group of K. From our extended definition of tho 
harmonic relation, it follows that the focal group is harmonic to every 
group of the eystem. 

Cor. A iiniqno focal system of class r can be found to contain a 
given group of 2/ — 1 points. For, by § 3 (3) there is a oniqne indeter- 
minate group of r points belonging to the complete system whose foci 
arc tho 2r — 1 points. 

It will bo evident that either no, focal sy.stem or an infinite number 
of focal systems of class r can be found to contain a given group of n 
points according as or <^2r — 1. 

7. Focal systems of class 2. 

Theorem. The focal system of class 2 and order u whose foci arc f^ 
consists of all cyclic groups associated uith ih> homographic corrcsputideuce 
of period n whose fixed points are /, /.. 

Since a focal system is completely determined by its foci, it soflicos 
to prove the converse, vis. that the oyclic groups of such a homographic 
coxrespondenco do form a system of class 2 with foci at f^. 

Lot /i, /a be 0,0! . Then the homographic correppondenco of period 
n with these as fixed points will reduce to x' = (s}x where = Thus 
the cyolio groups are roots of the equation a:”=:\ where \ is a para- 
meter. Hence such gronps form a linear system of class 2, Evidently 
here are values of \ (vis 0, oo ), for which all tho roots of tho above 
4 
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lipcome ocjufvl llfnco thi'4 linofir ^ystoni is a fooftl systom anti 
fias foci at. 0. 'T> . This proves iho theorem. 

It is not dillicult to see tliat this theorem is not a special one bnl 
only a partienhar case of a more general tlicorem wliich oonnects every 
group of a focal system with the focal group by means of a periodic 
or more probably, ••hj’ b/ <n'r t. }3(it it is impossible 

to got even a glimpse of this general thooiem in onr present slate! of 
knowledge of Uational and Algebraic Fnni-iions. 

8. h'.rpref'um “f a U’f>c n.< a h'ntiir •‘•tnbi nation "f nth powys 
( I’ii/'-:— Grace and V oiing ; .\lij- b‘'i of I nci it" nls. Chapter on • Apolarity 

Since a system of class r is represented by a Jlnf space of r — 1 
dimensions, it follows that any group of the system (i.« . the polynomial 
whose roots are the points of the group) can be expressed as a linear 
combination of hxed groups of the system. In particular, if a focal 
system with foci at a, fi y... can bo found to contain a given group of 
order n, then the polynomial whose roots are the points of the gro\>p 
can be expressed ns a linear combination (x — a)", (.e — /?)", (x — y)" etc. 
Now by § ti. (2) Cor., if » is of the form 2 »•— 1, there is a unique focal 
systen; of class r which contains the gronp, and if m is of the form 2 r, 
there is an one-fold ;inGnity of focal systems of class ('‘-f-l) containing 
the pTonp. 

Uence a (2 ' — 1)— tie can bo expre.sscd uniquely as the sum of 
r terms of the (2r— 1) tli degree and u 2r— tic can be expressed in a 
singly inlinito number ofiwnya as the sum of (r+1) powers of the 2» tlj 
degree. 

9. OiOTMinzoi Int' ijiritaiion. 

We represented every group of n points in a line by a point in 
u-dimensional space and wc found that a complete sysleni waa 
represented by a plane. Wo may now enquire wbat points in onr »» — 
space will correspond to a special type of n— groups, vie., those groups 
in which all the points coalesce. The locus of soch points in n-spaco 
will, in the first place, be a onrve and this JonrTe|GhoQld out every plane 
in n points, since there are n coalesced groups or foci in every complete 
system. 

Thus the locos of points corresponding to coalesced n^gronpa is a 
carve of nth degree in n dimensions. 

This ^ourvo will be called the twisted n—tio and is the* natural 
oxtensiun of tho conic and the twisted cubic, 
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If .\| arc |»oiuts uii tlie twiste^l — tic corrcspomling lu the 

points Xj on tbe lino, tUe complete sjstciu whose foci are 

is representeJ by the plane -V^ 

We liavo pointed out (§ 3 (5)) that if all the foci of a coiuplele 
:»y8tem coalesce, the nystem consists of groups composed of the point 
of cuulitioD and any other u — I points* 

Hence the locci.> of all groups which contain a jioint Xi is tho 
osculating plane at X|. 

Thus tho gi*OQp ar, is icprcsontcd by the point of intor-'^ection 

of tho oacolating planes at Xj Xj X„. (We sec iucidenlally that the 

class of the twisted n — tic is n). 

If I’ is any point in ff — space, wc may deline the polar plane of P 
as tlio plane determined by the points of contact of tbe ti osculating 
planes which can be drawn from P. Uonce, from what has boon stated 
above it follows that 

(1) the complete system whose focal group corresponds to P, is 
represented by the polar ]daDC of P ; 

(2) the focal g^roup of any complete system is represented by 
the polar point of tho corresponding |>laDc. 

Wo have proved that a complete system of odd order contains its 
focal groDp and a complete system of even order contains its focal 
group, only if a certain relation of the second degree be satished. 
Jl^uicc in ^pacK S of oi1»l tlun* usion$^ • contai ns its polar point (or th' 

polar plan •• of any point P passrs through P). In spaces of ^ rr?! diinrnsions 
tfu: polar plan* **f I* do* $ not pass through /' unh.'ss i' lies on a c» rfaiu 
quadric surfac*' uhich will be called the special quadric a^'^oc>a^<f with the 
tivisieJ n^tic. It is easily seen that the s)iecial quadric contains the 
twisted n — tic. 

Again, it was proved that if more than half of the points of an 
oven groop coalesce the group is self-harmonic. Ii» uce in $jnwe of 2ni 
diVicnsions osculating regions of 7«— 1 dimensions are tp-y^eialing ngions of 
thj f>p€cial quadric^ ■ 

Again, consider an even group The polar plane of tho 

corrospuodiDg point tr. r. t. the spe cial quwtric^ is a plane containing all 

self-harmonic groups harmonic to tho given group. But { XfX, 

2m times } is a self -harmonic group which is harmonic to Xi 
ftence tbe polar piano %o» Tm t* the special quadrio contains the points 
Xi Xa«««.,«X|„( which are points on the n—tio correspondiug to 



108 


III otlier words, in "f < » dhnrusious. pv^ai'iiafion tt’. t the 

lu'ift'i/ id' niical ici'h polatifaHon tv. r. f. the fpcctal tjuadric. 


It mii^i l>o r«'nier»l)prod in correction with this resalt that the 
special fjuadric exists only in even dimensions. In apace of odd dimen* 
aions, wo may ^uess that polarisation iv. t. t. the twisted n — tic would 
he identical with polari.sation ic. >■. t. something which is similar in 
nature to the linear complex in throe dimensions. 

Lastly, the symmetry of the harmonic relation ibews that: i‘/ 
polar plnni' of A pa$s<-S ihrottglt li, thv polar plane of H pasevs through A — 
a rosult valiil for all dimensions. 


Rt preectitolion of groups of order less fhatt « tn ♦» dimtnsiotts. 

Tlio proup iir... X, (r<»i) can ho represented in n-spaco only as the 
region of intersection of the osculating planes at XiX^.-.X,- This is, ia 
offeoi, equivalent to regarding the group as identical with the linear 
system of groups composed of and any other n — r points. A 

region of thi» type we shall term ‘ n regtou in r planes *. 

The indoterraioate sy.steni I, of a complete system K will correspond 
to tho aggregate of regions in (n— r) planes contained by the piano 
corrospondiug to K. 

In particnliir, if v is odd, every piano in n dimensions contains a 
a unique region in ^ (» + !) planes. 

10. Focal iHigstems. • 

A focal system of tho rth class is completely determined by its r 
foci. Such systems will tlu-reforo correspond to regions of r— 1 dimon- 
sions which cut the twisted « — tic in r points. 

If ti is odd, then tliroiig'i any point P there cun be drawn a unique 
region of \ (m — 1) dimensions cutting the n — tic in ^ (nq<l) points 
[§ G (2) cor. ] 

As an example take a triad ABC and let p bo the corresponding 
point in threc-space. Tho triad ABC has a unique indeterminate pair 
which is tho focal pair of tho unique focal system containing ABC and 
which is also (§ 7.) the pair of fixed points of the homogrsphio 

. This pair 1 have elsewhere termed tho 

oyolio centres of ABO. ; Note on Pascal Hexagon, Jane, 

1918).Thi.s pair is represented in throe<space as tho points of intorseo* 
lion with tho twisted onbio of tho oniquo chord of the corro which can 
bo drawn throngli' Pi 


correspondence I _ 

* B C A 
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SHORT NOTES. 


Addition Formulae for ?n Ac. 


The syminetriciil fractional oxpre».sions for < he ^n, co, do functioas 
of (k] + Uj + u-) giveo by uie in the J. I. M. S., Vol. V'llI j>. 211, when 
redacctl to thoir lowest term^, are ideulical with ib•ofe^sor Cayley’s 
expressions (footed in I'Jx. 20, page 523 of Whittaker and atson’s 
Mnd'.in Anahjiis (Revised Edition). I give below the analysis required 
for this redaction, which supplies an elegant jiroof of Prof. Cayley’s 
resolts and must interest those who, like myself, have not hud the 
opportunity of seeing the original proof. 


If *r> Cr, d, stand as usual for su »<,, cn u,, dn ; .«/, c/ d,' staud 


for 



respectively and P staud For 

sn (»-j — an) 6D (f/;i — »q) Sn (f<i — n.), 

we can prove by Liooville‘.s theorom that 

sn («i — >'<) sn (uj— «j) + sn (»'j — «,) sn («» — «, )-bsn (a — »<) sn (/« 
= — P. fc* sn («i — sn (ttj— «») an (»/, — a,). 


— M.) 

(A) 


Now writing successively <'4=0, iK', K, K + ^K', we have 

E «i sn («j — »,) = — P. k"* tfi «, s,„ 

E $j sn (Uj— «,) = — P ... 

E c, t/j d., sn («^— «;.) = —i’ cj Cs 
E rf, c. c. sn if,)= — P. d| dj d, 
the summation extending to the sulllxos 1, 2, 3. 


(Al) 

(A2) 

(A-3) 

(A-4) 


Again writing in (A.l), u,-l-H.. + a.; = 3x. «,~e^j=3y, «, — ami 

consequently writing if.=3(s— y), M,=*+i/+r, h,=x— + 

u.,sx-i'i/— 2;, and differentiating with respect to x. we have 

Ec, d, sn — P ... (A. 5.) 


The last re.snlt gives rise to three others when u,-f.K, u,-f jK' or 
«^+K+t K' is substituted for For instance, writing u,.+ K+f K' 

for u„ wc have 

i.g^cAc^ HD («.j— «*) = — P EfjfjV,' ... ... (A. 6) 

2. Again since s,”s=«,""*Er, + c/c,’], wo have 

EV sn (»i— «,) =E*ic/c 3* sn («i— « ) 

— ( 1 — Esi*) Es, sn (Ui— « 3 )— BU («i 2 — u«) 

= ^P [E».s,V-#i.v* (l + A’~ifE»,*)] 
from (A. 6), (A. 1) and (A. 2) 


(B. 1) 



llo 

Now writing + t K' for u„ we hare 

It may bo nole<l here that Es," sn (h^ — w.) ia diviaiblo by P when >* 
is oibl, an<l that if P- / (»*) =E«,”sn (u.— we can deduce the 
following reduction formula for / (n), for cJd valui s «f ii ijrealt'f lha>i 3 : 

/ (»)-b(l-E.,0 / ("- + (w-4) 

= - ( [/(!)+/ (3)+.. •+/('*-4)] } . (B. 3) 

3. If X? Y. Z. stand for the different numerators and. W for the 
common dcno.ainalur of the exjiressioDS for sc, cn, dn of (ui+u<+'<a) 
as given in .1. 1. S. (Vol. VUI, p. 211,), we have 

X =Eff, e-.,’) =Es, 

= E[f, (1— A;VA*) sn (uj— u,)} 

= Ex,” sn (mj — I'.,)— sn (mj— U j) 

= — P[Eff,fr/i/ — + ft' — If*E5i* + A:’*i%V;,’)] 

from (A.l) and (B.l) ... (C.l) 

Y = — Eci'cjC (e,*— r .*) = — c,''(Cjc/ — r .c./) 

= —E[c, •(*///„— ftV.^,c.<,) sn t/.,)] 

sn (uj— u,)^ 

=s sn (»a— Hoid^ 8n'(«,— i^,) 

+ftV,c,C:.E»i»„ sn (itg— !/„) 

— k^SiS.^^ ClCjCaEVi sn l*n) 

= - PCc.c,c ,(1 -ft v#,V) 

from (A.5), (A.3), (A.2), (A.l)] ... (C.2) 

Z = - ‘Lild/hd: W-d^) 

= — ^E[rf/(CiC,— sn (if,— n,)] 

= — 1 ^i/,OiC« (ft* +*^ 01 *) an (« 3 — if.)J 

4-j^V ^ (1 — an (Kj— Wb)J 

t 

ft* _ 

" ” j5-2^0iC, 80 C«a— %)— ClCjCl an «%) 

J 

+^cf|(f«d,£r^, sn (u*— «,) 



in 


. (/ 8 ssn (f^. — /' ) 


= — P j|rf, d,(i. (1— A-* s," — c, c, c. i.' Sj J, s,J 

from (A. 4), (A. 5), (A. 2^, (A. 1) ... (C..J) 

W =-i. [.. V 

= L #1 (1 — A:V,*s,*) sn (»',— n.j} 

— i. .Sj s , sn (i<_.— »< ,) — i;/ .« ,* sn (»'j — »' ,) 

= — Pfl-A- l 5 ,*s*+(A» + A-*> Is,*;.-,'] 

^ from (A. 2) anrl (H. 2) ... (C.4). 

From (C. 1), (C. 2), (C. 3), (C. 4), .are derivcfl Prof. Cayley’s 
results. 

F. H. V. GDLA^l:K^AIiA.M. 


On Question 963. 

In this question Prof. Wilkinson has ^'iven a very interesting 
properly connected with quadrilaterals which .arc inscribed in one circle 
and circumscribed to another. The |>roperty ia stated however in a 
manner which lemls one to snrmi.se that Prof. Wilkinson, at the 
moment, must have been ia tho fighting line of thought, leaving 
czjnetsion to take care of itself. Mr. F. H. V. Gulasekharam has. in 
tho last number of the Journal, supplied the commentary required 
to understand the theorem, and also a }>roof bn'nytng out other untetcorlhy 
prop>.rtie$ of ih: Jigure. On reading it, I was tempted to see if the proof 
could not he simplified. —for a neat theorem is generally capable of a 
neat proof. In my attempt, I find that the property noticed by 
Prof. Wilkinson bolds for polygons P, of nny «u;u6t'' of aides, which ace 
inscribed in one given circle X and circumscribed to another Y. If 
doDole the polygon whose snocessive vertices are the points of coni act 
of tho siiccc.ssive sides of P, then, the areas of P and Q remain in a 
constant ratio, as P varies under Poocolct^s ^hcorem. 

In particular, the theorem is troo in the case of triangles, a matter 
which I had not known previously, but which is readily veidfiod. 

2 . To prove the general theorem: Let ABC... KL be the polygon 
P inscribed in the circle X ; and let LA, AB, BC,...KL touch the circle 
Y in A', B', Let I denote tho centre uf the circle Y. Then 

I A', I B',... are pcrpondiculare to the corresponding sides of P ; and 
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fhereforo every fuljotning two of thorn (as I A.’, l B') vnclodo an angle 
which is the snpplement of the corresponding angle (A) of the polygon 
P. Now the polygon is the sum of n isosceles quadrilaterals like lA' AB'. 
If denote the leugtii of the tangents from A, B, ...Ij to circle 

Yand - denote its radius, then the area of the quadrilateral is evidently 

/. !„. The area of the p dygon P is therefore r ... (1) 

The area of the polygon Q is the sunt of tt isosceles triangles like 
I A'B'. Hence an expression for its area is ’ -'Isin A, where A denotes 
the angle at A of the polygon P. Now sin A ^ chord Ij 13/2 R, where R 
the radios of the circle X. Hence the area c# the polygon Q is 

£ fchord LBI where the summation extends to all chords joining 

hi 

two (ilUrnute vertices of P. ••• (2) 

By coaxal circle theory all such chords are tangents to a third 

circle, call it Y', which is coaxal with X and Y ; and, it may be observed 
is the same for every polygon P. Denoting the tangents to this circle 
Y' from the vertices A, D,...L by we obviously have chord 

LB = l'c + t'b- 


Hence the area of 



( 3 ) 


Again by coaxal circle theory, if f, «' be the tangents from any point 
on the circle X t.> the circles Y, Y' the ratio t/t’ is a constant, say k, which 
is dependent merely on the oirolos. 


Hence 
which gives 



area of P ^ _r. ^ is constant, 

area of Q r*/2 H.i. t’g r 


. (*) 


(Ramnad.) 
I3th May »19. 



V. Ramaswaui Aitas, 



Astronomical Notes. 

1 . (If. • .mcfii oj th' f'HOnLicdf tl’ty : — 

It luis been <lecide(l to sub^titnto iu uaoticnl piiblicatiuiis a <lay 
ooiiirucncioj^ at miclniglit, for the astronomica! day which beg'ins at 
noon. The necessary alterations will he made iu the Nautical Almanac 
from the year 19:i6- 

2. Vlamt "SifU's : — 

N'enus is a cou'^pioaoiis object in thu Western sky during; these 
months. It will bo at j^roatest elonjjatioii on July 5 and attain greatest 
brilliancy on August 7* 

'J'hc positions of planets on July 1 will he as below: — 




R 

A. 

DccliunCion 

Constcllatio 



h. 

111. 



Mercury 

« • e 


G 

22''.0 N 

Cancer. 

VenuK 

« « • 


47 

148 N 

Leo 

Mars 

• • 9 


:{9 

2G.;> N 

Gemini 

Jupiter 

9 e s 

t 

:i9 

21.8 N 

Cancer 

^^aturn 

« ♦ 9 

y 

52 

14.5 N 

Leo 

Uranus 

9 9 9 

22 

15 

11.7 S 

Pisces 

Neptune 

#99 

8 

41 

18.2 N 

Cancer 


It is intcresliog to note tliat ail the jdancts except Uranus will 
occupy the same region of the sky botween K. A. o h. and 10 h. 

Vonus will bo in conjunction >vith Saturn on July 2. 

Hov. T. Vj. R. Phillips has found that some remarkable changes 
have recently occurred on the surface of Jupiter. The South Tropical 
Distorbance and the Hollow in the South Eipiatorial Holt disappeared 
in April but the Red Spot rooiains cpiito distinct. 

\i. Sturs. 

In the i votof ;f May 1910 there is a note giving a clear 
explanation of the term. The ub^olut*. matpixtifd' is dohned as the 
magnitudo which the star would have if seen from a distance of 10 
that IS, from a distance cqoivulent to a parallax of a tenth of a 
second iu arc. The Sun’s absolute mugnitiido on this scale is 5"M, that 
is, when removed to a di.stancc of 10 the sun will shine as a 

star of t)A tnagnitiido. 

'idle relation between absolute magnitude M and luminosity L of a 
»tar is given by log Ij =U.4 (o*1 — M 

where the luminosity of the sun is chosen as unit. 

4* 0' jdi' id Vuriabhs’ ; — 

These Variables are ho name<l after § Cephei the typical sUiv of the 
class. They exhibit variation in brightness which is regular and 
continuoUR^ the rise to maximum being much more I'apid than the decline 
to minimum, and they show variation of radial velocity with the period 
of light changes. The lirobleni of iheae Variables has attracted mnoh 
attention recently. It is supposed that the Cophoids are gaseous bodies 
expanding and contracting alternately and that such palsations are the 
catiee of the variation in the star’s brightness. The dynamics of this 
Pnlsation Theory is investigated in two papers on the subject liy 
Eddington (See: Monthly/ iVo(tc<.^* of the Royal Astronomical Society^ 
Novembtf 1918 axid January 1919). 


Nizsmiah Observatory, 
Byderdbadf (jteccan). 
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T. P. Buaskaba Sastbi. 



SOLUTIONS 

Question 985 

(M. K. Ko^alramnni) ; — If arc points in the sides of the 

triangle ABC, such thut B A' : A'O =C B' : B'A = AC^ : C'B : 1, 6nd 
an e&pressiun for the radius of the circumoircle of the triangle DBF 
formed by the intcrseolions of A A', B B\ C C'. 

Holultofis by N, B. l^cndsc and S . U. Mitt'a. 

'i’ho length of A A' can be easily found, for 

AA’’ 4-mA'C* +B A'»=m 


t.L'. 


A A' ~tn />- + r* — 
= f>i fc’-J.c'* — 


i»i u’ - 


— J.O* - - - 

(«« + lV ('» + !)’ 


(ft a 

»i+ 1 


similarly 


and 


Vni (tn + l) 6*+(iu4-l) c^- — t«a* _ 
m + 1 

jj Ij' _ Vm (m+1) c*-Knt-hl)u*— w6* 

m+1 

Q _ Vf)t (m+1) u* +( m-l- l)6~-m c* 

»/» + 1 ~ 


'1 ho Irilinotti’ equatiun of 13 13' is 

a a — flic y=0; 

similarly CC'. A A', are 5 a =0, 

c y— fu b 0 =0. 

The points 13', O', A' aro given by 

aa_cy_6>ff_ 2 A 
fli 1 0 m+1’ 

6>J_aa_cy_ 2A 
fli 1 O m+1* 



cy^ 

h0^ 

att_ 2 A 


in 

1 

0 7ft+l* 

^ K, 

F are giv 

en by 

aa , 

J0 

_cy. 

‘2A 


m* 

1 ■ 

7»*+ m + 1 ' 

act 

= t^ 

_«y 

_ 2A 

1 

VI 

fli* 

fli*+m+l 

aa 

^h0 

=£>1; 

2A 


1 

«l 

m*+m+l* 


• • 




area BDC=CEA=APB=:-- 


Am 


m’+«»+ 1 


area = 

m*+fn+l. 



Ana + ^ , 

L 5 H 1 

T 3 F ^ ;/<(/« + !) 

BB' ;/<♦+ m+ I 

FD ^ 

BB* /u- 4- 1 
EP _FD 1^7, r 

A .V BIV CC ” /i/-+ ui + V 
^riio circniD of DEF oqtiul to 

EF. FU. UFj BB'. AA' CC ^ I — he 


Similarly 


— - X 


4 area liEF 4 (1 — 7/i)- 


714 - 4 " + 


:i) 


771 ' + 771 + 1 


_ BB VA_A^J^ (_1 ^7^(2^ m V 
4 A + 1)^ 


1 — m 


V { 77i*c' + 2fnuc cos B) 


4A(m* + m+iy 

(6’+772’a*+27>jat cos C) {c^ + m^6’ + 2m6c cos A ^ } 
Pari t at Solution by O, V. KnfihnQ$icami ay^d Sadauad. 


Question 986* 

(M* K. Kewalramani) :— At any point P of a oarve eqoal arcs PQ, 
PR are measored in the same direction along the curve and along the 
parabola of the closest contact. Prove that oltimately 

Solution hy Sadauand^ /?. Mitra^ (iful N, R. Snnganatl^an. 

Let the parobola be y ^{nx+biyy. If it is of the closest contact 

2 p 60* de 24 <>'\ yds) dsW 


with 


»* dp 


»=«—-— + ' V" + ...[See; Kdwards’ Calculus, Kx. 51 , P. 291 ]; 

6 p* 8 p’ ds •’ 

thon “• = 2-^. “fc g-p -X- 

Substituting for * and y, we have 

^~ 2 p O^o’dF ^ 6 /o*^ 72 /o- V,/«y / 

Hence ultimately, 

• QK = (yi— y.) 


= (=>+S (^)’-^£?)’( 2 >.)- 
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Ouestion <>87. 

(V. 'S'lRUVl NKA I N' IIAIM),: — sliow that 

sio 0 (loB cos 0) ‘i 0 = -|{l+|+5;7 + s-;|:9+"-} =-!• 

by K, J, Saujanj atul sttcral others. 

iforo frenerftlly lot ur trike (sin 0)'' ’* log cos 0 d0 I. 

• o 

I’utting cos 0 = r, wo roruliW get 1 = 1 log r. (1 — r*)Vr 

• 0 

1 

= 1 log z + <1- 

^ n 


Again. 


'll 

Again. 1 = jJ (sin 0)-’’*‘. log (l-sin'-G) riO' 

“'u 

- ^ TT 

= — Jjj' { sin 0)"''*+i (sinO) (sin 0)”'+’... > c/0 

__i r 2*4.. .( 2>‘4- 2) . I 2'4'... (2r+4) ' 2'4...(2/+6) , 

\3-6...(2r+:V)"^- '• :?f>...(2r + 7) J 

=_j ‘■i-4...(2/-+2) / J ,2.-+4 ,(2c +4) (2. +0) -> 

" 3 r>...(2r + 3)l ^ '2«-+5^^C2r + 5) ^2. +7)"'‘ J ‘ 

The resolt in Iho (|iicstion is ubtainod bj potting r=0 in these 
values. Ry equating (a) oncl (/ff) we got the algebraical identity — 

1* \2r+iy 

= „2*...(2r)(c + 0 fi...2r:±4 ,^2, + 4)(2,-+f*) . T 

3.5...(2r+l) (2c+;t 1 ^^2r+5^“(ir+5) (2/+7)^‘’ ’' j* 

Question 988. 

(S. hf.M.HABi Rao)— C omplete the following magic sqaarc, by plao* 
ing 8 other prime numbers in the vacant cells 


113 
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Sofijfitui I/ij f- r<tl /v. 

W<* sliall 5^iippose that only poaifivo prunes arc unTinr 

If wo 611 u[> the 1st two colU of tlie 3nl row lij x A y, it is easy la 
see tliat the remaining cells shouM 1)6 hllecl np ns follows : 


7 

43 

71 

113 

154*^ X 

94-y 

4S — y 

x4*2y--G2 

X 

i ^ 

1 

l.i2~x~2>j 

4 0 

07 

le 

41 


Hence y<48 and y, 94— -y & 02 + y arc primes difTorent from those 
gWen and from each other. The only value of y which satislies these 
conditions is 11. 

Hence the ^tjuare now becomes 


7 

1 

43 

71 

113 

114 — j- 

4 

1 83 

37 j 

X — 40 

X 

1 

I 

11 j 103 

120-x 

7« 

97 1 23 

41 


Honco 40 <x <120 and ,c» 120— .r, 1 «'j 4— x arc all primes 

diiiorciit from the others and from each other. 

The only values of x satisfy ing those conditions are 53, 101 A 107. 
Hence we get the following squares 


7 j 

43 

1 

1 113 


1 

7 ' 

1 

43 ' 

71 

113 

47 

83 

1 37 

I 67 

1 

53 

83 

37 

! 61 

107 

11 

1 103 

1 

1 

1 

j 

101 

1 

1 u 

103 

19 

73 

97 

1 23 
\ 

41 

1 

1 

1 73 

1 

97 

23 

' 41 

1 



[ 


43 1 71 

1 113 1 

1 


. 



1 

101 

83 1 37 

13 







1 

1 

53 1 

11 103 67 

1 

_ i 




# 



73 

97 1 23 

1 

1 
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equatiuii 


Question 089. 

Rau) : — Give the solutions in 

(<+»/ + =) * = * y “• 


positive integers- of the 


Solutions by K. J. Sanjuna and N. B. Mitra. 

Solving as a <pia«lratic in z we obtain 

= = Uy— (j! + f/) i^ + y) } - 

If * y = z-\- y — V, we rcijniro i»’ — 4 « o=\ 2 k f)’, say. This 

gives M = ufc-/(fc — l) = a I’, suppose; a-y— aT + ay, and ^ = -^^, ao that 


x-=: la. If - — 

]iy living A- rational values and choosing A so as to make as and y 
integral, any number of solutions may be obtained. Thunfc-2 along 
with ? = 2, 8, .■>, gives the triads 

8. 8, 16 ; 12. 6, 18 ; 20, 5. 25. 

h’or this value of k\ 11 * — 4 u y — If A:=d, a - ; and I~2, ?=:10, 
give the pairs of triads 0. 0, 9 or 36 ; 45, 5, 100 or 25. 

An easy practical method would he to put y~a x, c— b * ; this gives 
X- {\ + a + by/ab. Values of a and b should now bo so chosen as to make 

X integral : thus for 


nr- 1. 1, 1, 2, 2, 3. 4, 5. 9, ... wo get 

b=l, 2. 4, 3, 9. 8. 5, 9. 20,...ro3peotivoly ; 
and tno triads 9, 9, 9; 8, 8 . 16 ; 9, 9, 36 ; 6, 12, 18 

be found. 


45, 100 ;«..may 


As the equation for finding x in terms of y and s is a qnadratic, if 
one value of a* for given values of y and z is known, a second value mil 
always exist. Hence if this is ar,. wo have 

(*, + 0+6 <8)*~o 6 Xn 


also («.+n + 5 xV=a 6 » 

(x, — x) (l + 2a+2b) } ah®** 

and Xi ” ® { a f) X — (1+20+26) }■ . 

Thus starting with 6, 12, 18. and taking a = 6, x=2, 6^3, wo get 
a;,-=150, so that 12, 18, 160 is another triad of solutions. Next taking 

3,-12, rt = a, 6 = ^, we got a!, = 2352.aud 18, 150, 2352 is another solution. 
’ 2 

Similarly from this we shall get 150, 2352, 19321 ; ond the process may 
be indefinitely continned. ^ 

Partial Bolntions by Sadanandt Pendse and V. Thiruwnknta Okari. 



Questions for Solution. 


1042. (MaIcitn, M. -M A ) : — Tliecorelope of the ctirve.s 

r/ ain O -o sin 0— « sin 0 cos 0 — _ (x — « cos 0/. where 0 is varial>ie, 

consists of two i>arts. Give i\ <lyniiiuical inierprclalion of t}ie result. 

1043. (V'. Uama'wami Aivai;, M.A.) : — On the sides liC. CA, .\B 
of a triangle ABC pairs of points XX', VV'. 7,'/! are taken soch ihat. 
XX' — BC, YY' • CA and ZZ' AB ; and perpendiculars are erected at 
these points to the sides. If the perpendiculars at j(Y, Z'), (Z, X'), 
(X. Y ) intersect at P. Q. R ; and tho.-e at (V’. Z). (Z', Xj, (X', Y) 
intersect at P', Q', K' ; prove that the six points P, Q, R, P'. Q', K' all 
lie on a circle. 

1044. (V. RamA'^wvmi Aivaj:, M.A.) Given three straight lines 
as well siS their ortlio|Joles : dotermino the eirciirn-cirole, a.< well as 
the nine points circle, of tlie triangle of reference. SboAv also l>ow the 
triangle of reference could be determined. 

1045. (N. P. Pandya): — A variable pj»rabola tonches a iixed ellipse 
exlernallj at P and the snb-nurmals at P to both the curves are equal. 
If a common tangent to tho parabol.* and the aoxiliarj oirclo of the 
ellipse cuts the normal at P in Q, find the locus of Q. 

1046. (S. KltJSHNA^WAi 1 I Aiyanoak): — A t every point O of a plane 
curve a parabola and a rectangular hyperbola of closest contact witli 
it arc drawn. If Ibo common normal lueoU tho conics at P and Q, then 

9.QO +4/0.^PO = 0, 

where is tho radius of curvature at the coiresponding )>oiiit of (ho 
evolutc to the curve. 


1047. (»!>• Aiyanoai:): — if p^ bo the radius of curva- 
ture at any point of acardioide and P ty q correspondiug 

points of its evolute, a — evolutc, and (he — evolide of tho a — evolutc, 
show that 


Pa/j=Pa + — 1 p cos a cos /?. 

1048. (V. TiiiituvBNKATACUAiJi, H.A. lio.Ns) ; — Bstablish tho follow- 

ing asymptotic relations 



sin (lo gi^) 
(1— ay) log (1) 


\ 

dy = tun" 


' (y)+* tan"' 



-fxUan“’^-f- 



cos 


^ 

(1— a.»/)\/log- y Vl V2 

o y y 


— X _ 


• 

v;i 

\vl»en I X |<C <1- 

1049. (^. Ramanujan, R. U. S.) : — Show that 


. ’ j. 

1 •= + 


V4 


(1) 


i-i) 


- x 


sin n ^ 


1 '^*2 :i 

X ~ 


VU") 


,1 2 3 

r* + — - — 

n 


rx . 1 

SlU ^ TT M X U X 


o 


, p 2 - ;v 

x + — -- — 

X + X -J- * + 


) 


i_ 1* 2* 

n-f. »» -j. n + a +*** 

1050. (K. S. SlUNlVASACHAPI, M.A.. I .T.) ; If 

(<;.<’+ x+Pj x'+ 

fiiul in terms of />, x the valao of 

iC+P.’ »♦+ 

1051. (A. C. li. Wii.ki.nson) : — If ABOD is a ujrclio qiiadrilatoral, 
thu points A, B, C, O ucotirrio^ in this cyclic ortlcr, tbo lam of tbo 
ruciprueals of tho pcrpundiculurs from A, C uu Ibcir Simsou linos with 
respect to tbo triangles HUl), ABD rcspectiTcly is eqiml to the sum of 
tlio reciprocals of tho perpendiculars from B, D on ihoir Simson linos 
with respect to the triangles ACU, ABO respectively. 

1052. (A. C. L. Wilkinson) If tho circle of corvaluro at any 
point P of an ellipse bo drawn and O bo any point on tbo tangent at P, 
prove that tho straight lino joining tho points of ooniaot of tho other 
two tangents from O to tho ellipse and its circle of curvature, the other 
common tangent aud the tangent nt P are concurrent. 

1053. (A. 0. L. Wilkinson) Two circles ore such that triangles 
can bo inscribed in tho ono which arc circamsoribed to the other. If 
P, Q, R be tho points of cuiitaot of such a triangle with tho circle about 
which it is circumscribed, show that the nino>point'Oirole of P, Q, R is 
&xed and that the locus of tho centros, K, of the inscribed or escribed 
circles of tho triangle Pt^R is tho curve IK*s=2r. NK, where N ia the 
common nine point centre, i the centre and r the radius of the common 
oirenmsoribod circle of tbo triangles PQR. 
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PcrioJj.als i-ccei\ed from i6ih March to I5tli May 1919 

(with Luntcnl^ ) 


(I; Actf! Vul. 4li, No. I 

Cl'.i'.iiifitjr.i, — E.Slucly. T)>e ul:ls^^iticutiun 

11. Neville, -i'lszi'tj iii’< //. j j* 

Jl' ‘'OKt'j’.h- ' — Edmnnd Landau. BibU"ijiuiil,U 


— 'A“i' I h- iii't- »y. <• }i iir>7 1'l'ii 
of of |>uint:s, — Eric, 

H-iin Ij-liid'tit ‘III dm 


(li) / /<•- Ani' ’’icJii M’lth' iiiiil ii ol V^ol. '2’>, Xo. 10. Dccoiuboi* 

lOlS: — 'I’he content of a secon<l coqv>.o in Calculus — L. .T. Moulton. A 
Mj.stem of Algebraic an<l Transcendental Equations — G. N. IJauor and 
H. L. .Slobin, Practical solution of Linear Equations — H. T. llurgess. 


(.3_) 'I'h'.Ain-.'ic'iH Miti/i- ntutuol Vol, 2G,Nos. 1 A 2. January 

and February Iblf* : Leouartio of Pisa :ind his Lib' >• f^mid'alor tiia, 

K. S. ^IcClenon. On the Form of tlie Power scries for an Algebraic 
Function — E. J. Wilczynski. Concerning a method for finding a Parti- 
cular Integral — A. 13. Coble. Book Review : Who was the first Inventor 
of the Calculus — F, Cajoii. Discussion : CoucerniDg a new method for 
'J'raciug Cardioids,— W. F Higge. Collegiate Mathematics for war 
service : .Statistics in relation to the War — Roxana IJ. Vivian. On 
certain con.st ructions of De.-.cii{nivc Geometry — G. I^oria. Difference 
Ouotients— T. P. llallantine, A Theorem in tVie Geometry of the 
Tnangle — .J- W. Clawson. On the Elementary Problem of closnro on 
an Etjuilateral Uyperhola — A. Eroch. Remarks on a previous Article— 
N. ARshiller. 


(4) 'i'fii. Aflyi’jdiybut/l Jniiiiial, Vol. 49, No. 1, January 1919: On 
the Dark markings of the Sky, with a catalogue of 182 such objects— 
JO. E. Barnard. Studies bu^cd on Colors and ilagnitudcs in Steller 

Clusters — Harlow Sbapeloy. The Infra-Re<l Arc Spectrum of Iron 

11. M. Randall and E. F. Barker. Discussion of some evidence on the 
origin oflKudiatiou in the Tubc-Resisiunco Furnace — Arthur S. King 
The Infra- Rod Arc Speoti a of Cobalt, Nickel, Manganese and Chronjiuiu 
— H. M. Kauilall an.l E. F. Barker. 

(b) Dullvtin of the Calcutta Mulhivialicul tioexity, Vol. 9, No 2 
1917 — 18: — The late Sir Oooroo Dass Banerjoc — Sndhansakumar 
Bunerji. On 'the figures of Equiltbrium of two Rotating Masses of 
Fluid for the Exponential Potential, Part 1— Abanibhushan Datta, 
Foarier*B Series and its Infiuenco on some of the Developments of 
Matbeinaticul Analysis — A.iC. Bose. On the Kumorioal caloulation on 
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ilie Uoots of the Euuttlioiis (/<) — O ami — 1’^** regarded of 

" liii " 

J'](]uatioas in »* — Bljulttuath i*al. Un some New Therems iu tho Geometrj 
of Masses — .Sasiiidi'achiiudru Dhar. t>ii (he I'ilcctL'ic Hobistacco of a 
Conducting Sj»hojoi<l with given Klectrodes — Situchaadi'a Kar. 

(0) Matin, tniifus Teii‘ h‘ 1 -. Vol. 11, No. 2, December 1918 : — Why 
Slndeuts Cuil in Mathematics — li. A- ^^lerrill. A Solation of Equations 
by Standard Curves — U- C. Colwell. War Problems in Mathematics— 
W. E. l)reckenri<Igo. Arithmetical Errors made by High School Pupils- 
11. Minnick. Some Kelations connecting tho Bums of the Coaxial 
Minors of a Circnlant — W. U. Mctzlor. Canada’s Challenge : In 
Flanflers Fields — T. 1). McCrae. America’s Answer — K. W. Lillard. 


(7) M'lUlllhj '‘f ill' linyal A^ti'ailnmT.tll StH t'.fy, Vol. 70, 

Nos. 2 A d, Dcconii'er lOlH &■ January 1019 : — The Involution of Binary 
systems— J. M. Jeans; On a certain relation between the Elements 
II Planets and Satellites, — U. J. Pocock. Observations of the Magni- 
tude of Nova Aipiilae. lOlS, made at tho Kadcliffo Observatory. O.vford; 
and a <'uiii]>ai'isun witli the KadolifTe Magnitinles of Nova Pcrsci. 1901, 
A. A. llambout. Tho earlier spectrum of Nova A«}inlao, lOlB,-— A. L. 
Corlic. The dark-line b|)ectrum of Nova Germiuorum No. 2, J. Lant. 
The Stellar Magnitude Scales of the Astrogiaphic Cataloguo. Thir- 
teenth note. Tho Btndoaux Magnitudes (-f- 1?”,-!- and+14®)— 
H. U. Turner. Z. Amlroniedac (231848)— T. E. Espin. Some probably 
Variable Stars— T. I'l. Espin. Nu)' ithittaiis rulrt: hs cofa-dotiufcs 


"i'lihgu'f iitii fiiali If d'lim v*laHr sitr f]ru.r cUchns dijfvi'vufa.— 

B. Baillanil. On n shower of Bhooting stars from tho Pleiades,— A. King. 
Tho New Star of Hipparchus, and tho dates of Birth ond Accession of 
Mithridates — J. K. Forthoringham. Obeservatioos of Nova Aqnilae, 
191 ^ — J. G. Hagen. The Spectrum of Nova Aquilae, 1911, Jane 15 — 
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PROGRESS REPORT. 

Id oontioQation of tho annooDC^ruont in the April number of our 
Journal, the Committee feol very great pleujsuro to inform tlio ficner^l 
Body that under Art. VII (/>) of the C'onstitution, Mr. S Ramanujan 
A,., F.R.S. has been appointed an Honotat'i/ ^^.^nb•.r of our Society A 
short life^skotch of ilr. Uatnanujun is given elsewhere in thi^* number 
and a portrait, ])reparcd with as much care as possible from an old 
group-photo, uclorns this number as its frontispiece. 

2. The following gentlomea have been elected members of onr 
Society 

1. Mr. Mohanlal V. VnsnicaJa^ L.O.E , — Assisi ant Member; 

Board of. Revenne for Irrigation, Gwaliar State, Morar(c.i.) 
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6. Mr^ iT, Narasimha — Assistant Lecturer, Madras Christian 

College, Kladras ; 

7. Mr. y|. Nageshicara Azyar, B.E. — District Board Engineer, 

Ramoad. 

3. The Coinmttee foci it their very sad duty to record the 
premature death of Hia Highness the Muliaraja Rfiowsinghji of 
Bhownagar. The lafo Maharaja was a highly enlightened Unling 
Prioco and had cheerfully got himself enrolled as a Life-Member of 
oar Society in its very early existence. By his untimely death 
our Society has sustained a heavy loss. 

4. The following books have boon prosciilod to our Library 

1. Analytical (Jiomvtnj of the Straight Lino and the Circlc-by 

John Milne, George Bell & Sons, 5s/-, 1919; 

2. Differential OalrMlus ior Colleges and Secondary Schools- by 

Charles Davison, Q. Bolide sons, 6s/-, 1019 ; 

3. An Arithmcfic for Preparatory »chools-by Trevor Dermis, 

G. Bell & Sons. 4s/Gd, 1919; 

4. Bomboy University Cfilendar, Parts I II for 1 919*20 ; 

5. AfadrasUniversity Parts I d: II for 1919, and Kxam. 

Papers for 1918* 

Pooka, 

10th Aug. 1919. 



D. D. Kapadia, 

Honorary Joint Secretary. 
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Mr. S. 'Ramanujan, B.A., F.R S. 

Mr. S. Kfvnianujam B.A. F.R.S., a Sri VaiHhoava Brahmin was 
born of poor parents in December 1883 at Erode in the Madras 
Presulencj. He was pnt to school w)>en he was five years old and 
even while in the Lower Secondary Forms he gave indication of bis 
special bent of mind for mathematics by qneslioning his teachers about 
zero and imaginary quanlii ie>-. He matnonlated from the Town High 
Sch^l, Kumbhakonam in December 1903 and read for about a year in 
the F. A. Class in the Government College, Kumbhakonam. Even at that 

stage he was working at infinite Series and different representations of 
numbers. ‘ 


Haying foiled m the F. A. Examination, a natural result of his 
al).sorption in mathematics and consequent neglect of other subjects, 
no spent nearly 5 years moving about from place to place andworking 
at mathematics in his own way. In 1910, ho went to Ma<lraa with two 
good sized note books filled with his researches in mathematics and 
with the help of some friends obtained a clerk’s post in the Harbour 
I mat ;OfLce. This enabled 1dm to remain in Madras and work at 
mathematics with the help of books and periodicals which were made 
acce^ildo to hiui thcie. In 1912, having one day seen the remark in 

^ r \ i 1 <rftct on ‘ Orders of Infinity* that the precise order of 

P (.r) had not yet been ascertained and having himself arrived at a 
result relating to it, ho opened correapondonco with Mr. Hardy sending 
him some of his results on continued fractions and theory of numbers. 
Mr. Hardy was struck with the grandeur of the results and wrote to him 
an appreciative letter asking for mors of his results in other branches 
or mathematics. On receiving these results which were mainly in 
i^cbnife integrals and Elliptic Functions. Mr. Hardy discovered 
m Kamanujan a great Mathematician and asked him if he wonld go to 
^ambndge. Meanwhile tho Madras University recognising his 
Mathmaticnl talents had granted him a Research Studentship. 

Ji. H. Neville of Cambridge who camo to Madras to deliver n 
course of University Lectores and who had been naked by Mr. Hardy 
to bring Mr. Kamanujan, with him when he returned to Cambridge, 
feo <ho L niverf^iify of Madras to grant Mr. Ramanojan a speoial 
aoliolarship of tlio annualvalue of .£. 250 for three years, and Mr. ^ma- 
nnjnn sailed for England in March 1914. He was very warmly received 
at Cam bridge by Mr. Hardy niid both he and Mr. Littlewood helped 
Ima in publishing bis researches in tho English Periodicals. An account 
of bis work while in England has already appeared in the Febraary 1917 
number of this Journal. At Cambridge ho was given the Research 
Degree and the frontispiece shows him in his accademioal robes. In 
recognition of hi8 abilities in Mathematics, he was elected a Fellow of 

T -n Fellowship of 

liinity. Iho Madras Univoisily has also been pleased to give him an 

annual grant of C. 2oO for another period of 5 years without imposing 

any conditions regarding residence or work. Since May 1917, he has 

not been keeping good healih. He returned to India in March last 

for the sake ol hi.s health and is now residing at Kodomndi a village 

on tho banks of tho Cauvery and very near the place of bis birth. 
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On the Cartesian Oval. 

13t V. KAiJASWAlII Aiyar. 


Iritroduction. 

In taukliog a problem connected with Genocchi’s theorem on the 
rectihcation of the cartesian oval. I fonnd that a method of treating the 
curve which dealt with the three foci sjmiuotricollj, and furnished 
simple eziiressions for the leading magnitudes connected with the oval, 
was a desideratum. Then I groped luy way to the discovery of the 
fundamental parametric equations here given. By means of them the 
treatment becomes simple and of the kin«l desired ; and, while the lead- 
ing properties of the curve are deduced easily and in various ways, 
several now results occor, some of them quite of importance. I have 
not, 80 far, found the method here noticed anticipated. 

In this article I shall bo able to present only a part of the work 
that I wish to ; I hope to present the rest subsequently. 

Section 1. 

The Fundamental Parametric Equations. 

2. A, B, C, being threo given collinear points, the distances of 
any point P from them are connected by the well known relation 
PA*. BC + PB*. CA+PC*. AB+BC. CA. AB=0; 
which will be referred to as the ‘ equation of distances.' By means of 
it, when any two of « }lc^o distances are known, the third can be found. 
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3. Let now 0, F|. F„ F, be foni* points'in a line in order, we shall 
say, from left to ri^ht. Wo will call the lino the axis. Let 0F|=5a, 
OFs = h, OF:^ = <- ; so that Then a systenj of consistent 

valncs for the distances of a point P from F„ F„ F, aro furnished by 
the crinations 


Vbc 

p, = \'ca+ 




ca 


y 


(1) 


^>* = Vnf»+— ^ 
V a6 


as may be verified at once by the equation of distances. 


In those expressions there is a parameter \. For every value of \ 
wo shall have a point P, or rather a pair of points P, P situated sym- 
metrically about the axis. They aro the points of co-intersoction of 
circles of centres P„ F,, Pg, and of radii pij pn cocxe.aponding to 
that value of \. Wo shall apeak of these circles as the ‘ circles * Px, 
Pt, Pi. They are coaxal for every valuelof X. 

Varying from •+• oo to “ oc , wo shall have a locus of 
the points p, p'. Wo will call this locus ‘ tho Cartesian Oval.' O 
will bo called its ' triple focus * ; and Fi, F^, F» its ‘ foci ’ or ‘ single 
foci 

pjliniinating X between the eqnations (1) Jaken in pairs, wo got the 
following ‘ bipolar ’ equations of tho curve : 

Vh'/Oj — Vc- (6 — rt) ') 

— -y/a'Pt^y/h. (c — a) > ... ... ... (2) 

Vt7>) — V** (c — t) ) 

Also using all the eqnations in (1), we get the following ‘tripolar * 
eqnation of the carve. 

-y/a. (6— c). p,4-V*»- (c — a)- pt+y/e. (a— 6). p3 = 0 ... (3) 

4. Theorem. // the distances o/ a point P from Fx and Fu taJeen 
with suitable signs, satisfy the first cguatim in (2), the point P must be 
on the oval. 

For, let the distances so taken bo S|, so that we have 

^/b‘ St=V®' ••• ••• ••• (®) 


Putting 
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and sowing tor X, we got the same Talne of X from each eqnation^ 
Thia 18 by virtue of the relation (a). This proves that P ia the poin 
on the curve whose paranietei* is X so determined. 

It is clear that'a similar statement holds with rcgar<l (o the other 
equations in (2). 

Hence, if the symbol (AB) mean ‘ the distance AB taken with a 
snitable sign,’ we see that our oval is the locus of a point P moving so 
that ftnyof the following equations is satisBed : 

V6. (PFO+V^. (PF») = Vc. F.P.;) 

^/c. (PF,) + V<^. (PF,) = Vb. F,F,; [ ... ... (4) 

^/c. (PF,) + V6. (PF,) = Va F,F,;) 


The Ordinary Form Identified. 


5. Let now A, B. be two given points; I, in, u any positive, un- 
equal, multiples; and let a variable ]>oint P move so that 

m (PA)-f7 (PB) = «. AB. ... ... ... (5) 

Then according as « is the greatest, intermediate, or least of the quan- 
tities i, -m, «, the equation becomes comparable with the first, second, 
or third eqnation in (4) ; and wo conclnde ; 

l(i) thot the locus of P is a Cartesian Oval having A and B for 
two of its foci ; 


(ii) that the triple focoH O is a point situated in AB produced 


such that 


OA^OB 


(iii) that it has for the third foens a point C sitoated in the line 
on the same side of O as A ond B, such that 


OA_On_OC 
I* W* ’ 


(iv) and that tho point P also'satisfies the equations 

n (PA)-fZ (PC) =m. AC, 

M (PB) + m(PC) = f. BC, 

Having made this identiBcation we shall leave the ordinary form 
andjprooeed to discuss the curve by means of the special equations. 


Section II. 

The Vertices of the Oval and its General Tracing. 

6 . By the vertices of the oval we shall mean the points where 
tho curve cots the axis. Let x be the abscissa and X tho parameter of 
a vertex. Wo shall measore the abscissa from O as origin, and positively 
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to the loft. The foci then ai'e the point!; with abscissae —a, *—6, and —cj 
and x+o, x+b, ar+c are equal to the focal distances of the vertex 
ntimorically. So al^o are />„ p^, p, for the value of X in question. 

Uonco X and X must satisfy one equation out of each of the pairs; 

.r + « = ± py , x-\-b=-\-pr, a:+c= 

"Wo find the equations go together as follows ; 

(1) r + a x+&=/)i. a + c = /0, ; 

(2) x-\-tt = Pi, .T + t= — Pi. x+c=:— /On ; 

(3) j- + fi = — x-^l-p^, x-\-c=^p^ -, 

( 4 ) x + a-=‘-py, x + b^’-pi, x^h^p^. 

We may also observe that the equations ( 2 ) are what ( 1 ) become 
on clianging -y/u into— V<* > C*^) ‘'od ( 4 ) are similarly what ( 1 ) bo. 

come on changing the signs of V* V^- 

Denoting the values of x and X given by these equations in order by 

(^i» X4) (xi, X,) (Xi, Xj) X,) 
we find that they are 

Xj = y6c+\/e” + (V***!" V^+ V^^)' 

x, = y6c — ~ V**^* V“^c (V^^V^^VO- 

— V^,Xa = Vo6c (— Va+yfc— yc) (0^ 

fl*„ = — Vhc — Vca+ V(i6, X, = Va6c( — V**"~V6 + V*^)* 

Now on the axis set off tho points of abscissae X4, Xi, 0,, as 
above given; and call them D, A, B. C. These are the vertices of the 
carve ; and they are tho points of parameters X4, X|, X^ X,. 

It should bs observed that tho vertices and the foci lie along tho 
axis in the order 

A, F|, Pj, B, C, P(. 

7 . For (racing the carve it is necessary to note the relative order 
of the values of X which correspond to tho verlioos aitd of those which 
make Pn /o„ /o, respectively vanish, namely, 

X' = _6c, X" = -ra. X'" = -ab. 

It is readily seen that they are in descending order of inagnitnde as 
follows : 


X4, x„ X'*, X", X„ X'. 
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Also we note, from the fundamental parametric equations, that 
the.increments (or decrements) in the values of />,. p, corresponding 
to Auy given change in the vulue of K are of the forms 

V'*-S. \/b.S, v'c.S. 


(1) As \ decreases from co to \,. the ciides /o,. p„ p^ .leorease 
m radios and come into contact at the vertex D. The values of 
Pu Pi. /o. corresponding to \ = \. arc P,D. F,D. F.D. Uence prior 
to \ reaching the value \,. the radii of the circles p,, p., ^ , have 
been of the forms F,D-fV«S,! F,D + V^. B, F,D + V^-5; an.J* plotting 
these for a tjpical §, we see that the circle p, is entirely within 
the circle and the latter within the circle /O,. Oor tracing points 
p,p‘ Lave thus been imaginary until the value X, was reached, when, 
they both appear at the position D. 

(2) As X decreases from X, to X,., the radii of the circles 
Pi> P*> P». are to stort with, of tho forms 


F,D-Va.5, F.D-V^S, F,U-Vc5- 

Plotting those for a typical g, it is at once seen that the circles p, p o 
intereseot one another. Thns as X decreases from X„ the coaxal 
circles p^, p„ form an intersecting system ; and this most continue 
ontil the next contact occars. that is. until the value X. is reached. 
Then the circles touch one another at the vertex C, and tho values 
of p„ p„ p„ there are F.C. F,C, F,C. Thns, as X decreases from X, to 
X, oar tracing points P,P' are real and trace out an oval extending 
from D to C CD both sides of tho tixia. 


tn «f f ^ of the circles are, 

PI tr .r ■ * C-V«.S. FuU-Vt. 5. F,C_Vc. S 

Plotting these for a small g, it is seen that tho circle p, hecomos 
entirely contamod m tho circle p„ while tho circle />. goes entirely 
ouUide the mrcle This kind of ao»-.nfc-r.ecf,V>» goes on until the 
next contact 18 reached, that U until X = X,. I„ the interval the 
r^iuB ^, diminished to zero when X passed through the value "X' = «& 
nd then became negative numerrcally increasing. 'Jho like 
Wpened with the radius />, as X jmssed through tho vaL X"=-ca 
When X becomes equal to X,, the circles P,. P., P, come into contact 
t B, the value of tho radii then reached being P, B,-P, B and -F B 

intil'var^^' imaginary in tL 
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(4) As \ tlecreases from Xj to Xi, the radii of the cirolcsiare, 
to itart with, of the forms 

F, B-V" 5. -F, B-VM, -F, B-v'c.5- 

Plotting these typically, it is at once seen that the circles 
Pi* Pti P start in a state of real intersection ami the tracing points 
F are real. This goes on until the next contact is reached, that is 
till X = when the radii of the circles become F,A, — F,A, and — F#A. 
Thus as X decrease front X, to X, our tracing points are real and 
trace out an oval extending from B to A on both sides of the axis. 

(^) In like manner it is seen that as X decreases from X| to — 
ft, our triicing points aro imaginary. Tlie circle /o, is entirely 
contained in llie circle /O.. and tho latter in the circle ; and this goes 
on liowever large X becomes negatively. 

8 . Summarising, wo see that the real part of (lie curve consists of 
two ovals — together called the Cartesian Oval one extending from 
D to C and traced as X ranges from X, to X„ and the other from 
B to A and traced as X ranges for X, to X,. 

Tho latter oval is entirely contained in the former; for pi 
has throughout tho range X 4 to X| been positive and decreasing. Tho 
two constituenb ovals arc thus distinguishablo.as the outer and tho inner 
oval. 


It is to bo particularly noted that tho values of / 0 „ pa are 
positive for points on the outer oval ; while /or points on the inner oval, 
/O, IS positive, hut p^ am} p,, arc negative. Tho equations (2) are there* 
fore true in an (irii}nni.ticul smso for the outer oval ; and they wonld bo 
true in tho same souse for the inner oval upon changing tho signs of pt 
and pa. 

Wo further observe that the foci F, and F, are contained within 
both the ovul.s, wliilo F, is outside both. Uenco F| is termed the external 
focus. Also, tho triple focus O will bo within, on, or outside tho innor 
oval according as the abscissa of the vertox A is positive, zero, or 
nogativo ; tliat is according as 

Vhc > = < Vco-hV«6. ••• ' (7) 

Seciiom hi. 

The fourth Parametric Equation. 

9. Let P be a point on the oval of parnmetor X. The distancea 
of P from F,, F^, Fb being known, its distance from any other point on 
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the axis can bo found by means of tfie equation of distances, 
denote the distancejto the triple foens O. Wo find 

/O*— 6c +ca + 06 + 2X3 




Let p 

. ( 8 ) 
Pi in 


( 9 ) 


10 , Eliminating \ between the rallies of /O’ and of p^, p 
SQocession, we get the bipolar equations 

/0*^2 Vhc. / 0 , + o5+uc — he 
(0* = 2 Vca. ^,+ 6c + 6a— CO r 
p» = 2Va6. /0,+ c« + c6— a6 } 

11 . Let 0 ,, 0 J, be the angles that F,P,IP,P, FaP make with 

the axis, so that (/)j, 0,), (p^, 0,), (yOj, 0,) are the polar co-or«linates of 
P with respect to Fj, F-, Fj as origins, the initial lino in each case 
being the axis pointing to the left. We hare 

2 a/ 0 ,*cos 9,+a* ^ 

P'-P*—‘^hp, cos'03+6V 


• • • 


= — 2c/0j 008^0,+ 


( 10 ) 


12 . Uaing these values in ( 9 ), we get the following polar equations 
of the oral : 

Pi~‘^Pi (V^+<* cos 9j) + (o— 6) (a — c) = 
p'—2pt (VM+b cos 03 ) + (6— o) (6 — c)=u ^ qj\ 

p*^ 2 pi ( V06 4 c CO.S 0,) + (c — o) (c — 6) = 0. J 




The polar equations make it OTident;that the curve lie the inverse of 
itself with respect to the circles of 'centres F„ F.^, P, and squares of 
radii equal to (a— 6) (a— c), (6— a) (6-c), (c-a) (c-6). The first and 
third are real circles, while tho second is .imaginary. We shall speak 
of them as the circles F„ P„ F,. Any t.vo of the I foci ore inverses 
with respect to the circle whoso centre is the third. The circles F, and 
F, invert each constituent oval into tho other; while the circle F 
inverts each into itself. 

The circle F, ents each tconstiluont oval into two parts one of 
which lies without, and the other within, the cirolo F,. They may be 
distinguished accordingly as tho outer and inner parts of that oval, 
the terminal points of the parts are the points of contaot of tho tan- 
gents from F(. 

We shall generally take oar typical point P of the curve to bo on 
tho outer part cf the outer oval. Theorems proved for the case will be 
found to hold when ? is elsewhere with suitable modifications suggested 
by continuity* 

2 
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13- Iq onr curve let us allow a to increase and become equal io 6. 
Tlicn the first and second equation in (11) become 

r = 2(Vtc^6 cos 0_', h<c ... (12) 

an elliptic limacon. 

Ne.tt, let c decrease and become equal to b. Then the second and 
third equations in (11) become 

r=2(V‘*^+^ cos 0,) ••• (13) 

a hyperbolic limacon. 

Thirdly, let Oj 6, c all become equal. Then each equation becomes 

r = 2a (1+ cos 0), (14) 

a cardioid. Thus the limacons and the cardioid ace extreme cases of the 
cartesian oval. 

Ijastlj, lot O advance infinitely near to, and become coincident 
with, F,. The outer and inner ovals coalesce and the curve 
becomes tho circle Fj reckoned twice over. This also is an extreme 
form of the oval. 

14. Before passing to consider the cartesian equations of the 
curve wo may take notice of a spooial ease of tho equations (9). 
Let o, 6, c be such that <i6 + «c— iic = 0. Then tho first eqnation in (9) 
becomes 

^• = 2V6o ••• ••• **' (1^) 

This equation/ then, represents a cartesian oval. It is readily seen 
that it inverts with respect to O into tho bipolar form that la 

a Cassinian Oval. Tho condition ab + ac~6c=i0 is equivalent to 
a* = (a— 6)(a— c) ; or tho circle of inversion F, passes ibroogb the triple 
focDs O. Henco wo have tbo thoorexn : 

// in a CarU^an Oval tkv circle of inversiof^ Fi passes through the 
trifle focus O, the curve inverts icith respect to 0 into an oval of 
Cassini, ••• ••• ••• ... (16) 


15. The equations (9) are equally suitable for dednoing the carte- 
sian equations of tho curve. If tr, y bo the oo-ordinatos of P, abscissae 
being counted positive to the left ns before, we have 

/ 0 ,*=(«+o)*+y*, &o. 


Uenoo wo get 

(a*-f-y*--a6— ac+&c)’^4J)C { ^ 

(j:’+ j*— 6c— boH-co)*=4ca { («+6)*+i/* } > 
(a'-pj*— CO— c6+o6)*=4a6 { («+c)*+S>*} • / 


a?) 


• • • 
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Ench of these redaces to 

(x’+y’— 6c — ca — al/)’ — 4>tl»c (2j-+a + ^ + o) =0, ... ( 18 ) 

which may be considered the sJandard form of the cartesian eqnation 
of the oval. 


10. When an eqaation is of the form the analytical 

geometer knows it at once as the envelope of the system of carves 

a: = y cos 0+ssiu 0 ... ... (10) 

where 0 is a parameter. 

Accordingly, from cqnations (17) we see that the carve is the 
envelope of each of the systems of circles 

**+«/*— Q* — a'-h6c=2V^ { (« f a) cos 0+y sin 0 > ; 

**+!/*— 6‘ —6a + ca = 2Vca { (•»+&) cos 0 + y sin 0 > i 1 (20) 

*’+2/*-ca— r6 + a6=2VS6 i (a:+c) cos 0+y sin 0 } • J 

Written in their standard forms, these circles are 

(*— V6^co50)* + (y — V6r8iii0)*=a(6 + c + 2V67cos0) ; &c. (21) 

Let G„Gs,G, denote the oircles of centro O and radii V'^ 

respectively. They are of importance in connection with tire oval. 
We shall call them the * generating oircles ’ of the oval. From equa 
tions (21), it can be readily seen that 

The Carteeian Oval i$ the envelope of a variable circle whose centre 
moves on any of tU generating circles Gx, and which cuts the 

cffT responding circle of inversion Fj, F, F,, orthogonally. 

Those will be spoken of as the non^assial, or secondary, systems of 
hitangential circles of the oval. 


From eqnalions (18) we see that tho cartesian oval is tho en- 
velope of the system of circles 

»’+y*-6c-ca-«6 = w(2x+a-|-6.(-c) + ?^£; ... ( 22 ) 

that is, of the system 

(.-u)> + y- = fc±^K^±5)MlO 

which forms the eqnation of the axial, or primary, system of bitangen- 
tial oircles of the oVal. Having thus introdoced thejanalytical treatment 
of the curve, we proceed in the next section to develop a different 
line of Btndy, also based on the fourth parametric eqaation, i usine 
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Section IV, 

The Triple Focal Perpendicular on the Tani^ent. 

If is desirable to hare a clear idea at the oateet as to how the 
normal at a point P lies with reference to the joins of P to O, Fi^P,. Fg. 

Let P describe the onfer oval from D to C. The distances of P to 
O, r„ F,, Fg are 

P — '^bc + ca + ab + 2\, Pi—\^bc +^/V6c, 
and they are all positive and decreasing. If PT be the tangent at 
P drawn in the direction of motion it follows that PO, PFi, PF*, PF, 
make acute angles with PT. Ilctia; the normal at P being dratcn^ the lines 
PO, PFi, PF,, PF, all lie on one side of it, namtly the side of PT. 

Next lot P describe the inner oral from B to A. Then the dislan. 
ces p and /O, arc positive and 'diminishing ; while p, and p, are, V» 
viagnUude, increasing. Hence PO and PF| make acute angles with the 
tangent PT drawn in the direction of movement; while PPj and PF, 
make obtuse angles with the same. Hence the normal at P being 
drawn as before • we see PO and PFg will lie on one side of it, namely 
that of PT ; while PF, and PFg will lie on the other. Thereforei at any 
point P ou the inner oval the normal lies tcithin the angle FiPF,. 

' The above will help os to draw the figure correctly for whot 
follows. 

19. Let P be a jioint on the carve, of parameter Join it to 
O, F„ Fj, Fg. Draw OQ perpendicular to the tangent at P, ontting 
PF„ PF„ PF| at Mt hfa, Mg) and the tangent at Pin Q. Then we get a 
figure with a few—I wonld say^fc — leading properties, from which 
namoroud others follow. Wo shall deal with the first two of thorn in 
the present section. 


20. 7’he first property is that 

PMjs=\/6c, PMa = V^*» PM»s=Vab, 
i)em. Tidco the fundamental equations 



p,^^/bc+^^. 

p.=V^+~^, 

— \ 

/>. = Va6+^^ . 


(24) 
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Differenliatiog with respect to the arc, measured from C towards D 
in the ootcr oval, and from A towards B in the inner oval, so that X 
and $ increase together, wo got 


p^p— 

^ .Is ~ 



(is 


d\ 

(Is 


Vfcc 


ds 


Tbo first of these means p cos OPQ = 


etc. 


ds 


that is 


d\ 

ds 


= t, whore t denotes PQ. 


Hence (he second equation tells os 

cos F,PQ= 

V6c 


that is 


PM,“V6c 


(25) 


Henoe PM, = V(^c); and similarly PM,=sV(t<*)« PM: = V(“^ )* 
Cot. 1. As the whole lengths PF,, PF„ PF, are V(*>c)+X/V(t®)* 


oto.; and the parts PMj, etc., are equal to therefore the 

remaining parts M^Fi MtF, M^F, are equal respectively to 


VCM’ VC"**) 


(26) 


Cor. 2. Hence rectangle PM|. MiF, =rectaDgle PM, MjFj 

= rectanglo PM,, M 3 p» = ^. ••• ... (27) 


TFe arc thus afforded a simple geometrical meaning of the parameter \. 

Cor. 3. Tbo sines of the angles that the normal makes with the 
fooal vectors PF,, PP„ PP, are as V" • • V®* 


For, those angles are .equal to tbo angles PM|Q, PM,Q, PM,Q in 


onr figure i whose sines are 


t t t , 

VC^e)* *>/(«“)’ V(a6) ’ 


and are therefore 


as i -y/b : -^/c. 

21. Theorem: If the normal at P cut the axis in O, then OQ^ 

••• *,* ••• ••• T^®) 
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Dem ; The normal is parallel to OMi. Therefore by similar 
triangles 


that is, 


« s 


GO: OF,=PM, : M,Fi ; 
OG : a— “Tp-’ 

\ fcc 

00 = -!^. 


Cnr, 1. The centres of carvatnre at the yertioes D, A, B, 0 of 
the oval are the puints of abscissae where 






Vote 




y'a’^y/h’^-yjc 

yj~^ 




■yja — yjh — ^/c ^ 

Vatc* 

V® “ 

V ahe 

■^c — y/a—'^b 


» • • 




(29) 


These follow from the theorem by sabstituting for V the values of the 
parameters of the vertices from equations (6) 

Cor. 2. The radii of uorvatare at the vertices D, A, D, 0 are 
<*■ 4 * <^41 <*■»» where 


<r4 = 

<r,= 


(Vh+Vc) (Vc+Vo) (Vo+yb) 

Va+V^+V<^ 

(Vfc+Vo) (Vc— yg) (Vb— yg) 

V&+ V®""V® 

(Vc+Va) (V6— Va) (V6— yp) j 

(Vo+yb) (Vc-yg) (Vo-Vh) j 
yg+yb— yc ' j 




... (SO) 


These values are obtained by snbtraoiing the abscissae of the centres 
of carvatores at the vertices, as given in the last Corollary, from the 
abscissae of the vertices, given in equations (6). Accordingly, when 
posttive, they denote concavity to the right ; and when negative, con* 
cavity to the left. 
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Cor. 3. The carve is ooncavo to the right at the vertices D and 

A, and concave to the left at the vertex B. 

Cor. 4. At the vertex C the carve is concave to the right, or to 

the left, according as 

% 

^/o■+^/b >or<: Vc. ... ... ... (31) 

When at C the carve is concave to the right, we shall pay the 
curve is an indented oval ; if to the left, an unindtinted oval. 

Cor. 5. The vertex C is a point of undulation, if 

■y/a-\-y/b = y/c. ... ... ... (32) 

Cor. 6. The radios of curvature at D is greater than the radius of 

cuivatare at A, and the latter gt-cater than the radius of curvature at 

B, in absolute magnitude. 

Cor. 7. In the unindented oval, the radius of curvature at C is 
greater that at D in absolute magnitade. 

Cor. 8. On every indented oval there is a pair of real points of 
parameter zero. 

For, the outer oval is traced ai \ varies from 

^«=V(®50(V‘»+ V^+ VO to V,s:-^(aiic)(Vc—V“ — V5) 

and zero lies between these values. 

Cor. 9. In every indented oval, there is an obvious double tan* 
gent. Its points of contact aro the points of zero parameter. 

For, the normal at either point outs the axis at an inhnite 
distance. Hence 



Cor. 10. The distance of the points of contact of the doable 
tangent from Fj, F„ F« and O are 

V(f>c). VM. V(a6) and V(6c+ca+a6). ... (33) 

For, making XsOintbu fundamental parametric equations, the 
result follows. 
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Geometrical Investigation of the Secondary Systems of 

Bitangential Circles. 

22. Let P, Pi be a pair of inverse points on the carve, which 
are inverses in respect of tho circle Pj. Let the normals at P, Pi meet 

»t j/i- 

By tho properties of inverse corves we have <;iP={/ijPi* ^’be oirole 
of centre y, ami radius j7,P or 3, p*— which obviously tonches tho carve 
at r, Pi— will cut tho circle F, orthogonally, as it passes through a pair 
of inverse points with respect to it, namely P and pi. 

To 6nd the locus of gi as P varies : From 0 draw perpendi- 
culars on the tangents to the oval at P, p, cntting the radius vector 
FiPiP at Ml and m,. By the property in question, we have PMi = 
p,m„ each being equal to V(^)- Further they are in the same sense as 
will be obvious from the 6gure drawn with due regard to the observa- 
tions in § 18. Consequently Ppi is equal to Miwii. Honoe the 
triangles PjiPi and MiOm,, whose corresponding sides are parallel, 
Are equal in all respects. Thus yiP is equal and parallel to OMi. 
Therefore Oj?i is equal and parallel to M,P. Hence Ogisiy/ihc) and the 
loons of gx is the ‘ generating ’ oirole Gi. Therefore, if a variable circle 
move with centre on G„ always catting the oirole F, orthogonally, its 
envelope is the Cartesian Oval. And a like proof holds for the other 
secondary systems of bitangential circles. 

Cor. 1. UoDoe, P being any point on tho oval, if parallels be 
drawn through O to tno focal vectors PP„ PF« PP, catting tho nor- 
mal PG at j7„ ^,,73; then are the centres of tho bitangential 

circles of the systems (Gj), (G,), (Oi) which tonch the carve at P. 

Oor, 2, Consequently, the radii of the circles of tho secondary 
systems of bitongential cirolcs which touch the oval at P are equal 
to OMii OM| and OM,. 

Cor. 3. In the indcnlcd oval, tho radii of the bitangenlial oiroles 
toQobing tho carve at a point of contact of the doable tangent are 
equal to OFi, OF^ OP, ; that is, are equal to a, b, c. (34) 

Cor. 4. If «7i, gt, G be the centres of tho bitangential oiroles 
tonoiiing tho oval at P, the sot (P, ff,, G) is onharmonioally con- 

stant. 



1 


o/ 


. I f ^“btenda at O a pencil, which, by parallel., is equal to that 

subtended at P, by a hsed set of points on the axis, namely 

(0,P„ R, F,.ac ). 

23. Thj second f^.oj^erty of the triple focal perpendicular on fho 
tangent oon^sts of the following metrical relations. 


DenotingOM., OM,. O^U by we have 


... C3&) 


‘Hstances to connect OF„ OM^ 
and rednqing, we gat ^ 

p,. 


Hence 


V /O, 


etc. 


those ofihl'ralTo7tl^V^ondTj%^^^^ 

touch the curre at the point X ^ l>UangentmI circles which 


Oor. 2. Prom the values of ,q, »„ «, we get 

— Vf'C. /Oi = \+l*< 


— V^- /Oi = X+l*c •s 
»,», = -^ca . /O* = \ -b c<i V 
«j«a = . /0,-iX + ob 3 


• s • 


• • • 


(36) 


Cor. 3. Hence, in oor figure, 

Oil, . OMa=^PM„ PPj ; 

with two eiqjilar relatione. 


4 • » 


«• » 


Cor. 4. Also, by eublraction, wo obtain 
and two similar .relations. 


... (37) 


» ■ » 


24. Theorem : If u denote the normal PG, then, 


For, by jiarallels. 




t .. 


... (38) 


... (39) 


that is 


PG: M,0 = PF, : M,F,; 

X 


V />, 




3 
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Cof. 1. We hare 

>i| »ll • ••• 

Cor. 2. ?i = ^ ‘ \ ^ fc'OC^ +C'i)(X -J-ab) 

Cor. 3. If the abscissa of G be ri, then. 

(i r+n)(» + b)(" +x) 

>4 

Cor. 4. Thus the radios of the circle, with canlro at any point G 
on the axis and having dooblo contact with the enrve, is 

GP.- GF.- GF, (43) 

GO 

The circle is real provided G does not lie in the segiuenU OP„ FjPf 




... (40) 

.. ( 41 ) 

.. (42) 


26. By means of the last formula wo can appreciate the effect 
produced on the oval when P„ F,. Fb remain 6xed, bat the triple focus 
O moves to a considerable distance to the left. Let Q be a typical 
point, Bret, in F, F, ; and secondly, in F, F, produced. The formnla 
shows that when O recedes and GO becomes very large, the ladms of 

the donble contact circle, centre G. becomes, in each case, very small. 

Therefore, as regards the inner oval wo infer that it tends to become 
very thin and look like a thin ellipse of foci F„ F,. As regards the 
outer oval, wo realize the matter thus. As O moves, starting from a 
position near F„ our oval is at first unindented. The indented form 
begins to appear 9.9 soon as O has ptvssed a position O' such that 

VO'“F+ V^i=VO'F7 

As O recedes, the indentation, gentle at first, becomes very sharp, and 
very long, approaching the big cardioidal figoro, with cusp at F„ that 
the curve rapidly becomes. That this is (he form can be gathered fr^ 
the fact that when O recedes to a considerable distance the *0°* 

F. are ooinoidont relatively to the distance of O from them. The don- 
ble contact circles in question, wiUi centres in F, F, produced are the 
circles inscribed in the creek of this cardioidal figure, y^ose form is 
like a thin parabola of focus F,; and the circles insonbad m it become 

indefinitely small. 

2t>. To JinJ Cie di'/trenfial oorfficicn/s of n„ ttt, n, ^itb respoob 
to 

From the values »i= \/ ° 

V p, 



and 

we eafjjly ge( 


d\ Vbi~' Vab 




1 


f/\ 
dUf 

17\ 

f/u, j 

./\ “»• 


»i+ »i — » 


», -I- »i 


- )- ..• 


... (t-t) 


>i \ * ’ J 

We thas meet with n set of siiiuiKaucous differential oqtiatiorn, easily 
solved, to which the geometry of the cartesian oval uflorJs an 
illostration. 

27. It is interesting to see that when «», m, and n are given, 
wo can God a, b, c and 

For, \ is at once given by 

n,n,n,^n\. 

When \ has been found, the values of be, ca, ab are given by n^u^ = \ 
+ bc, etc.; whence a, b, c are known. 

Henoe, given the foor bitangontial circles of a cartesian oval 
touching the carve at a point P. the circle belonging to the axial system 
being distinctly specified, we can determine the oval. 

Section V. 

The Third Property of the Triple focal Perpendiculor. 

28. The property to be now considered is one of special impor- 

tance. OQ being, ns before, the triple fooal perpendicular on the 
tangent at P, catting the focal vectors PPi, PFj, PF# in Mj, M*, M,; 
tho property in question is OQ=i (OM,+OM,+ OM,) ... (45) 

Denoting OQ by p, our Proposition is p — J ••• (40) 

Proof : In OQ produced take M| ' the reflexion of Mj in tho 
tangent at P. 

Then, reot. OM,. OM', = OQ’— if,Q»; 

= OP*— M,P’; 

= (’ab4*ac-|-bc+2\)— be , 

= (ab-t-\)-f (oc-t-\) ; 

= ”i(nj-t-«i). 

Bat OM,=s», 

OM/* = n,+n, 

OQ = 4 (OM,-f OM.'*) = i (»i+»,4 »*.)• 

P=i («»+«»+"•). 


Thpt is, 
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20. We shall now iotrodnco three new qnftntities which are im» 
portant in the analysis of the oval. These, arc the lengths M^Q, MjQ 
and AfjQ. We shall denote them by <7,, 7,. 

We evidently have 

7^ = j»,+ gi=:»ij+5, = »i.,+7,, ... ... (47) 

From those and the result of last article, we get 

P = 9j + 9j + 9' ••• ••• (^) 

which is another form of the property in qaestion. It shows that* in 

our 6gnre, 

QO =QMi + QMj+QM8 ••• ••• (49) 

Prom (47) and (4S). we got 

"i=9j + 9.s; «*=g-i+9i; »*»=9i+945 

whence 7i— 

7a=a (”8+”i — ’*a) r ••• 

7i=a (»i + »j — ”5)- ) 


30. Wo have already denoted the length PQ by t. 
In terms of t wo obvionsly have 

gjSaVbc — /•* 

7^:= Vea — t* 

78 = Va6.^. 



... (51) 


Hence, sabstitnting in (48), we got 

Vtc — t’ + Vco — (•■f’Vob — t* ••• ••• (^2) 

ichich is the p, I equation of the rarfciiaa Oval. 

The p, t eqnation is important in any outve as, infer alto, it*givo9 
a grip over tho curvatnres of the curve. And when, as here, wo have 
p given rxT^ltcif^y as a fnnotion of f, the convenience is the greater. 


31. Lot ns investigate the general p, t equation (0 n(0 

Lot U) be the angle which tho perpendionlar makes with a 6xed UnOi 
this angle being so reckoned that we have^ ^ 

' =4 - • 

dta 


From (i), differentiating with respoot to U>, wo get 




dt _ t 

4(t) d{D« ^'(f) * 




■•t 



Henoot 
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*ihe radios of corvatoro being denoted by O", we have 

,Pp 

f/U)- 

t 


<r = u-f 


Tbat is 


<r = ct(OH 

^ 4'(0 


(iii) 


Let <r, denote tlie radius of cnrrotnro of the evoluto of tlie corvo. 
Then 

J<r 


dui' 


Now the operation 


d dt d 


t d 


dU) dfiidt <p'{t) 'dt * 

Applying these eqnivalent operations to <t, we get 

iV)] 

And the radius of cnrvatnre of the cvolntc is given by 

-L iL 

i <^'(0" df 

32. Let u3 apply the formula obtained above, namely, 




to the case of cor ovaL 




(iv) 


(v) 


We have (0=V/‘— 4 V^i*— 5 ond we have tho 
letters q,, g*, to denote the radicals involved. 

Differentiating, ^ -f 

qt J.1 

4'(0 _ gigt-f g>ga4g.?, . 
f q\qtq% 


Hence o- = +(()+ ' 

<r = 

^i' 7*4 ?t3a4 jiji 

For example, at the vertex D, t=0 and we have 

qt~‘Vbo, ^ 1 — Vco, 5* — Vob » 
and we get for the radios of cnrvatnre the value 

(Vq4 V6)(\/64 Vc)(Vc4-Vq ’1 

V“4 Vt4Vc 

which verifies the resuU already obtained. 


4« • 


(53) 


X 
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33. Working ont the genorftl formnla in § 31 for the rading of 
corvature of the evolate. >to got 

y _ (g« + g i) ... ... (54) 

The oTolule has cusps (1) at the centres of oorvotnre at the ver- 
tices, for which f = 0; and (2) at the centres of cnrvatnre at the points 
of contact of the tangents draa-n to the oval from the external focus, at 
which points qi = 0. These are the only real ensps. The evolote is 
thus visibly, an 8 cosped curve. Four of these ensps relate to the 
inner oval, and four to the enter oval. In (he nnindented oval the 
evoluto corresponding to each constilnent oval has a look like that of 
the evolnto of an ellipse. And the reader interested can readily 6nd 
oct the mediGoatiou of form produced when the curve is an indented 
oval. 


34. There is another method of investigating the radins of car- 
vature at any point. At the very outset, in § 20, wo met with the 
small inconspicuons eqnation 


Now, 


s • 


</(D 

c/U) d$' 


Hence, wo derive 
That is, 


f7(i> _ dp 
ils d\-." 

1 ^tlp 

? d\‘ 


But 


• « 


P = h (»»i+n*+«») 

1 — 1 [ . dn, , dn, ) 

(T ld\'^d\'^d\ J' 


And, we fonnd in § 26 that 

d\ * n 


etc. ' 


Hence we get the formoln. 

<r ii,«8 

This is readily transformed into that of § 82. 

For 9i = i (»•+«•“«!), etc. 


••• 


(55) 
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Heoce 


i=r 29. 

(qi+ 2 ) (qi+qj) 

_£ 2 »ii(q- + q ) 

(qi+qO (q:+q;) (q^+q.) 

_ 4r ^q iq; 

11 (qi+qO 

<r = ( q^ + q3) 

^ (qiij) 


85. The formola obtained for the radios 01 currature ailini(.> cf 
an important traoBformation which yields several siuiplo geometrical 
conetroctiond for the centre of curvature. 


• * • 


36. Now wo saw already that 

n)n 2 »}=» 

Hence we have 

<r_ \ 

n X + t* 

This (pves the following construotion : 


« •« 


( 66 ) 


From tho triangle OPQ, wo have 

OP" = PQ^-f QO". 

6 c + co+a 6 + 2X =<*+(qi + q, + q,)* 

= t’+( 6 c— t!) + (ca— t’) 4 -(a 6 — /’) + 2 2 C q,. 
Hence we obtain the important result 

X = — (*q-Pqi qi, 

which expresses \ in terms of 

This gives 2lq, qj = \+t*. 

Hence, from tho formula 

.^- (qt + q^) (qa+q») (qi + q, ) 
qiqj+q»qs + q»qi 

WO got " 


... (57) 




(58) 


Let P be a point on tho oval Join PF, and ent off PAfi=v'5c. 
Join OMi and prodoco it and draw PQ perpendicolur to it. 
Then PQ is the tangent nt P. Draw PG ]>arallel to OQ 
cnlting the axis in G. Then PG is the normal. 

New along PQ take Q.. so (hat 

PQ. QQo==PMi ■ M,F,. 

Also along PQ take so that PPo=QQo. Join Q(,Gj and 
throngh draw S parallel to Q^G, catting PQ in S. Then 
S is the centre of onrvatare at P. 
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For, liy parallels 

PS:PG=PPo;PQo, 

= QQo; FQ + QQo. since PPo = QQo 
=PQ-QQo:PQ’+PQ. QQo. 

Now PQ. QQo = PiIi- MiF„ bj construction = \, by its geomeiricul 
meaning. 

PS:PG = \;P+\ 

f.t’., P^ '• =i\ : 

PS = <r, byl(58). 

37. Since . /Oj, the relation (57) gives 


<T 


• • • 


(59) 


which leads to the following oonsti action : 


Draw the normal as before and along il, take Pjj— O.Mj * from 
Q draw QX perpendicular on PiM^ ; along PMi tako XXi 
= M|Fi ; join X| to ; through F^ draw FjS parallel to Xi^t 
cutting the normal at S. Ihon 3 is the centre of oarv^ 
ture required. 


For, by parallels 

PS : Pff, = PF, : PX, 

= PF,:^PX+XX,: 

= PF,. PM» : PX. PM»+PM,. XX,. 
But PFi* PM,=/)i. 'Vfcc 

PX. PM„=PQ*=P 

PM,. XX,=PM,. M,P, = \. 

PS : Vgt-=piy/bcit^-\~\ 
^^PiV^c 
"i ShwT 

Hence by (59)PS«<r, which proves the construotion. 
Wei have two other similar constructions. 
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^‘Some difficulties met with in reading Mathematics without a 

Teacher : A Complaint against Text-books 
13v. Major W. A. GAn:»TtN, Pi:s awar. 

I WAS very pleased wlien the opportaaity was offered to me of j<dnin^ 
this Absociation at its start and I rciidily took adv<aitago of the occasion 
becanse, alihongh I cannot say that 1 am a mathematician* I do lay 
claim to being one of thost? others interest€<l in matheu)aiicb to encou- 
rage and help whom is one of the priinary objects of this Association. 
While, then, I welcomed the opportunitj of becoming a niornber of the 
Association it never occurred to me that 1 should ever have the fortitude 
to read a paper before its members. And 1 do not doubt that I should 
never have done so had not an encouraging word been given to mo by a 
friend,— himself a distinguished mathematician. We were discussing the 
methods and aims of mathematical tenching, and I was telling him of 
some of the diilicuUiea which I had met with in reading the recognized 
text-books— diiliculties w'hich 1 was omboMenod to maintain were <lnc as 
much to defective methods of presentation as to my own duUness. Tho 
result of that brief dibcussion is tho paper I am now to read to you* I 
cannot hope to bring to your notice anything very original ; indeed, it 
would seem presumptuous for anyone like rilyself, with no experience 
whatever as a teacher to address an audience such as this, on a subject 
coDDeoted with the vexed and difficult question of mathematical 
teaching. Cut 1 feel I shall not have wasted your time if 1 am able to 
bring borne to those of you whoso profession it is to teach^ some of the 
inherent difficulties met with by one who has come to mathematics with 
the sole desire to learn and understand. 

Tho title which I have chosen Tor tho subject matter of this paper, 
^*Somo difficulties mot with in reading Mathematics without (be aid of 
a Teacher: A complaint against Text-books/* HOggesfs at once he 
comment that the diflicolties must have been both various and many. 
That certainly is true; but the dilllcnliios about which I am going to 
address you this afternoon I have naxrowed down to a few of a more 
or less general character, such as are inliorent in a subject as abstract 
as mathematics. They have nothing to do with the oppliontion of 
mathematics, and I am not going to trouble you about (ho hard points 
of this or that particular theorem. Very naturally I have oncounlerod 
many difficulties of this latter kind where the assistance of a teacher 
would have been invaluable (o me ; but my object in the present paper 
is altogether a different one. It is nothing more or less than to ask 

• Cooifnbnicatod by tbo author to tho Punjab Mothl. AssocJatlon, March 1910. 

4 
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you {o cooRicler some I’oot matters of prime importance, in tlie preeenta- 
tion of which, so it seems to me, our Englieli text-books fail lamentably 
to give that instruction which, in my opinion, it is legitimate to expect 
then^ to provide. Tiiey are diflicolties relating to the fundamental ideas 
of mathematics as represented (or supposed to be represented) in oar 
mo<lorn elementary text-books. Now it seems to mo to bo of the ntmost 
importance tJiat the mathematical student should acquire at. as early a 
stage in his mathematical reading as possible, a firm and clear grasp of 
the fundamental ideas of his subject, and should have a thorough 
understanding of its aim and objeot and the nature of the methods by 
which it works, so that ho may gain a due appreciation of what 
mathematics .as a science really is. This need one would have thought 
was so obvious that one could hardly imagine any text-book professing 
to teach mathematies not entering upon at least some discussion of 
tho.se matters; yet it has been my experience that it is just in regard to 
thorn that the elementary text-books are profoundly silent; either 
because, I suppose, the ideas are considered not to be snitablo for the 
heginnor or because they are not necessary for the purpose of mathe- 
matics, as that hard-grained subject is known in the schools. To neither 
of these views do I subscribe ; and in my opinion it is becanse this 
side of the subject is so neglected, that not only is mathematics looked 
npon by tho ordinary student as a mere mechanical joggling with 
symbols, but students with marked mathematical ability shew them- 
selves to possess bnt the most confused and hazy ideas of its fundamental 
concepts. 1 do not mean, I may hasten to explain, anything of a meta- 
physical; nature, such as how it is we cannot conooivo that two and two 
make five (though some of us have been known, I doresay, to arrive at 
that result in our everyday task)— ^hat part of the theory of mothe- 
matics belongs to the philosophy of tho subjoot, of which Ifr. Bertrand 
KusboI is so able and well-known an exponent. But there are ideas 
fundamental to mathematics which are, I think, quite inadequately 
treated in our olemenf.ary text-books, whereas too much time, and space 
to consider, cannot ibo spent in making snob notions clear I ventnro 
and in taking care that by means of numerous examples and exorcises 
tho student really does understand them. 

An excellent instance of the kind of diffionlty I ayn dealing with is 
given by Mr. Hardy in the preface to the first edition of his “ Pars 
Mathematics Ho is writing about tho notion of n limit'> a notion 
“that”, he writes, ‘‘has always presented grave difficulties to mathe- 
maiioal stndentrs even of great ability”. It has been his good fortune, 
ho explains, to have had a share in the teaching of a good many^ of ih9 
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ablest can'lidates for the MathcDiatical Trijuis anO, to quote his owu 
words: it is very rarely iDdood that I have encountered a pupil who 
could face tho simplest problem involving the ideas of intiuity. limit* 
or continuity with a vestige of the contidence with which ho would ileal 
svith questions of » different character and of fur greater iutrinsic 
dilTjculty. ” “ I have indeed ho goes on to say, “ in an examination 
asked a dozen candidates, including several future Senior Wranglers to 

sum the series (l+x + x^+ ) and not received a s»iuglo answer that 

was not practically worthless and tljis from men quite cupublo of 

solving dilliculc problems couaeotoii with the curvature and torsion of 
twisted curves^*. ‘*1 cannot believers he says, ‘*that this is duo solely to 
Ihe nature of the subject, and, then, after admitting that, no doubt, 
there are difficulties in those ideas but that they are not so great as many 
other difficulties inherent in mathematics which every young muthc- 
matician completely overcomes, Mr. Hardy arrives at the conclusion 
that the fault is not that of the subject or of the student, but of tho 
text^book and the teacher These words by au eminent authority 
exactly represent the kind of difficulty which 1 have encountered in reading 
by mysolf^^ifficulty in getting at the bed*rock of tho matter and 
not at attaining tuore tcchnioal skill. For, 1 take my stand on 
^mathematics for mathematics* sake **, and not for the sake of passing 
an ozaminatioD or necessarity applying it. And tho illustrations upon 
which I will now enter are therefore those wbiob have chiedy to do 
with pare mathomatics» 

The Bret point to which I'woiild draw jouv attention is the lack 
inthecorreni clementarj tozt-books of any adequate explanation of 
what is the uini and object of (pare) mathematics and how its various 
branches have arisen; no attempt is made to view tho subject as a 
whole so that the ^eat nnderlying principles which govern the subject 
may be seen and the student thereby led to realize that all its vnrioue 
activities, algebra, trigonometry, geometry, analy ticalgcometry and their 
muUifarioQS developments, are indeed branches of a parent stem, are, 
what Bi'Owning would call, ‘ihb broken arcs of a perfect whole.’ What 
is it then that the Mathematician is striving to obtain ? He starts with 
mere nombors and a relation like 2*p3 = 5; bathe soon begins to 
gonoralizo and replaces these particular tignres by tlio general letters 
a, 6, and *; that is, he Noplaces some ” by “ any ”, and is thus led on 
to a world of general theorems and deductions. Dut tho content of 
bis letters begin to extend by the conception of positive nud negativo 
quantity, and the representation of| these two different concepts gives 
rise to an entirely newtbrancK of mathematics^ namely, analytical 



(geometry. Then again tlio treatnioot of equations of the second degree 
only led iu sulntioos which for many ages wero regarded simply as 
‘ impossible but to interpret which became imperatively neceesaary if 
the science was not to be impeded at every fresh advance by ever- 
increasing restrictions and many interesting results were not to remain 
monningloss. Tbns new symbols were invented and old ones made to 
clothe i<leas vastly cNtendcd beyond that of more nnmber or qnantity^ 
but yet so dehned ns to obey the fnndamontal laws of algebra. And 
bnally came the opoch-makiog recognition of the two different aspects 
of quantity as discrete and as continuous, with the resultant analysis 
reared on the basis of continuity. In all this, what the mathematician 
is really seeking is ‘ Generality,' a progress from the idea of ‘ some ’ 
things to ‘any ’ things, an advance from the particular to the general. 
And with this idea of Generality go the ideas of the Variable and of 
Form to form, what Dr. Widtohead has ai>tly called, the Math- 
ematical Trinity. This trinity forms the parent stem from 
which all branches spring and have their being. Now whore in 
any current to.xt>book has any full and clear exposition been given of 
these fundamental notions at all comparable to that given by Dr. 
Whitehead in his " Ititntduclion lo -l/u/AcmntiV® '' — a book costing one 
shilling and easily understood by any boy P Certainly not in any text*book 
I have ever met. Inilced, what 1 believe are commonly used os text- 
books make no attempt at all at any such explanation ; and yot the 
ideas are fundamental to mathematics and most bo thoroughly grasped 
if any proper understanding is to be gained of the object and aim of 
nmthcuiatics. My experience has been that the various divisions of the 
subject are treated as so many water-tight compartments, so many 
isolated chapters having no connecting thread between them, with 
the rofiult that the subject of, say, imaginary qnanlities looks like a 
more excursion into the fantastic. 

Tho uioniioD of imagioarics furnishes me with a good illastration 
to jioint. 1 ho introduction of tho student to complex numbers which 
our elementary text-books jirovido is* to my mind extraordinarily 
meagre and unsatisfactory. While one book may give tho briefest 
possihln explanation of tho symbols used, another is content with a bald 
. tiofinitinn tif a complex number and its representation graphioally, a 
third may bo a little fuller but still utterly fail to convey a proper 
undorslanding of the part ])laycd by the use of those symbols in 
niathcmatical analysis in order that tho student may grasp tho basic 
idea underlying their ooncoplion ; how their introduction has given 
complete generality and symnMry (the notion of form again) to the 



theory of algebr;vic equations. I won.ler whollier one of Mr. Ifaidys 
clever stnclonts would have had as mud, difTiculty in giving a idain and 
convincing explanation of what the symbol ('i-t-ti') lueans, how it aro?»e, 
and the reason for its choice, as ho had in giving an intelligillo 
explanation of the meaning of the ‘ snm to inhnity ’ of a geometric 
series? The important fundamental ideas are the symbolical nature of 
the.se so-called imaginary expressions, the manner in whidi a concrete 
representation is given to this symbolism by employing the usual system 
of rectangular axes in a plane, the complex quantity (u-i !•{) being 
represented by the point M in the plane XOY whose co-oidiantes are 
x = a and y — b, and the fact that to every proposition established for 
complex quantities there is a correspomling theorem of geometry 
though these are not the greatest advantages arising from their 
representation. Real nnmbers correspond to the a; — axis, which for this 
reason is called the ajiV of /cals. If the student is to get dear irleas of 
the meaning and use of these syinbolicol expressions then it .seems to me 
that a great deal more explanation and illustration is needed than i.s 
usually given in the ordinary text-book. After all tho ideas are not 
easy, and unless Iho natnre of the symbols used is made clear, tl.e 
integral part they play in mathematical analysis explained, and the 
mode in which they arose traced, tho reader of the toxt-book. although 
he may bo sibla to solve many academic exercises on the application of 
DeMoivro’a theorem, will have but (ho Jiaziest idea of what is really 
important, namely, tho splendid mathematical conceptions which made 
all those remarkable results possible. In explaining the most olemen- 
tary ideas of all connected with limits, Mr. Hardy devotes a obaiXor of 
fifty pages without advancing beyond the ordioaiy geometric 8eric.s; 
and yet I am sure that the student who has digested those pages will 
have gained muoh more lasting (mathematical) profit than one who has 

solved all the examples on geometrical progression in Hall A Knight’s 

“““ Compare., for 

.a.fanco, Mr Hardy’s traalmaat of claaaca of functioos in ol.apter II of 

0 L^Tf » —-book, aay, of fkc 

nrofa f h I t n?' Mr. Har.ly himaelf points ont in Iho 

profaoo of h,a book, h,., Irontmont is “raoro ayatematio and illnalrntod 

w. h mnoh groater doln.l than ia oannl in English hooka.” Ho is at pain. 

to bring ont, nnd ho anoceod, admirably in doing «o, ,ho really impor- 

Iw r? --olo'ionslnp, y=/(x), and that ia tLt any 

thit o, Iho valao of y from 

* oorreaponda a valao of y 

1 his ,s the important part of tho matter J lot it bo drivon homo, as Mr. 
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iJardy driros it home, bj a wealth of iUastraLions and exercises. A.ad 
BO in Udouard Goursat’s (Professor of Mathematics in the University of 
Pans) preface to his yiath'.maiic^l yUmlysts., I rend “Since mathema* 
tical analysis is essentially lihe ecioiico of the continoum, it would seem 
that every course in analysis should begin, logically, with the study of 
irrationnl nutnber.s. The thocry of inoommensiirabie numbers is treated 
iu so many excellent well-known works that 1 have thought it useless 
to enter upon such a discussion.’' Well, as tho authors of tho American 
translation of tho work remark, such “excellent well-known books” aro 
not common in English. 

I would again remind you that tho difficulties to which IJrofer in 
this paper aro not those connected with the application of mathematics 
but arise ont of what I consider to be the inadequate representation of 
its fundamental ideas. My next example, however, is of a more speoific 
kind in that it deals with a particular theorem, but it illustrates well 
the common failure of tho ordinary text-book to explain the prooise 
nature of tho conception on which tho mathematical theory is based. 
To tho student, when tirst introduced to it, the 'mathematical theory of 
probability appears as some thing singularly ineffeotual, either booause 
it is 60 against his common experience, as when for instance ho does 
happen to play in a game of chance, the success or failure of his pnrli- 
cnlar venture seems to upset entirely tho raathomatical theory, or 
bocauso ho is asked to consider suoh examples as the throwing of ideally 
perfoot dice or the tossing of ideally perfect coins— things to be classed 
with such mathematical hulions as friotioodess pnlloys and weightless 
elephants ! Now, of conrse, these perfect conditionn are Only chosen to 
tlx tho inathomalicnl ideas; and tho conditions are necessarily conceived 
as ideal because tho niathomalical theory of probability deals with the 
ideal sinco it aims at results wliich ore to bo exact. It mast bo made 
cloarito tho stndcntlhat ‘probability’ as a mathomaiical quantity is not, 
as Prof. Clirystal well expresses it, an attribato of any particular 
event happening on any particular occasion, but can only be predicated 
of an event happening or conceived to happen, “on the average” or 
“in tho long run.” Tho important idea here then is that of happening 
a great many times ; and I agree with Prof. Chrystal that the word 
frequency would bo a much better word to use tbanpro&a&i 7 itj/ to convey 
tho idea of a very largo number of occasions. Theso considerations are 
not, I think, snffieicntly insisted upon in the proofs of the elementary 
theorems of the subject. I take as my example the proof, as I usually 
6 nd it given in the text-books, that the probability of an evont being 
known, it is required to Bnd the probability of its happening exactly r 
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times in n trials. The asnM teit-book (rentment is that if any parti- 
cular T .sets are selected oat of the total nnmbor m the elianco that the 
event will happen in every one of these >• trials and fail in all tlio re.st 
is by the law of indepcmlent evenl.s ; fronj which it follows 

that the terms in tho expansion by tho binomi.al theorem of fp-j-./)” 
represent respectively the required probabilitic.s. Now. compare the 
fvbove treatment with the following which I have taken from an elemen- 
tary text-book on the theory of statistics : — “If we deal with one event 
only, we expect in N trials, Sq failures and successes. Suppose we 
combine with the results of this fir.st event the results of a second. The 
two events are quite indeponden*. and therefore, according to the rule 
of independence, of tho "Sq failures of the first event -Vy. q w-ill be 
associated, on an avefage, with failures of the 8ecoD<l event, and Ny. p 
with .saccesse.s of tho second event. Similarly of the iVy» successful first 
events "Sp. q will be associated, on an average, with failures of tho 
second event and A’y>. p with succe.sses. In triiils of two events we 
would therefore expect approximately Nq"* cases of no snccesscs, '2Xpq 
cases of ono success and one failure, and Xp* cases of two auccesse-s. 
The results of a third event may be combined with those of the fir.st 
two in precisely the same way, to expect, on the average, cases of 
no successes, 3 Npq* oases of one succe.ss, 3 Ny/g cnaes of two successes, 
and Xp* cases of three successes. ’ Similarly for a fourth event. Hence 
it is evident that all the results are iucluded under a very simple rule : 
the frequencies of 0, ], 2, ...successes aro given 

for one event by the binomial expansion xY (p-pg) 
for two events „ „ „ X (p+g)* 

for three events „ „ „ 

for foor events „ „ „ N (p-|-g)« 

and so on. Quite generally in fact : the frequencies of 0, 1, 2... 
Buccess in X trials aro given by the successive terms in the binomial 
expansion of A’Cp+g).** 

The above method seems to mo to supply just the necessarv con- 
nexion between theory and fact to let the student see how the 
mathematical theory is the ideal. 

I should like to give you more examples of the same nature in 
which the main object of tho text-books appears (o bo^o get the student 
throogh a number of theorems as quickly as possible to the sole end 
that he may gain facility in mere technique. The treatment of series 
would furnish mo with an excellent instance in point— the binomial 
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expansion, tbe exponential series, the logarithmic series, and the variona 
trigonometrical series, ’i’hoy are treated witbontany attempt to explain 
— arid such explanation I submit should, come very early — how they all 
lead up to and form part of the general problem of the development of 
u function as a power -series and that to he able so to develop a fonction 
is a great advantage. For example, the most effective way of deGning 
sin a: and cos r is not by the osual geometrical method bnt as limits 
respectively of the series. 

sin =*— ir*/3 ! + <cV5 ! — ••• 

cos'a; = l— x’/2 I + - — ••• 

Indeed unless a student proceeds as far as the Calculus, and there 
arc many students for whom mathematics forms a part of their 
curriculum, who never get as far as that, ho never is told that there are 
such theorems as Taylor’s and Maclaiirin’s ; he never learns that all 
those various series are but particular cases of a general theorem which 
for the width and the general character of its results is a marvoUons 
achievement. But I must not detain yon longer by multiplying illustra- 
tions ns, before closing, I wish to say a few words about a snbjoct on 
which a great mass of Htoralure has accnmnlated, and 1 hope that 
11)0 instances 1 have cited will have sufllced to make my meaning 
clear to you. 

I refer to the Differential Calculus ; n big subject, bnt there ia 
only one point in it to which 1 wish here to draw your attention. That 
i>». the danger which the student who really tries to think things out 
might bo led into of inferring, that the caloulus is n method of 
approzimalioD only ; a very close approximation but still an approxi- 
mation, a more asym]>totic approach to a value which is never aotunlly 
reached. Thus in Lamb’s ezeoUont text- book, n numerical example o^ 
the manner in which the ratio Syf^x approximates to its limiting value 
is given in the case of y— logit* for the neighbourhood *=^1, D;^]/ = 

• 43429 ; a table is worked out showing how for different values of 5* 
in the neighbourhood of 1 and the corresponding values of Sy, the ratio 
By : Bis approximates closer and closer to the value of y. Well the 
student might reasonably reply : Yes, I quite see that, bnt how does one 
pass from the state of getting nearer and nearer to the value to the 
state of actually reaching it P What he has read abont limits prepara- 
tory to the calcoluB and what ho reads when he comes to the oaloulas 
itself is so surrounded with such expressions os ‘‘in the neighbourhood 
of”, "as we approximate to”, "ns we approach” end so on, that I think 
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it is not snrprisiog if he asks : But wlien are we goine: to get there ? 
His difficulty, of coarse, is the old one of the pnrailox of Achilles and 
the tortoise. — Achilles who ucTer overtook the toroise althougli l*e got 
“as close as wo please’* (us the stock text-book pliraso is) to doiug so 
because while he was making up on the tortoise tlic latter travelled a 
certain fraction of the distance which Achilles h^J to cover to reach t)ie 
spot \vhero the tortoise was originally, and hence tlio tortoise still 
remained just that finite fraction aliead of hin/. 'J'ho pnradox is due to 
confusing two diatinct kinds of motion, one tli^crote in which the p \s«^age 
is from one value to another by dcHnito and se()arate stops or juinp’^, 
and the other continuous in which the cliange of position passes tlirough 
all intermediate valnes. Zeno’s famous p.ir^dox indeed is an excellent 
one to bring home to the student the ^llfference between continuous 
and discontinuous variatioiu Now I think that the reason, or at least 
one reason, for the confusion of thought which might lead a student to 
Imagine that the calculus is only an approximate method arises from 
making the idea of the limit subordinate to the calculus. It is, of course, 
nothing of the port. As far as the doefrino of limits is concerned qiui 
such, the calculus is a mere 'inchleni. I moan that in the notion of the 
limit, it is of capital iniportance for the student to understand thorougblj 
that the limit of a function is nof its value. The limits may possibly 
be equal to the values of llie function; but, as Mr. Hardy points out, 
whether it is so or not “ has nothing wliatovcr to do with the notion of 
the limit.” Lot the student grasp this fact and he will then realize 
what a very incidental affair the calculus really is— applying only to 
those common or garden functions which Luve a value (or values) equal 
to the limit, that is, those only which arc continuous^ Let (ho notion of 
a limit bo drilleddoto the student before ho passes to a study of the 
calculus and he will see that, as regards the calculus, tho crux of the 
whole matter lies in the fact that the limit of /(«>?+ A)i approaches 

zero^ is /(«), and that nnless this is so, tho differential coefficient can^ 
not exist. At present, the limit is taught as something existing for the 
oalcnlos with the consequenco that there is a danger of the stndent 
never getting really to uuderstand the notion of a limit and incidentally 
of gaining a false perspective of the trno placo of tho calculus in the 
hierarchy of mathematical ideas. 

I have been led .to invito yonr attention to tins point regarding 
the differential ohIcqIub because I seo from the agenda of to-day’s meet* 
mg a proposal that this Association sboold undertako to write a 
standard book on the|Calco]ns to meet the reqoirementB of the Punjab 
University stndents. This, if you will permit me to sny so, savours 
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rafhor of a book to meet tbo requirements of the Punjab University 
examinations. May I express the pious hope that the examiners will 
combine with the aiuhors and will rise to the occasion to prodneo a 
work >Yhich will merit the title of ^ standard ’ in the best sense P that 
the authors will take a broad * humane^ vi**w of their subject and will 
give us a treatise worthy the student of any University who has a real 
desire for knowledge, and not a work designed merely (o give a facility 
in working niechanica) exercises, which, hovever ingenious they may be* 
are of no educative value whatsoever. I deny that to loach a Student 
Dial the difTcrential coeflicient of a:” is is to teach him the diSeren* 

tial calculus. I quito see thel other side of the question : thousands of 
persons can use the slide role or a vernier without being acquainted 
witl) the theory of their construction. But I think the object of this 
Association is to foster a spirit less utilitarian than that. Approach 
the subject from the standpoint of ^'mathcmaltcs for mathematics’ sake’^ 
and is it too much to hope that mathematics can be made to take its 
place among the humanities P Or. should we not at the most expect more 
than tliat sncli a * value ’ should be the ' limit ’ to which we can approach 
as close us wo please Imt never reach P Let it then bo onr ideal. It is 
as I have road mathematics by myself with this ideal before mo that I 
have encountered those difllculties about wltich it has been my privilege 
to address you this afternoon. 

• 

Since writing the nbovo my attention has been drawn to a new set 
of toxt'books On algebra t^nclading trigonometry) by T. Percy Nnnn in 
Longman’s Modern Malhcinalical Series. I hare liad time only to give 
them a hasty perasal, but from what I have seen, they seem to me to be 
a thorough break-away from the older type of text-book against which 
my remarks have boon directed. They appear to bo a dopartore on the 
very linos I have been advocating, and I would earnestly commend 
them to yn*'r notice. 
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Astronomical Notes. 

1. The ProhluT/i of Ceph-.id Va.-iation . — Inithe Notes for June, mon 
tion was made, of the investigations by Prof. ICd.Ungton oii the 
Dynamics of the PoUation theory of the cephei.l variables. Prof. Jean 
is a great opponent of this theory. Uis investigations on the subject 
have led him to a different conclusion. His discussion is based on a 
Btndy of the light curves and spectral variations of these stars. He 
BOggests that the physical cause of variation of the cepheids and long- 
period variables is the same, being of the nature of explosions or 
tidal eroptiens on a rotating body, and that the eijdosions arc of the 
nature of ‘forced’ and not 'free’ oscillations. 

2. The p<iroUa.v of the rUiuies . — This group of brilliant stars has 
attracted attention from the earliest times. Several atteuii)ts have 
been made to determine the distance of this important star olnstor. 
Prof. Kapteyn has developed an indirect method of Ending the moan 
parallax of a closter by counting the number of stars it contains under 
different magnitudes, asauming that the lQmino^ity curve is known. 
Dr. Schonten of Holland has recently applied this method to ascertain 
the distances of some well-known clusters. The results in the case 
of thirteen of them are given in the Observatory No. 637. The 
parallax he obtains for the Pleiades group is 0"036 with a j)robable 
error of ± 0"010, which gives the distance of the clnstei* to bo 88 
light years. This Is of the same order of magnitude as the parallaxes 
foond by Kapteyn and Plummer by other methods. 

3. In Afilr. Naoh 4994, an investigation has been made of the orbit 
of the Comet 1832 II, applying Einstein’s Relativity Theory of Gravi- 
tatioD. The olemonts of this orbit are slightly different from those 
obtained from Newton’s Laws. The period determined is 760.9 years 
the Einstein effect being to shorten it by 10.9 years. 

NiaAMlAU OBSBRVArOBT, 

St/derabad. 


T. P. Buaskaic.v S.vmki. 
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SOLUTIONS 

Questions 991 and 99 ^- 

991. (S. NAJ<iYANAN) : — ABC is o itrianglo whose inoeotre is land 
orfljocentro 11. If the in-ccDlre of tho exmodial triangle of ABC bo IC 
and KU biscoled at L j>vove that the nine*points centre of ABC is the 
middle point of LI. 

91)2. (S. Nakavanan) : — The internal bisectors of the angles A, B, C 
of a triangle moot tho sides of the medial triangle DEP at P, Q, R. 
Prove that tho conic which touches these sides at 1’, Q, R touches also 
the principal Feuerbach tangent of DEP. 

by N. Soiikaia Jycr, L. N. Subramanyam, b'. E. Ranganatham 
ami K. Kcual'-amani. 


If K is (a, /?, y) referred to A ABC, wo got 




Wo have thus to prove that 

2 (0, + ll,) = 2 I,+2L. = 2 I,+Ki+H„ 

where O,. II„ Ac., denote the a— co-ordinates of tho points ; 

».<• , we have to jirovo that 

2 0|+llj = 2 11 + Rii 

2A 9 A 

, ^ 2 11 cos A + 2 U cos B oos C=2r4— 2rs-— ^ 

. cos A + 003 B cos C = siu B sin C 

I • 

wliicli is true. 


For Question 992, woltako D E)F as the triangle of reference. It 
is clear that tlie internal bisector of A meets E F at the isotomio 
conjugate of the meeting point of E P and the internal bissoior 


of D. The equation of this bisector is or 1=^ in areals. Thn 


o b 


quation of DP iathoretoro in areals, or b’>ff = c'y. 


The required oonio is thereforo £V(o’a) = 0. 
The Feuerbach tangent is 
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This will toach tho ollipsc, if 

which is true. 

Question 994. 

(K. B. MadhaVa) : — Conduct the following game of Bri'lgo wi.h 
Hearts as trumpe. in which A has to lead and A and 13 together havn 
to make seven tricks. 

Hearts Q. Diamond'* A, 3, 2 

Clobs 7, 6, Spades K, 8 

Hearts 7, 6. 

Diamonds. J, 9, 8 y 
Clubs. Q, J. 9 
Spades. Nono 

Hearts A, K, 5 Diamonds K. 

Clubs A, 10, 8, 4. Spades none 

S'oiufto* by 2t. Zfittlcbailcs, 11. D. Kaiw, N. tiankata Aiyar, 

P. A. Sulramuni Aiyar E. .<’I^^a/acAa/», and T. R. Earayana Aiyar. 

(1) A leads Heart A : Y follows Heart 6 : 13, Heart Q : Z Heart 8 

(2) A, Diamond K : Y, Diamond 8 : 13, Diamond A ; Z, Diamond 5. 

(3) 13, Diamond 3 : Z, Diamond 10: A, Trump K ; V,DIamood9. 

(4) A, Heart 5 : Y, Heart 7 : 13, Club 6 ; Z Heart 9. 

(5) Z, Spado 7 : A, Club 4 : Y, Diamond J ; B, .Spade 8. 

(6) 13, Spade K : Z, Spade 5 : A Club 8 ; Y Club 9, 

(7) B, Diamond 2 j Z, Spade 6 : A, Club 10 ; Y Club J. 

(8) B Club 7 ; Z, .Spade Q : A, Club A : Y Club Q. 

W.B.— Trick (4) is won by Zand all the others by A and B. The 
success of tho game consists in playing into Z’s hands at a time when 
he can play only spades thus giving B two tricks. 

In tricks 5 and 6 it is open to Y to reserve Diamond J and throw 
down Club 9 and Clnb J ; in which case B leads Club 7 in trick (7) and 
A Becures both the tricks 7 and 8. 


Hearts 9, 8 
2^ Diamonds 10, 5 
Clubs nono 
Spades Q, 7, 6 
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aUESTIONS FOR SOLUTION. 


1054- (MArti'YN M. Thomas) : — If denote the earn of the squares 
of the fraction^ }, -J. 1 , and denote the sum of their products 

taken two at a time, show that 

»C, — + +/>,)— riCXv'i +/»*) + 




1055. (Knoujrer) : — Show that 

1 _■ 1 -1 . ^ ■ 7-9 1 . 911 - 13 - I 
Vii Vg' 'Z' 'Z^ 2! 2" 3! * 2 


1056. (M- K.. Kewalramani) : — If 
003 a +coff /? + cos y =sin a + sin >5 + sin y =0, show that 
cos ’(^a + 9 /? + /-y)_cos 2»a + cos 2n>ff + co«2»*y o»«-a 

Zj CZp) I VZq)\ (2- )! “ " 

with a corresponding expression for sines ; sammation being extended 
to all positive integral values of p, 7 , r inoludiug zero, snbject to the 
condition p+g-i-r = n. 


1057. (M. K. Kewalramani) : — Show that 

(<T + 6 + c)’^(6+c+ dl’^'Cc 4- + «)’'( d+ a + fe)»* 

Zj ■ ■ (2^)'!(2g)!.(2r)!(2f)! 

O**-! (■ .V 

= (2u)! {■■^3'V>"4-25:*i(<r+a)'" +i;(<r_a-6)*'' j. 


where 2 (r = a 4 - 6 -f-c 4 -^/ and the summation extend to all positive into* 
gral values of p, q, r, s inoludiog zero but subject to the condition 
J>+g+»‘+^ =» 


1058- (N. 1*. Pandya) : — A fixed ellipse is intersected by a 

variable parabola in four points A, B, C, U. If the axis of the parabola 
be always perpendicular to the axis major of the ellipsOf find the loons 
of the centre of gravity of the quadrilateral ABCO. 


1059. (K. J- Samjana, m. a.): — Prove that the snma of the pro- 

ducts of the quantities (2*— 1)-*, (4*— !)-*„ ( 6 *— t»/., taken 
three at a time and four at a time, are respectively 

10 — Tf* , 1680-1807r*4-7T« 

- 32 - 0144-^ = 


and show how to find the sums of the products taken five, six, at a 

time. 
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1060. (K. J. SA'’JiNi. ir. A.).'— Show how to Cn<l tho snm of the 

prodouts r at a time of the quantities 

*' (^* — 1)”'' ("* — !■)“' ad i'»/. ; and find tfie 

valnes for r = 3 and » =i4. 


1061. (Lakshmisiiankar, N. Biun) : — The Euler line of tho 
triangle AB,C, meets tho sido-s AB„ AC* in B„ C, ; tho Euler line of 
ABjCj meets those aides in B . C, ; and this process ij continoed 
indeBnitelj. If N, is the nine-point centi'c of the rth triangle AB,C, 
thoa formed, and AX, meets B,C, in D„ prove that tho straight line 
and D« are parallel, * and y being any positive integers. 


1062. (C. Krisus-amaciiarO • — Prove that 

= 2"-’ / - + . 

L2«-l^(v!n-l) (2n.-3)^ 


(»-l) («-2) . ^ 

rb..a_r*\T" + 


II- 1 


(2n-:i) (2«~3)C2«-b) 

1063. (C. Krisiika^iaceiari) : — Show that 




(a) ~i- / 1+ 2» ~1 , (2u-l) (2^3> 

riCn-^l) »*(>» — l)(u — 2) 


+ 


l)(u-2) 

+ (2»~l)(2»-3)... 3 


IM 


■77 

■4 


= 1- («+m+ (» + i) («+2) 

2! ^ 


} 


(.) I- (7^)^ (7^)7 
- [2^1- i ('7')^3+Jr(^F)^ 


1064. (S. Krisusaswami Itb.voar) If in Question 986 we havo 

a reotangolar hyperbola instead of a parabola, prove that Q K 



d*'- 3^ds* + ^ 



1065. t(S. Kbishnaswamibngar):— If p be the radius of cnrvatare of 
the carve r*^=a"* sin m 0 at the point whose distance measured along 
the carve from a fixed point is », prove that 

(m — l)(m + l)'^^_m(m-|-l)* — 1)* = 0. 
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Show how to solve this eqnation and henco to 6nd the equation of the 
given cni-vc in terms of p and j». 

Similar formulae are got, by giving particular values to m, for a 
parabola, a rectangular hyperbola, a loinniscale and a cardiodo. 

1066. (P Siar.AMANTA Itru) -.—Solve completely 


1067. (V. TirrvENK.\TACiiAT?i) : — Show that 

\-rT log sin x log / (log 2)*+ log 2— ^ | . 

I Y^(sinr cosx) ^ 

1968 (A C. Ij. Wii.kinson) K is any straight line parallel to 
the Euler lino of a triangle ABC. E,. E,. E, are ihe Euler lines of tbo 
triangles farmed by AB, AC. E ; BC, BA. E ; CA.CB. E ; prove that 

(1) E,. Ei. E , are parallel respectively to BC, CA. AB ; 

(2) EiE,E, form a triangle equal in all respects to ABC ; 

(3) the loci of the vertices of the triangles formed by EiB,E, as 
E varies arc three straight lines parallel to the axis of the parabola 
which touches the sides of the triangle ABC and its Euler lino ; 

(4) if E passes through O, then E,. E, intoi-seot at the point 
whore tho Euler lino of tho triangle ABC meets AB ; 

(6) tho locus of the centre of homology of tho triangles ABC, 
E, E, is a straight lino parallel to the axis of the parabola de6ned 

in (3). • 


1069. (A. C. L. Wh-kinson).— Normals PA, PB, PC, PD aro drawn 

to a hyperbola ; PA moots the hyperbola again in A', PB in B', PC in 
C' PD in D', I( A'B'C'D' are concyclio, prove that the loons of P is an 
ellipse of whioh tho cqni-oonjngate diameters coincide with the 
asymptotes of the hyperbola. 

1070- (S. Ramandjau, F.R.S.) Show that 

(i) 


_ V 16 . */ 8 . V 2 V_i 
V 125*^ V 125“^ V 125 V 12 


/••X V32 V27 ®/l . «/3 

Vv^“v-5=V^'* V^"V 


125 
9 

25' 


(iii) 
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Mathematics (in brief) from Current Periodicals. 


The ilathemalical Gazette, Vol. IX, No. 139, March 1919. 

The Oraithical of Dijfer..utial rghatioxs, hy S. Ilrotlot.-ky, 

Ph. D. (to be reported iu a later number). Afafh-. nuilics on I (he Pivotal 
Iridustnce, by W. P. Milne. (The object of the paper is to dieou^s the 
the importance of the Mathematical Association leiuliuij ^ helping hand 
in drawing op suitable mathematical syllabuses for ilto vurions ‘ pivotal’ 
industries such as. Agriculture, Commerce, Engineering, Mining tfcc.. an.l 
to see whetJier the Mathematical Association iisclf, and indirectly 
the "Secondary Schools, would not beneht by occasionally viewing 
mathematics from the different view-points of indnstry rather than by 
focus-siog the whole attention on the .academic aspect of the .subject). 

The Teaching of Gvometnj fo First Year Puj>tls by B. A. Howard. ('1 he 
stand point of the paper is that our chief aim slioold be the development 
of the reasoning faculty ; insisting always that this can only bo done by 
sweeping away the abuses of Euclidean Iradiliou ami giving a moro 
hnmau and loss philosophic orientation to our teaching. A schedule 
of first year work is outlined and discussed in the light of this stutoment 
of aim) Cubic Graphs of the Form y = ax* + hx^ + cx-\.d, by A. Lodge. 
(The object of the paper is to call attention to some Hmplo means of 
interpolating points in a cubic graph and of indicating gradients with- 
out actQul caloulatioD). 

The Aslropby.sical Journal, Vol. XLIX, No. 2, March 1919. 

Theory of Imperfect Gratings, by C. M. Sparrow. (The paper at- 
tempts to present tho whoU subject from the stand point of the vector- 
method and contains in addition a theory of the defective Fabry and 
Parot mterferomotor with consequences relating to the method of coin- 
cidences as a mean.s of measuring wave-lengths). Studies based on the 
Colour, and Magnitud,. in SiMar CIu,U„ T.ntk Pa^cr , A c iiical Magni. 

tude in tJte sequence of sullor Luminosities by Harlow Shaploy. (In ihe 

-0-2 a ‘be absolute photogruphio magnitude 

0 2 defines a limit of stellar luminosity at which the liability to 
Cephcid vanatiou suddenly stops. This limit is probably coinchlent 
with a turning point m the development of the internal structure of a 
star. Iho question whether analogous dynamical changes occur at tho 
same epoch of luminosity is also discussed). Aerial Photometry, by 
M. Lucki8b.(Certnui pbotomotric meosui ements and ullied ob.servHlions 
relating to Landscapes. Clouds. Unze, Sky and Water arc presented. 

introdaoed by a few paragraplis dealing with the general charac- 
textiles of natural lighting). 
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Tlio American ilallicmat leal Monthly, Vol. XX VI, No. 3, March 1919. 

On tlv oj the WaHnee loncs of.au inscriLtd Quadrangle, hj 

D. F. Barrow. (If wo take a quadrangle inscribed in a circle and omit 
each vertex in tarn, we obtain four triangle?, and the feet of the per- 
pendicnlars froin any point on the circle upon the four Simpson lines 
with regard to these triangles lie on a line called the Wallace Line of 
the point with regard to the quadrangle. 1 he envelope of the 
Wallnco Linos is an involute of a four cusped hypocycloid whoso cusps 
^ie on a circle of radius three times that of the circumcirclo. Other 
theorems are deduced and generalizations indicated), » 

Annals of Mathematics — Second Series, Vol. 20, No. 3, March 1919. 

On (^natvnn'ons and tlu>r Centralisation and the History, of the Eight 
E-inare Tlitoran, by L. K.i Dickson. (The object is to present the history 
of the generalizations to •! and 8 squares of the formula, (u’+f>’) 
= where r = aa~b/3, and s = a/^ + ha and an elementary 

exposition of lJurwilz’s ])roof that such a forn\pla holds only for 2, 4 
or 8 squares. The writer shows that for theso three cases, (ho formula 
admits of a simple interpretation concerning the norm of numbora 
which are ordiuary complex numbers, quaternions or oumbera of 
Cayley’s algebra with 8 units. No knowledge of quaternions or the 
latter algebra is presupposed.) Eoii^Syinmetnc Kernels of positive Type, 
by Dr. Caroline E. Seely. ( The paper considers properties of non- 
symmotric kernels, analogous to those of continnonit symmotrio 
functions of positive typo, treated in Goursat, Conrs d'Analysc, Vol. 3, 
]).|440). Elenicntary rroperlies if the Stieltjes Integral, by 11. E. Bray. 
(Sticlijos integral is defined and its existence proved. This is followed 
by other theorems loading up to a theorem on the change of order of 
integration of an itorntod integral and another on integi'atit>n by parts.) 
A Kincniatical Property of Uulcd Surfaces, by G. K. VVhittomore. (^The 
autltor ])rovca that every, ruled surface (not developable) may be 
generated by a radius fixed in 'a sphere whose centre moves with nnifc 
velocity along the lino of striclion and which turns about the tangent 
to this curve from the binormal towards the principal normal with 
angular velocity equal to the reciprocal of tho parameter of distribu* 
lion, doiliious Inyo corollaries and tho necessary and sufficient condition 
that tho pai'amotcr of distribution may bo equal to tho radius of torsion 
of the line of slriction at tho corresponding |)oints.) Systemsof Linear 
I neqna’iiies by Lloyd L. Dines. ('I'hc .existence ■'AtiVl character of the 
solution of a system of inequaHtios 
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A Problem o( Diophantine Approximation 

By G. H. Hardy. 

I have on several occasions fonnd myself faced by the following 
problem, which apj oms to be one of considerable inUrest and difficalty. 
Suppose that a and 0 are positive and ti>l. and that (as) denotes the 
difference between x and the integer nearest to Then, tn what 
circumftancei can it iv that 

(1) (-"0) 0- 

when T>-xo, that 

(2) a’’0=P.i + f« 

ichcre if an integer a»ni ?„->0 P 

The general problem seems, as I said, to be one of great diffioolty. 
There is however one case in which the answer is almost immediate, 
namely, that in which a is an algebraic nnmbor. We have in fact the 
following theorem : 

Tjeobem a . — Suppose that a is a real algebraic number greater than 
1, the roof of an irreducible equation 

(3) + a’"-*+ +^,.,=0. 

where k^, k,„ are integers. Then, in e der tha>. numbers 0 should 

exist which fofi>/y (1), it is ueccfeary and sufficient that $o that 

a is an algebraic integer, and that tlu' Htodnli of all the roots of (3), nthe> 
than a itself, should be less than 1. The numbers Q are then all rational in 

the corpus of a ; and 

(4) (n’’0) = O(/."), 

where b is the numerically largest root of (3), of/ier than a itself. 

We have 

say i and 

where 

*“ + *mP rtin» • 

p’$ and t'$ with negative snifixes being regarded as equal to 0. The 
left hand side of (6) is a polynomial of degree m*-l, eo that 
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(«>»*)• 

As qn is mtegor, and we mast hav# 

9 m = 0 , <i„ = 0, 

from a certain value of o onwards. Thus /»(*) and «(*) are rational 
fuDctioD3» with the clenominator 


• 

It is evident that can be expressed in the form 


t^+l-iX I- 


4- 


m-i 


• 

where p(*) is a polynomial and .are integers. From this it 

follows, in the first place, that k„ = l. so that a is an algebraic integer*, 


Now, let aa denote the roots of (d) by 


a, til, a* *>ii 

ihe o’s having modnli not le.ss than 1. and the 6 ’b moduli less than 1. 
Then 


( 6 ) 


P (») = P (») + 


V 

1 — ttx"*” 


\ 


B 


x_jl— b/..*' 

the A’a and B’s being rational in the cor|nis of a and none of them 
being zero. On the other hand f(x). since its coetficienU tend to zero, 
can have no pole inside or on the circle | x | =1, and so 


(7) + 

where e(*) is a polynomial. From (r>) and (7) we obtain 


9 


A V I Ai, + 

=i"*)+»w+ur^+Li-.%+Z, 




to that 

Ar^e, A.»=0. B*+B'*=0. 

But we have already seen that no A^ can vanish. It follows that 
there can be no root of (3) of the type ^ 

5 H 

tm+}i*+ 

lc»+ fci* + 4“ 

is expansible in a Taylor’s scries with integral ooeffioients, fc, laast 
be 1. For a proof of this well known proposition see, e.g.t F. Faton, 
* Series trigonometriqnea et series de Taylor defa Hath^aitca^ 
toL 30. 1006, pp. 335-400 (p. 369). 
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The conditions state*! in 'I’lieorera A, with reference to the equation 
(4), are therefore necessary. Also0 = A is I'ational in the corpus of 
< 7 , and f„, whicli is. fioiu a certain value of «» onwards, equal to 
is of the form where h is liic* numerically irreatest root of (3), 

other than a itself. 

fn order to complete the proof of the tlioorein. it is only necessary 
to »how that, if (II) sati.ilies tlie conditions atated, 0’j exist which 
satisfy (1). Ami this is obvious; for 

is intej'ral for ul) values of n .so that 

(n") = 0(/.-) 

'l'hii.s (1) is satist)c<l when 0 = 1. 


2. 1 hcorem A is a special case of a more general theorem. 

ItlEOltKM H. - tliut a,(y=l, 2 /•) IS an alijeh'-at'c aumter, 

gr^nlti' than 1 in ithc^ulntf filiif, nnU the ntot of an i rfcdticiblo equation 

(Si K. . +frw.i = Oi 

that l‘,(n) IS (t pnli/notiiifil icith inl- ijral co‘.^cxcnts \ and that 

i{n, 0) = /■,(.O,/,''0,q- /',(i*)u,'’0,q- q. . 

Vh-.n. in I'ld' i- tha* tf sh"iild b.‘ /x>v*fi7dc to find a system of numbers 0„ ©„ 
... 0 ,, all di\lf' from z- ro, for which 

(«(«. 0»->O, 

when n-»x . it is n c^srary and suj^cu'ut that , =1 for each value of j, 
so thill Ilf is an a/7.6<'uic tnljjer, oii I fh-i*, anonij the complete system of 

roots of all the equations {S). nil save <i,. a„ a^ thvu^elv.'s should be 

iM f/6tfriluftr value less than 1. tiach 0^ is then rational iu the cor^mi of 
Ihv corresponding «y, and 

ii-iu, 0)) = O(»‘6''), 

tvherv c ts n constant and h is the numerically greatest among the roots of 
the equations (H), other than a,, a, themselves. 

The proof of this theorem does not differ in principle from that 
of Theorem A, the role of the polynomial 

fr« + A-,.c+ +*».»"* 

being now played by 

r 

^(^) = [ jC^Bi y+^it y»+ Sy+i 

i=i 
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where 2 ?, is the <le^ree <>f 'Phe special theorem from oar 

present point of view, m ^re uitcresr irig; thiwa the general one, aoil I 

shall therefore coniine myself to (Minuciutiag the latter. 

♦ 

3. With Theorem A sliouM ba a'^snciatcl anothei* theorem whicli 
i< merely a special case of a theorem alrea^ly prove*! by Borel**, 

THCoEC3t C. // a and 0 an and a >1, and 

(«"0):=U(/>% 

where th<.‘n a is alycbraic' 

Continuing Theorems A un«i C we obtain an interesting criterion 
lor the t rauscundentaliiy of a, viz. 

TuBuRBil D. // a >1, 0>O, and 

(a-e)-yO, 

then a is algebraic or f ransO'nd*-ntal accrtrdxng as the egnation 

(e$*‘0):=OO.-5n) 

is or is not true for sooxc fositivr value of 5* 

4. It i.H interesting to consider in more detail the two simplest 
cases of 'J'heoroui A. 

In the tjr.st place, suppose ho that a is rational. If then (1) 

is .satisfied, a must be an iutuger, and a**0 must be an integer for 
sutiicientiy largo values of a* Thus the only solutions are given by 

e^p/a^, 

where p integer.f 

The next case is tnat in which = Then the equation satisfied 
by a is of Die form 

•• li. Boroir ‘ Sur uno application d'uu theoreme de il. 
Uadaniurd % Bulletin de la Sociefe Matheffiatiquc dc France, ser, 2, toI. 
18, 1894, pp. 22-25. BorePs tlioorem is really (when stated in slightly 
different language) that which corresponds to if as (7 corresponds to 

The criterion is a simple one : to find an application of it is quite 
another matter ; and 1 know of no exuitipl# of a transcendental a which 
SHtisftos (1) for any valoo uf Q« 

t This trivial case of the theorem in of interest in conoeotion 
with Weierstrass^H fonction. [See G. H. Hardy, * Woierstrasa^B non- 
differeotiable function Transactions of the American A/ofAemoftcal 
Society, vol- 17, 1916, pp. 301-305 J 
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— nij:— M =0 ; 

ftnd it will easily be vori6ed thar, in order that this equation shouM 
havo two real roots a and such that a>l. — 1<6 Cl. it is neoesaary 
and sufBoient (hat 

»n>l, l-m<n<l+».i. 

The simplest case is that in which im=1, 0 = 1, and 

a = .lCV5+l)’ 6=^(V5“1^)- 

The doterminatioD of the correspouding values of 9 presents no 
difficnlty. We have in fact 


Tn« 0 REil E. // (I ts a real giiu^lraftc surd greater than 1, ond values 
of 0 exist u'hich satisfy (1), then 

a*— ma — *»i=0, 

ivhere m>l, 1— + txtr responding values of Q are the 


Humbert 

( . 9 

if m is odd, and the numbers 



1 ^ '’'V(W+”)1* 

if TU i‘* own : here r is zero or a positive integer, aiid p and q halves of »n- 
iegers ; and, tflhtn m is odd, p u»Mi q are •.•ither both integers err halves 

of odd integers. 


When aae^y5 + l) the simplest values of 0 are 

0 = l,0 = V5. 
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A general Tlieorem relating to the Cartesian Oval 

Bv A. C. L. Wii.KiNsoN. 

1. The co-ordinates of any point on a Cartesian Oval are 
expressed in terms of a parameter or by the eqnafions (Greenhill, 
EUiptio Fnnotions, § 236). 

x+ fy=sn*(n + it') = sn*ic, 

X — I'y = sn’(u — ir) s=sn*a’'. 

When i* is real, the real points on the two ovals ure got by givinj; 
u real ralnes and real valnes +iK’. * 

Theorem I» If four jooints on a C<irte 0 ian Otal are concychc, t?ten 

u, + «,+«s+u4=0, medd (2K, 2tK'). 


For, consider the expression, 

8n*ir,en*tt*|', Bn’u>„ sn’ic/, 1 
8a*WaSn'urt, bn*u’*, sn’tt/f 1 

I Bn’irgWJ’trii', 8n*ir„ sn*tc./, 1 

I snHc.ffn’uj', sn'ff*. sn*if/, 1 

Bj use of the addition formula) this becomes 

I (»■»—*’)•, (•icd-rfCid,)*, (V|Cd— fCi'iiVi 1— fcV.V 
where only the first row of the determinant is written, 

and «| = 8n«j, s^sn tv etc., and this reduces 

1 *1% »»’• 1 I = 0. 



which write, 



1 Cidi 
*1* ’ *1* 



or, 


I 1, P(«i), 1 =0. 


! =0 
to 




This gires 

«•(«!— — «*)<*'(**»— — 

X yi'wt+tiO — 0 

# p(u) denolen W^i^rstrMsian funotiOQ. 



168 


(Tanni-ry ftn<l Afolk' J'fuictions Vol. Ilf, pp 88, 60 ; 

^Vlliltako^ ao'i Watson, /lw«/vejs i>p 451, Kx. 22). 

Whence modd (2ff,2»7v'‘). 

For t!ie f'onerai inu' cii cles wliiuli touch tl»e Oval at twe points, we 
have j» + h' = 0 ino.l.l (A’, iK'), 

Giving four sets of circles corresponding to 

u + t.' = f),A'..‘A", K+{K-, 

of which the 6rst is the axial system. 

Cor. 1. If a generating circle loach the oval at, P.Q and any circle 
through P,Q cuK the oval again in P'.Q’ then P'.Q' He on another 
generating circle of the samo system. 

Cor. 2. If n o-rclo cuts the oval in four points P,Q,R,S and 
P.QiH.S ho the other points of contact of generating circles of the 
same system touching the oval at P,Q,R,S, then P',Q'.R',S' are conoyolio. 

Cor. 3. Let the three non.axial generating circles whioli loach 
a Cnrle^ia^^ Oval at P touch again in Pi.P,.P, ; then the circle through 
P|PtPj cuts the oval in the image in the axis of the point where the 
circle of curvature at P outs the oval. 

f'or, Pj,P,,Pa are K—u,iK—u,JZ+t^ — u, whence the other point 
of intor.scction is 3 u. 


2. Theorem II: Jf a circle through ftco /ixcl _poiM(s on n 

Cartesian Oval, the rnvelopv of the chord joininy the other tu-o points of 
intrrscctiou is an axial circle hariny double contact tciik the oval and ichich 
touches the chord joininij the fued pennts. 

A special case of thi.s Uioorcm is when the chord joining the fixed 
points passes through a foons, :in which case the other chord also passes 
through that focus, supposed not the triple focus. Let the sum of the 
arguments of the two fixed points be— 2a. Then a + ii, a— u can be 
taken for the arguraenis of the other points of intersection of any circle 
through the two fixed points. The chord j'.ining those points is 



X + tT, X-.T, 1 
6n*ta+u+tt')i sn*(a+M— iw), 1 
sn»(a— «4-iV), 9n’(o— u— iV) 1 | 



a 
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writing a.=a-{-iv, /S^a^iv, this is 

X { fln’(»« + /|?) — sn*(«— /?) + sn»(« — a) — 3n’«(MH-a) ) 

-f /Y { sn’((»-f-/?)— sn*(u — /?) — sn’(u — a) + sn’(H + a) ) 
-f Rn’(u + a)sn*(« — /?) — sn’(u— a)sn»(u + /?) = 0. 


(1) 


If this touches a circle centre (X.Y) and radina we haro the left 
hnnd s*de squared 

= i/-!’ { fin’(n-f-/?) — sTi\u~/i) } ^ Rn*(u — a) — sn*(u-f-a) } 
vvlKDce the left hand side of (1) moat he eqnal to 

± Hpsc'J y/ — Sif 

(1_/,VV)(1 -*-vv) 

Wherrt are written for snu, ana, an/S etc. 

This l.otnp an identity and also a douMy periodic function which 
is constant, i' has no /ny7ni7iV.«. ITeuco considerinLT u=/J^iJC' 
y we have 

— X — iY + 1 sn*(a + /?) = 0 , 

X— iV — -L sn(a f /?)=0; 
whence Y =0, X =-^ sn*(a -f- ^). 

fC 

ConKiderin5< further f ho oxprtns{«>n iti the noishhonrhood of w=/? 
+ 7 IC writinL' u And iisin^ 

( i,+5(i+*")+P(e) } 

=*WGr+y+^)“i{"»'f^+y)- 

2acn(>ff-f-y).ln(/? + y> . 

+... J.. 

We ha^e the further conHi<lei-ation of the nature of the infinity 
in tho neighbourhood of u=/3 + iiL', the oxpanion 


22 
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-a ) — Ln-.*(a -f ^) + j ’ 



Whence compariof? tb© terrain in 

1^2on(a4-/?_'(lDft/ + yS)_^ f + 

i V.n\a-r,ff) X ^ J 

Which uivoii (lie value of }j in oiyh'r that the point a— + 
may not he an inlinity of the function in ijue}«iiou. 

The fnnrtion wo arc consiilerinc- reniaina uiinUcrcil when we write 
— /? for /? and when wc interchange a and /3 and has thus no 
ioBnities in the fiindaniental parallelogram of period. 

Having obtained the values of X. i> a, direct veriBcatiou eau be 
given ; wo are required to prove 

[_sn’ (u+/?)-8n* (u-y5) + Bn* (n -a)— sn’ (« + a) 

+ h* sn® (a+/?) { en* (n + a) sn' (it— /?)— 8n* (u— a) sn* (»+^) > ]* 

_ 4 cn* (g-f/ ?) dn*(Q + /?) bp* 

“* Kn* (a + /ff)— sn* (a— /?) 

{an* (a+/?)-sn* (u-/?) ) { snM»+ > 

16 on*(<i+/ff)‘^“* (a+iff) Bn*u onV i\ u'u (1— fc* Bn*a sn */?)* 

^ ’ (1— A* 8u*i» sa'/3)* (1— fc* 8n*t» fn*a)* 

Tbu reduces to establishing the identity 

Cjljii, Cjlid, 

• (1 -&»«»«,*)’)• (1-A***#,’)* 

. fe*an*(a +/?){ 8*c,d,c,J,—s, Sjc’if* > { s*Cidi_^ 

**" (1 - k'*wyo. - k»^s,Y 

r on(a+4)dn(®+iff)sn(a— ^1(1— 

”• (l-ifs*ri*)(l-AV»,») ■■ 

where $u written for sn u, sna, snyff etc. 


t7l 


Maltiplying up by the deDominator 

this reduces to three identities, namely the coeffa of a*, a* and the con- 
stant terms. These are 

* * 

= khHasn/3$n\a+/3)^cn\a -r>3)cn(a +/J) 


sn\<x-i-/3) { CiCYl^,+ (\ + k‘)SiS, ^ + + 


^ ) — tf,s,c)i (« + Jdn ia + /3) 


'I'he first, is verified without much diffioulty, or the first and third 
may be verified by solving for Bn*(<i + /?) and cn(a-b/?)dn(a + ^). 

Sabstilutingifor a, /} their values a-f-te, a»tv, the circle we have 
obtained fur the envelope has for its equation. 

cu’2adn*2asn’2:v 
/t*on*2a'(cn*2o — »u*2ty)‘ 

Mr. V. Ranmstvanii Aiyar has given for the square of the radios 
of the axial oircle centre G having double contact with the Cartesian 
Oval, the oxpre.ssiou 

(J. r. M. S. Vol. XI, p. 138.) 

Takio(; G hh A ai**2ci, we Jiavo in case G lies betweCo FiF^, 

rC 


I^X-L 113*2(1 j.>+Vi=_ 


KjG 

GJfj=iI— _L na*2a LdB*2tt, 

k> 


OFtSz ^ — AnB*2a=:^ C3*2a, 


OGs OFi+PjG 


^ ns*2it>. 
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Tlu' last- result boin^ obtained ns follows: — Froin Greenhill . 
EUii>tic Funciii'tns, § 236, we Itarc if /•), /"j, are the diatnnces of P froiu 
F., P,, F,. 


rj + z, dn 2i't; =»cn 2 tv 


r, + r^ cn 2te 


= i-dn2:f. 
k‘ 


r-j du2? t’— r.cn2fy = — . 

it* 

Conipiiriu^ thcso wiilt Mr. UainaHwami Aijar^s cqaationft (J. I. M. 
S. V*ol. XI, p. 124 (2)). wo Cod 

cn 2rc; s= V(^/")V^^2?V = V(V^)i h — ^ = — 

i 1 

wlience sn 2iv =- — an«l«-OFi= — — ns* 2«‘v. 

itvu fc* 


Onr circle is thus identified witli the circle centre 

Q o) 

linvin^r double contnct with tlic Cartesian Oval. 

If l’,(^. iii'o llio fixeil points. P’,Q’. their images in the axis of tho 
I’Q l’'Q' arc concyclic, hence the circle touches P‘Q' and thus 
also FQ. 

Ah a particular case of (his tlieoreni we sec that the B tangents to 
either of two confucal Cartesians whicli cut ortbogonallj at their 8 
points of intersocticu touch n circle. 



X 
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Mxiltiplicatioii ot Infinite Integrals 

Br. K. B. Mat^hava, M A. 

I. introductory 

Among the fuiulamontal theorems relatiriLT to infifiite series that 
are absolutely convergent is tlie thooroni which spates that the 
of sQch a scries is not altered by any kind of derangement of its 
terms,* This theorem finds nsefu) ap]ilioatii>n in the luuUiplication 
of two absolutely convergent series 

U = f/ j -j- /A., + , . . ^ n inj 
y = v^ + r.^v„+ ... + ...ad xnf 

According to what is known as Cauchy^s rule of writing (he product > 
tiie ty|dcal term of the product series is 

or 

atid is written for shortness sake a*„* When series ^ 

1 

is convergent, say to W, tho scries Ta*,, is said 1 o bj tlio protluct of (he 

two sseries and W = U.V. Though according to Hardy^ “the luNt 

wor<l has not yet been sai<l upon (he subject'* of the niuUipHcation of 
infinite series and althongli “a number of interesting questions connected 
witli it remain nnanswered, a good many results of a far-reaching charac- 
ter have been obtained from it, (he more recent of them being due to 
Hardy Jiifitself. In (ho present paper we propose to give an account of 
tfie analogous theory of (he multiplication of infinite integrals accord- 
ing to what we may call Cauchy *h rule**. This theory is 
naturally allied to tliat of infinite series, althougli the analogy between 
such integrals and absolutely convergent series is not quite complete* 
as there IK no order in the values of a function. The problem of this 
paper is tlioroforo siuiilar thoiigii not simple; and the circumstance 
( hat no account of this* however brief is given in any l>ook| that tho 
writer has come across has buoii an additional ioducenient to write 
thin papor which owes not a little to the memoir of Hardy just cited. 
In order to clearly see the parallelism between the integrals and the 
infinite series, and also to have an exaet idea of the present state of 
our knowledge concerning tho multiplication of such scries, wo have 
found it convenient to collect in the next paragraph tho results that 
have been obtained in this connection. 

* Bromwich : Infinite P. 66. 

t Pfoc. liond, Mnth 8oc^ 8or. 2. Vob 6. p, (10* 

X See, however, Bromwich, loe. cit. App. III. 
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II : — Theorems in the muUipll 


It it is known in ndvance that 


And in addition that 


P Convergent 

...Convergent 

1 

2° Ab«. Conv 

...^Abs. Conv, 

3° Abs. Conv. 

...^ConvtTgeiir. 

4° Abs. Conv. 

...lOecillating 


1 ween V, »! 

1 

5® Convergent 

P 

1 

...,Convorg€nt 

6® Convergent 

... Convergent 

7* Convergent 

... Convergent 

8® Convergent 

..Jconvergunt 

9® Convergent 
< 

... (Convergent 

1 

10® ^Convergent 

CoDyergent 


...|Convergent 


v„ >0 

(fiQ importaot n^oessaary 
condition). 


w„ >0 


(may also be replaced by 
I other oou(Utiona). 


X *« • 




...|(K and L consts).! K L 


►yn/vC”) >0 
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cation of Infinite series. 


1 

1 

Has proved one resnlt. 
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4 
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solved problems) 

Do. 


the constnici ion 

Tb.) 



of an example 

Hardy (II. 

Do. 


where «„= ±m~* 

Th.) 

4i <”) = (log n)“ (log 
log n) ^ any fanction 


' V„=±H-* 

s+l>I, but one at 



least ^I, sothat U 


of the class of which 


and V are conver- 


log n is typical. 

1 

gent but VVis oBoil* 
lating, fora proper 
J choice of Bigns. 
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The proofs of the foregoing theorems all hinge upon tho fact that 

cannot diverge (althongh it may oscillate) when Zt.,, and are 
convergent, while tho machinery for tho proofs, strifjped of the 
formal algehraic n dnetions, reduces to tho appHcatir)D of two import- 
ant letnina : viz, Ah'I's jiarh'iil ‘iunim'itinn h-iuinuy and Ccraro'fl mean 
ynhf Ihcoi-eui in one or other of its forms. 

% 

Of tliese theorenxs, 4‘’. S'*. 6’ and 7^ reduce themselves to condi- 
tions for the convergence <>f integrals wliich involve a periodic factor 
(or a monotonic non-increasing factor) of which a variety of forms are 
well known.* 

4 

Tlie theorems 1®, 2®, S'*, 8®, O’, 10’ on tho other hand, have proper 
analogues in tlie theory of the mnltiplicafion of infinite iutcgrnlf and 
these will he set out in tho snhsocpient paragraphs. 

III. Notation and Preliminary theorems. 

We >hall denDle hy m (a-) and v (r) two continuous functions of as, 
li^ H, (j) and r, (r) their nbsoluto values. Let ns snppo.so that the 


functions are such that I « (x) dx converges to U 

• o 


(31) 


f ^ 

Jo 


and f V (x) dx converges to V. 


(3-2) 


If u (a:) and v (x) in the integrands can be replaced by iij (») and Vi (x), 
the integrals are absolutely oonvorgent. 

Let Ds form now by combining i<, and v a typical function ic (e) 
defined by 


f® 

«(*)•»] M(y) v(*-y) fZy, 
'' o 


(33) 


which is also scoa after the substitution x—y, for y, to be equal to 


f® 

J H(x-y)v(y)dy, 


(3.31) 


* See, for iiietance Bromwich : § IGO, and various papers by Young, 
Hobson eto among English writere. 
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This mathod of deSniag u(^) core^ponds to taking — = 

+ (in wliich u and v are easily seen to be reversible) in Cauchy’s 
method of multiplying two aeries (or adding by diagonals a double 
series). 


Let QS also employ the notation 


U(j;) = l u(>j)d>/ 

^0 


1 


V(ar) = f 

'O 


ana TV(x) = : I 

•*o 


analogoaa to n^=2ru,„ etc ; in the other theory. 
Then wo have the rosnlt that 



W(*)=J‘"«(y)V(«-y);y. 
or the other eqnivaleot forms 


u{x—y)Y(j/)dy, 

o 


j U(a-y)T(y)ay, 


f tJ(y)v(a:— y)ay, 
•'o 


[This coresponds to pnlting. 

W„=:m,V„+m,V,._,+ ... + u„V'; 

=U»v„+U,v„.j+ ... + U„^ i.] 
aw j* 

For, ja = w (*) = j u(y)o (as-y) dy, 


• • • 


( 3 * 5 ) 


93 


178 


:o 


o o 


= U(y)r(4:-y) ] U(y)7'(x-y)r7y, 

(on integrating bj parts) 

^U(j:)vCo)+| V(ij)v'ix~>j),Ii/ 

' o 


Hcuoj W(xO=| U(j/)v(a:-y) 

0 


This \70 may call ^^AboTs tr«iD3formatioa.” Of coarse we conld 
also have cstablislied this directly by transforoiing the double iotegralB. 


The prubl^'m nov is to consider the integral 


1 


OD 

n'{x)ilx^ 


(3-61) 


or (wriltcn in its equivalent form) 


00 


w • • 

Jx| u(y)v(x— 


(3 62) 


o o 

or 5 tho limit (if it exists) of. 


lim 1 1 -* . A/-- r 


rj 


0 ' o ' o 

in its relation to tho jtroduct of (3 1) nod (3'2) 


(3*63) 


00 


00 


VIZ. 


I n(x)(fx and j v(x)«/.b. 
o o 


In other words,, the problem is : nndcr what circomstances (in 
addition, of coiirao to U and V being convergent), is tho integral (3'6) 
convergent P, and when convergent what is its valno in terms of U 
and VP 

The problem being thus put, wo proceed to obtain some prelimi- 
nary lemmas. 

First, we have 

U(y). V(*-,),7y=U. V (3. 7) 



Siocc the integral giving U i?; convorgeu!, wc can clioo'^c a nnnbcr 
6Qch that for all valnc.'^ of greater than tho nutubor *U — U(x) 
shall b -1 loiis tlian where c, is an arbitrarily small prt a*»siga_Hl po'^i- 
tire number. liikowiso lot x. an*l c, refer to;V(.t). Then clioosing x 
greater than either of thC'O values (sar x>r.) we shall inve 

(n-t-^,)(V+c/) iJij at least when x>Xs 
U, V. since w'ith 

X 

It IS now easy to obtain a tlicorcni corresponding to Cesaro*s 

theorem 1 (\V,-h W,+ ... + \V„) =1 (U,V,.+U,V„.,+ ... +U„V.')-> U V, 
n n 

This theorem connect?s (3 t^) with (3 5) ami (3 7) and is this, viz: 


lim If^ 


lim 1 




Ir */vf\/.-r dt uC()f(s-/) 


(3-03) 


O "0 '0 

— ' lim * 1 * from (3*31) 


^ lim 

X — 


o ' o 

.X 


^ If W0/)dy, ... from (34) 

xJ ^ 


o 

X y 

~ar ’‘(=)VC7 — (■* 


= '^oo-f ^(7)^(* — y) *^y ^y repoetiDg the method hy which 
X ^ o 

(3 5) was obtained. 


letosay ^UV 

CoDseqnenlly, 

•it «(/).(-— 0 — >uv 

o O •' o 

which is the aoulogne of Cesaro's tlieorciii.*' 


(3. 8) 


The preliminaries being put thus, wo shall obtain in isc next 
paragraph the nnalogce of AboFs theorem : of § II. 
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tv : The analogue of Abers'theorenl. 

The theorcDt is,, that when 

f u{x)dr, ( n(^x)dz and f u'(a5)(/r j (3'1), (3 2) and (3 6) J 
Jo% ^ o 

are convergent, Ihe last mentioned value is equivalent to the product 
of the Brst two ; that is to say W = UV. 

This follows immediately from § III, for, 

CO 

Since j tc^x^dz is convergent and equal to W. 


lim 


■^30 


W(jc) eiists and equals W ; 


.c 


or 


Ij W(y)(Iy also oiials and is equal to W. 


Hence W = 


lim 


j, 


1 |*w(y).;y 


lim 

jg > x 


o 

« .J/ 


1| ihj^ n{t)v{z — t)Jt Min (3*8) 


^UV from (^8).^ " 

Thns we haro) 

00 CD CD 

j M(j;)ff*x j }'(z)(/x= j dx\ u(jf)i(x^y)dy 

when all the three integrals are convergent. 

As illustrations, we have 

1 u = “** =rr(n) 

a dx 


( 4 ) 


e 


and V := J 


Hence, "W = 


CO 


dx 


2” 

e dx — \ 
o 

X 

n—\ — J5— y r(») 

0 dy= n (41) 
o 2 


2 . 




t| 


o 

tf* 


2a 


exp 


«Cx-y) 


This tlicoroin enables us to evaluate some donble integrals 
which oanoot be integrated (otherwise) by direct molhoda, 

*Uro>mwich p- 88 and p, 885, 
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A Proof of Bertrand’s Postulate 


liY S. ItiilANCJAil. 


1. Ltiridan in his HnnJbndi pp. b0-l»2 (jiro-^ u j ro'-f of n t'lMiorem 
the truili of which was co!»jocliireil by Hertran'.l ; niuuely llmt there is 
at least one prime such that a:<Cp_^2-c, if 1. Ijamlau s proof is suhs- 
tanlially the same as that given by TchebicheU. 'I he following is a 
mneh simpler one : 

Lot V (x) denote the snm of the logarithms of all the j)rimes not 
csceediug x and let 

( 1 ) i|j (*) = V(j!) + V(V-«) + K*^)+ 

(2) log [*] !=4 jC*)+4j(^^) + ' "'I'cre [x] denotes as 

tisoal the greatest iatoger in 


From (1) wo have 

(3) 4,(x) - 24 ;( v-r) = i ' : V-^O + ‘ )- 

and from (2). 

(4) log [x] !-2 log [lx] ! =4.(x)-4,(f) - 

Now remomboring that (x) acd 4^(x) arc steadily increasing funciions, 
wo find from (3) and (4) that 

(5) 4j(x)-24jCVa:)< < llj(x) ; 

and (6) 4^(*)— 4^ (^|) < log [«] ! — 2 log j ! < 4 j(-c) — 4j(^) + 4'(§) 
But it is easy to soo that 

(7) log r (x)-2 log log fa-] !_2 log [^] ! 

. <iogr(x+i)-2 iogr(5^) 

Now nsing Stirliog’a approximation wo deduce from (7) that 

(8) log [*] ! — 2 log [4*] ■< I-'- if * > 0; and. 

(9) log [x] !— 2 log [1»] !>3-Pt if x>300 at any rate. 

It followfl from (6) (8) and (9) that 

( 10 ) 4 , (x)- 4 » (i»)<!ap, if * > 0 ; 

and (11) 4^ C“)“4j(|)+4^(^)^i*’ ® 


Now changing x to i x, ] x, J x, in (10) and adding up all the 

results wo obtain 

* 9 
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(12) 4^ (*)<3 r, if * >0. 

Again \\c have 

(13) 4^(-*-)-4^(|)+4^ (y)< K*) + 24.CV*)-^(j)+4i (;^) 

IQ virtae of (5) anJ (12). 

It follow* from (U) and (13) that 

(14) u{x) — v > ^—3yx, if x>300. But it is obvious that 

y— 3\/x> 0 if a: >324. 

Ilenco 

( 1 5) v(2.c)— y(x)>0 if * > 162. 

In other words there is at least one prime between x and 2ji if 2 > 
162. Tims Bertranil’s Postulate is proved for all values of a not le'sT 

than 162 ; and, by actual vori6cation we find that it is trao for smaller 
values. 

2. Let ■n(x) denote the naniber of primes not exceeding x. 
Then since ‘ff(*)— ttCI*) is the number of primes between x and ^ 2 , 
and Pix)—V(\x) is the sum of logarithms of primes between z and {x 
it is obvioQS that 


(16) t'('*) — { ■ir( 2 ) — ‘»t( 52 ) } log 2 , for all values of 2 . 
It follows from (14) and (16) that 

(17) ^(x) — 7 T(|x) 3\/* ^if x>300. From this wo 

easily deduce that 


(18) 'TiCx)— 7r( »2)^ 1, 2. 3, 4, 5, if x> 2, 11, 17, 20, 41 

respectively. 
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Astronomical Notes 

Comets. 


1. Kopff’n periolio comet (190C IV) which relorne.I to perihelion 
on 1010 Juno 23, wa< «H3coFereJ on July 30 by Prof. Max, U'’oif at 
Held elberg. Its|>tellai' magnitiulc was then about 10. 5. The cotcet 
was not visible during' itd last return 1912 Nov. 30 as its position 
relative to the Sun was then not so favoarable. 

2. The second Comet for the year (1919 b) was discovered by 
Metcalf in America on Angnst 20. At the time, when the discovery 
was announced, the comet was supposed to bo now and the following 
elements f^r a parabolic . orbit were compute^ from the available 
observations t — 


T = 1919 Oct. 16. 1934. Greenwich Moan Time. 
(D = 128® 33'. 32') 

n = 311 22. 93 I- 1919. 0 

I 

i = 19 59. 03 J 

log q = 9. 6828 

Prof. Louachner has subseqnectly identiCed it with Comet 1847 V 
(Brorsen), a rooiuber of tho Neptone group, the actual period being 
72 years 37 days. Tho magoitade durioL' these months has been 
ranging between 6 and 7, so that the Comat was just visible to the 
naked eye and coold easily be seen through a small telescope. Its 
position on Oct. 10 was ll. A. 11* 46'", Dec. 16®. in tho eastern 
sky early morning. 


3. News has also been received of the discovery of another 
Comet (1919 o) by Metcalf on August 22. It was also discovered 
independently by Borolly, a day later in Europe. Tho Comet was 
faint at the time of discovery being about tho tenth magnitude. Some 
subsequent observations have also been obtained, but suffioient details 
are not forthcoming to show that the ComQt is likely to provQ 
Interesting. 



Planets. 


4. ^^o^t of t!io 

planets 

arc 

morning stars. Their positions on 

Nov. i are as follow 

s : — 





R. 

A. 

Duel. 

Constellation 

M- roury 

15'* 

42’" 

22* .0 S. 

Scorpio 

\cU\liK 

11 


2 .0 N. 

Virgo 

Mnrs 

11 

1 

7 .9 N. 

Leo 

Jnpitor 

•) 

If) 

16 .5 N. 

Cancer 

Siiturn 

10 


9 .5 N. 

Leo 

Uruim^ 

22 

1 

13 .0 S. 

Pisces 

Ncptiiao 

8 

56 

17 .3 N.‘ 

Cancer. 

«- 


Tlio position of tlic Sun on the same daj will be R. A. iV’ 23'"» 
Dccl. ‘V ir S. Venus attains its greatest brilliancy on Oot. 20 and 
will lie at greatest olongaiion on Kov. 2J. 

Eclipses. 

5. A partial Eclipse of the Moon will occur on Nov. 8, 1919. 
The bogimiiog of the Eclipse will be visible throughout India but the 
end will not bo visible, us ihotMoon sets before leaving the penumbra. 
'I'lie circumstances of the Eclip.se are given below J 


Moon enters Penumbra 

Nov. 

8 

3» 

A. M.1 

1 

iloon enters Umbra 

H 

11 

4 23 

1 

II 

1 

• 

Middle of tho Eclipse 

II 

II 

5 14 

1 

( 

r Indian 
Stnudord 

Moon leaves Umbra 

If 

M 

G 0 

II 

Time. 

Moon leaves Penumbra 

1* 

II 

7 25 

.. j 

1 


Also an annular eclipse of the Sun (invisible in India) will ocenr on 
Nov. 22. The central line begins in Texas U. S. A., passes through 
Cuba, and after crossing the Atlantic ends in the North West of Africa. 

6. Some photographs have been secured during the recent total 
Solar Eclipse (May 2S) by Prof. Eddington, with a view to test Einstein's 
Thcciy of Kolaliviiy. The results have not yet been folly discussed, 
but there seems to be some evidence of deflection in the positions of 
stars duo to tho Einstein clloot. 


Nisamiah Ohservatorj, 
lltjdotahcul. 


T. P. Bhaskara Saslri, 
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SOLUTIONS 
Question 1009. 

(Commaoi.'ftte.l by Mr. He .' iR.u) l^C is a <riangl.'. O.P are 
its circnraeenlro aa.l orthocentro. If 01* in-''c-ts AIL AC, in n,C„ 
prove that the join of the cireniueontro an-l orthocenlre of AB,C, is 
parallel to BC. 

SofuO.m (1) h,! T. 7?oa an l (2) ly LjkihmisJfi.iJc^’r .V. Dhait. 

(1) Lot P„ O, be the orthocontro ami the circiimcentro of A AILC,; 
Let AO,: AP, pro.luccil meet the circle ABC in B.P. Draw OM; 
0,M, perpemltculars on BC; B,C,. Join BO, B,0,, 0,0, OK; PP,- 
PF, OA. 



Then the triangles OBAI; 0,B,M, arc similar. 



OB _ OM 
OjB, O.Mi 


AP 

AP,' 


Bnt AO, AP and AO,, AP, are pairs of isogonal conjiigatos, and 
|0A0,= |PAP ,. 

It follows that 0,A0 and P,AP arc similar. 

AO, _ i 

AP, ~ AP^ 


Bat PA = PP since OP is perpendicular to AF, a chord, 
the isosceles triangle.s AOE, APP are similar. 


that is 


AO , _ ^ _ AO,, 
AP AF AP,' 
0,P, 11 EF ii BC, 


24 
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(2) Join AP ami draw OD ± to A.P. Thoo if OP makes an 
angle 0 with BC or OD, 


tan 0 = 


PD 

OD 



c cos B — t» 

_ U co<i (B— O)— 2 ll_co9_^ _ cos (B— C) 
2’it'co8 B.s^in'O-B sin A sin (C 


—2 cos A 


-B) 


... (A). 


Now if 0, is tho angle between OP or BA and BC, A, 0+0, 
B— 0 are tho angles of A AB,C| ; 

and if the join of the opthocentre and circomcentre of this new triangle 
AB,C„ say 0|P„ makes on angle 0 with B,C„ wo hove similarly 

, « (<-nsB.ft.fl-C)-2co8 A cos (20-B+C)-2^s A 

tan0, - (0^C-B+0) sin (20-B+O) 

Hence if 0, P, is paraUol to BC, 0+0, mnst be eqaol to aero. 

Wo therefore require 

cosfB— C)— 2co8 a cos (20~B+C)— 2 oos A - 

sric^l) + sin (20-B+C) ”• 

i.e. sin (20— 2B+2C)=4 cos A oos 0 sin (0— B+O,) 

t.e. 2 8in(0-B+C)»co8(0-B + C)=4cos A cos 0 8in,(0— B+C), 

i.e. cos (0-B + C) = 2 cos A cos 0, 

ix. cos 9 003 (B-C)+8in 0 sin (B-C) = 2oos A cos 0, 

I.e. cos (B-C)-2 cos A= tan 0 sin (C-B),. 

Bat this is the case, from the volne of ton 0 found above in (A) ; 
hence the resnlt is established. 


Question 1037. 

(A. C. li. W 1 LKIN 8 OH) If one angle of atriangle is 60®, prove 
that tho Enler line of the triangle is equally inclined to the two sides 
containing the angle of 60® • 
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Solution by K. Sanjana. 


A 



Let ZA=60’; AD perpon'licular to BC, t£ the orthoceotre ; AM 
the median to BC, G the centroid. 

Let HG meet AB, AC in h, c rospectlTely, and make an anglo 0 
with BC. 

Now tan 0 = (GN-UD)/DN = (i AD-UD)/*D.\I 

= (iAH-iUD)/i(BiI-BD) 

2 R C09 A— 4 R cos B cos C 
R sin A— 2 R sin C cos B 

2 cos A— cos (B— C) 

^ (B-C) ^ ' 

If A = 60®, 2 cos A = 1 and tan 0s=tan J (B— C) ; 
thns Z6 = B— 0 = 5 (B+C)=CO’. Zc = C+0 = 4 (B + C) = GO\ 

This method also proves the converse ; for, if B-0=« 

C+0, and 0 = & (B-C), so that tan 0= { l-eos (B— C) > /.sin (B-C), 
Farther, eqnation (1) gives a proof of Q. 1009, commanicaled hy 

Prof. Hemraj. 


Question 1038. 

(A«C.L.WilkiN 80N).— The equation of a conio referred to tangential 
areftl coordinates ia 

aZ*+bm’+cn>+2 hlm + 2 fmn + 2 gnl = 0-, 
show that the magnitades of its semiaxos are given by tiio equation 

r**+4 iJRV+16 R‘A 8in*A sin’B sin*C=o, 
where R is the rodins of the circamoirolo of ABC, the triangle of 

reference, and 

/=a+6+c+2 /+2 </+2 h, 

J=A sin’A+B sin’B+C Bin*C— 2 F cos A sin B sin C 

—2 Q cos B sin C sin A — 2 U cos U sin A sin B.i 

a, h, g 

h, b,J, 

9 * /fC 


A = 


BA 

ba 


. 

F = i etc. 
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lleoco, or otherwise, prove that if a conic is iuscribecl in a triangle 
tiic j>ro»lr»ot of the stjiiaics of its sciJiiax«?3 is 4 K a/?y, whore R is llio 
i-a-lius of the circuracircb of tho triuigle anl a, /?, y are the perpendi- 
culars from tho centre of the conic on the linos joining tho luiddlo 
points of the sides of tho iriangle. 


S'>lulion btj K. J. iSa.tjana, J/. .1. 

Tho notation ha<, I am afraid, got somowliat mixed : S and A are 
used iiKlifforontly for the same determinant, and a, b, c are liable to bo 
confounded with the sides of the triangle ABC. I shall use tho tangen- 
tial areal form aR-Pi m’+H-a’ + i a'ma.p-2 v mZ-P2 ,v'l,n = o, which is more 
usual. Tho problem is solved in C. Smith’s Come S.vfma» (Now Bd. 
§ 277), where however Irilincar coordinates uro used. Tho method may 
of course bo oxtondel to tangential areals; or wo may obtain tho 
soiniaxes as the radii of circles whose centres are at tho centre of the 
conic and which have double contact with it, tho poles of the chords of 
contaot being at infinity. Tho rostiU may thus be obtained directly in 
tangential areal cooialinates. 


Tho formula arrived at by C. Smith is 

XUr** , \\r-x*co^G, 
KW’-x»cosC, XV-|-i» 

XV'-x» cos 13, XU'-x* cos A, 


X V'*— j:’ oo.s 
XU' — J-* oos 
XW+*> 


13; 

a' 



tho t'ilincai- equation of tho conic being lua'+a lLn'/3y=iO. 

Tho coofUcient of af' is zero, being I— cos* A— cos* B— oos* C — 
2 oos A cos 13 cos C. 


Tho ooeniciont of \x* is U-f V + W+2 U' cos A-f.2 V' cos B-*- 
2W'oos C-U cos* A-V cos* B-W cos* C+2 U' cos B oos C+ 
2 V' cos Ceos A-f 2 W' cos A cos B = U sin* A-f- V sin* B + W sin* 0 + 
2 U' sin B sin C+2 V' sin C sin A 4-2 W' sin A sin B. 

If now M, V ic ir' v ic' refer to tho tanginlial areal equation, wo havo 
to replace U by 6* c* « and U' by o* 6c u, 

Thus for tho ooefllciont of X*;* wo get 

6' c’Msin* A+c* u’ y sin* ll.|- a*6* w »in» C + 2 a* 6c u sin B sin C+ 
2 6'c(iy'siiiCsiuA + 2 c*a6a'' siuAsinB 

* 

-4 A*(«+w+«>+ 2 tt'+2r'+2 tt*') = 4 A* I, 
where A denotes os ordinarily tho area of the triangle ABU. 
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Tho cocfticienf of .c’ in the cxpaaJeil aetormiiiiviu U 
V\V + WU + UV— U'=4-2 UL'' 'coi A — V''+2 VV' c.i U-\V'> + 
S WW* CO:? C-2 V' W cos A-2 W U' c .s li-2 U' V' cos C 
= (V\V-U'0 + (\VU-V'‘) + (L'V-\V'^) 

+ 2 cos A (UU'- V W’j + 2 CoS B (VY — \V U ) f 2 cos U 

(\V\V'-U' V 

Changed to areal taageutial notation, this is 

Xa‘i-c* (i;u> — u*'-)-p2 £ 0 * 6 ' •* coa A («u' — I'.f') 

= a* 6 V { c* U + t* V+c' \V + 2 fcc cos A.U‘^-2 .a cos B. V‘-{- 

2n6cosC.W‘) 

= 4 IV aW { U «iu* A + V sin»B+ Wsin’O 
+ 2 U* sin B siu C oos A+. | 

= 4 R* ri’t’c* J. 

[I'lioro is evidently a mistake of sign in the lust ihreo terms of tho 
given value of J.] 

Lastly, the coefc. of \' = UV\V+2 U'V'W'— UU'*— VV'^— \VW'*i 

= a*tt*c* (mu«j+ 2 — wf*'*— vr'* — wuj'*) 

u 14 ;' o’) 

=-a*6*c‘ U, whei e D-- tv v n" 

V u U' 

Thus tho ctjuatiou to determine tho lengths of tho axes is 

4 A’ 1 j:*+4 aW R» J \ x^+aW D K* = 0. 


Now in trilinoar point coordinates \=4 A*/ { £u* U -1-2 LfcoU* } ; 
hence in areal tangontials, 

\=4 AV { I a’6V «+2 £ qWu' > 

=4 AVa’6*c* I. 

Therefore the required equation reduces to 
4 A* /»‘+16 A»KV»V1+16 A*D/I»=0, 
or r sb*+4 R* IJ *’+4 A>D =0, 

v^hioh agrees with the result given. 

When tho conio is inscribed in tho triangle of roforenoe, the areal 
tangential equation is it't/tnq>v'nf4-w'fni = 0 ; also 2 (u'-po' + ie') 0= and 
D=2 u'l/w'. The cgttotion of the centre is (v'+ir') f=0, bo that its 
areal coordinates are as v'+w* : tv'+u'; «'+v', and their absolute values 
are (tZ+u;')/!, etc. Tho areal equation of the join of the mid-points of 
AB and AC is y+ 2 — a;=0 ; hence the distance of the centre from this 
line is given by 


a — 2A’2a'./“* •{ o*+i*+c* — 2ie cos A+24;a cos B+2tt6 cos C V 

=^2Au7ad. 

So aulo /?, y way be found. 

4 R a/Sy = 4 R. ; 

abeP P P 

and this is the product from tho eqnation obtainod above. 
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Questions 1043 & 1044. 

1043 (V Ramaawauii Aiyar, m.a.) : — On tho sides DC, CA, AB o 
a trianKlo ABC pairs of poinU (X. X') Y, Y ). (Z.«Z’) are taken sack 
that XX' = BC, YY'=CA and ZZ's^AB; and perpondioalars are 
erected at tlieso points to tho sides. If the perpendioalars at (Y, Z') 
(Z. X'), (X, Y') intersect at 1’, Q, R; and those at (Y', Z), (Z', X), 
(X', Y') intcrseet it P', Q', R', ; prove that the six points P, Q, B, 
P', Q', R', all lie on a circle. 

1044. (V Ramaswami Aiyar, m.a ) Given three straight linos as 
well as Ihcir orthopoles determine the circnmoircle as well as the nine 
points circle of tho triangle of reference. Show also how the triangle 
of reference could be determined. 

So/wfto» auJ remarks by M.Bhimasena Rao. 

It is known that the orthopole of a line given in direotion lies on 
the pedal line of the triangle of reference, which is perpendicular to 
tho given direction and that the distance of the orlhopole from tho 
line is constant ns tho lino varies (Ft*: Orthopole Theorems, Gallatly'a 
Modern Oeometry), From the given opthopoles draw perpendiculars to 
the given line.s forming a triangle ABC and let tho distances of the 
orthopolcs from their correspoding lines be p, q, r. On BC, take BX = 
QX' and draw linos through X and X' at right angles to BC. Similar- 
ly out off lengths on CA, AB, equal to g, r respectively ; and erect per- 
pendiculars to these sides at the points of section. Let tho por* 
pondiuulars to tho sides of ABC, intersect in tho points P, Q, B> P^, Q , 
R' as in the 6gure. 


R 
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It is now evident that C is tlie orthopole of X R nnd also that 
of YR'. Therefore the point R' lies on the circumcircle of the triangle 
of reference, which for a similar reason passes through F and Q'. Since 
BC is the pedal line through the point C and perpendicnlar to X' H', 
its pole must line on YR'. the orthopole of which is also C. Considering 
the point B. it follows by similar reasoning that the polo of RC lies 
on Z'Q'. Therefore P, the point of intersection of VIV and Z Q' is the 
pole of BC, and lies on the circumcircle of the triangle of reference' 
Uenco the six points P,Q, R, P’, Q', P.' are concyclic. This is the result 

of Question 10-13. 

For an indopendant proof, we observe that the projections of 
PF on CA. AB being equal to CA. AB respectively, PP' must be equal 
and parallel to the eirciim-diametcr of ABC through A. It follows 
thatPF=QQ' = RR'- QR' is parallel to Q'R and QQ' =RR'. Therefore 
the points QQ' KR' aro concyclic. RR' makes with BC the angle 
90— A, the angle RR'X = 180— A, angle PK'X = C. Uence the angle 
RR'P = B. Angle RQ'P = 1&0—B. Therefore P lies on the circle QQ. 
RR'. Similarly P' lies on this circle. 

Since ABC is the triangle formed by the pedal linos of P, Q, R. 
the rcilcxion of the orthocentro of PQR in the circnincentre of ABC 
is the orthocentro of the triangle of reference. (Fide : Q. 291, page 128, 
vol. Ill, J. I. M. S ) 

The circumcircle of the triangle of reference and its ortho-centre 
being known, the nine points circle is known. The sides of the triangle 
of reference are tiio common tangents of the parabolas with foci at 
P, Q, R and vertex tangents BC, CA, AB. 

[Mr. S. Narayanan’s question referred to on page .128, vol. Ill, is 
“ If two triangles inscribed in a circle be such that the pedal lines of 
the vertices of one with respect to the other are conciirrout, then the 
pedal lines of the vertices of tlio latter with respect to the former 
triangle pass throogh the same point of conourrence ”. This was 
published in the December 1909 issue of tho J.I.M.S and is quoted by 
Mr. W. Gallatly on page 50 of his Modern Ocometry, 2nd Edition. But 
this property has been slated by Mr. C. E. Yocngman in the columns 
of the iValhematical Gazelle and a solution of the same by Mr. W. S. 
CooneywUlbofoandonpageSOl, vol. April 96 of that Journal Ed] 
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Question 442 . 

(K. J. S.-injona, M. A ); — ObtaiQ a general solution ot tlio Diophan- 
tine equation 

'r,— - = square. 

75»' — 12r, 

Find foiJr solutions in ration'll natnliors of the equation. 

Sol nf ion by S. Mitra. 

w 

and ia(nV-bV)= (j/*-!)- 

If kx = j3d, then wri'ingn for we have ... ... (2j 

K 




Assiimo ij = -^+ q. 

. /«V . .t 


... (3) 


or j)‘^^+2n''j)+P(''V+ ^^+9’-l=0. 

( -l,Y+ ± V { ''V-4»b,’+8»b9+ ii”l 

^ - (4) 

2 (1+2,. 6.;) 

Giving any value to q, wo got the correspondiug value of p 
then (2) and (3) give the vabios of z and y i so that, (2), (3) and (4) 
constitute a general solution. 

To get partxcolar rattenaf solutions, wo proceed thus :•» 

In order that p may bo rational, we mast have 

6 *q«_ 4 nbq*+ 8 n 6 j + ^^’or (by + |-) * -4bH(5*+q*-2j) n per- 
fect square. 

Put 9’'+g*— 27=0. Then q = 0 , 1 or — 2 . 

Also in this case ( 4 ) becomes 


- (^v + 
2 
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_ _ 'li + j 




When '7 = 0, p = - 

n 

hi _ b 

• . 35 — — T — — 

nk a 
and y~l 

When 7=1, /> = 0 

35 = 0 

and t/= 1 


or 


or 


n(n + 2t=7) 


t, 

or — - 

71 

or-^ 


or 




n(» + 2b') 
h kl + 2ad 

h*k-ail 

2U*k-\-a‘l 


... (a) 


... (b) 


When q — — 2, p = 


Zhk 


z = 


aD*l y = 


ad — 46'Ar 
Zvd 

ad^4h k 
iif/+8{> ft 
ad-4b^k 


or 


li 

^ ') 


a 




...(a) 


From (-i) (/') A (c) wo therafoio ge^ particnlar solations of (1) in 
ratioDal rnmber.^. 

AKainif®-— y «/ (/>) bo a solntion it i*; evident that z^ (6), j/ = 

-/(fO and 45 = (b), !/=(-) Thus from 
(a) (fj) & (c) we get the following seven dilTeront solutions. 



I 

11 

IH 

IV 

V 

VI 

VII 


1 h [ 

B 





-Mb'/ 

a; 


i 





*1 

±1 

±i 

1 

, bk'-ay/ ! 
* 2b’h + 

, f/fc-t-o// 
fib— 2h*& 

.0^+86"/^ 



Again aBsnming y=pg'+l ioetead 'of to p 2+} and proceeding in 


/ 2» 6*— 4n 

the samo waj, we shall got 9 — -r-r-*/’ — 3i?^' 


25 





Honce v,'e get two other par-ticular Bolations 


X 

h'k—Ui 

h'k + ^ad 

:i ab'k ■ 

3o6*fc 

y 

j_8 ad—Vk 

* 36'fr * 6b*k 


In the nnmerical example given as=5, 6=3, Ar=3, (i = — 125. Hence 
we get the following nine rational solotions. 


3 

5 

3 

5 

1 

0 

4 

3507 

3993 

1125 ' 
940 , 

1125 

2581 

2419 

405 

1 

1 . . 

“2315 

3935 

1 301 

1 

1 

405 

±1 

± 1 

±! 

1 

1 

.706 
; ^ 463 

f Ih? 

040 

.1273 

*301 

i 

.4910 

243 

508 

*243 


QKCStion 62^. 

(A. K. Kaguav.vcuar ): — Two parabolas 0 ! latora recta 4a, 46, have 
a common vertex ami their axes nro inolinod at an angle ci. If they 
again intersect at an angle (a— ami if the distance between their 
foci is r, prove that 

o’* _ 9t*s {3^^’'-4M-gs) 

n6oosa“ ’ 

where t and b stand for tan a and tan /3. 

Solution by N. 6'a»»A*flra Aiyar, 

Let tho two parabolas boy*=4 ax and (y cos Q+a sin a)* =46 

(a; cos a —y sin a ). 

. 4 a a 

Lot them meet again at a=^ , . 

Then a (m cos tt-hpin a)’=5m’ (cos* a— m sin a) ... (1) 



J • } 


If 05 be tho angles wliicli iho taugcnts to those rurves make 
with the axis of then 

ni ui (l 4 -<;in'a) — sin a cos a 

tr.u 0 , = and tan 9 ,= cos a 

{\+2r)—f 

” 2 + t^—vit 

from the ei^uation of the second enrre as is oasilj seen, since tlie oqna- 
tioD to the tangent to that carve is 

( 4<i 4a \ 

— cos aH — r, s»n a ) 
m m- J 

= 26 cos a ^ ^ ) 

and a—/? =01—0,. 


tnn (a— >ff) = 


2in+rnt^ — T>i*< — 2m (l + 2'’)+2f 


4+2t*— 2ju? + m’ + 2»/i‘i^— ?f»i 

_ 2t — /rn* — Srn^* _ 

4+m*— 2t’(i4-^n') 

tiin /? = tan (o — Oi— 04) 

_ 4/ + 3mt’ + 2i' (I + »t^) — 2 t4.fm-+3m< 

~ (1 + + — — 3mr 

2t+2fm* + 2r (1 + m’) 

”4+4^’— 3mt — 3mt*+ + 

2((l±,-’_)_:^,.j^ 

4— + 

. , 4-3m«+m*— 4 (H-m>) 

. . t— 2« = t — 


2t—s- 


44- HI* — 3Hii • 

_ — 3mt (Ht + 0 
4-t- ni‘ — 3m< 

2ex3x(l-niO_ (\->nt) 


4 + »n* — 3n» f 4 + in' — 3 hi t 

8 t^-4, t+8 8=3 (2 8-1) 

12 mt (i-f-rn) 


=3 + -jnt 

{ t* + (<+»*) (4-fm’— Gmi") 

(44.m*-3 m0» J 






= 12 t 


18 (m* — +2 tm (2— m*)4-OT* (4-Hw.*) (4) 


mty* 
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. 9 t's (3 ;»*-4 t + S f ) 

4(1—2 <— •') 

(ni* — m»+l) + 2 t m (2-m«)+w* (4-hm*) > 

" ■ m* (f + n»)'* (l-'^O 

/I (1+„i«)4.2 tm (2^>i^^>^)J-m\{4 + i m^ + m*) > 

“ ' ■ Hi» (f + 7/i)* (1— 

from (2), (3) & (4). 

c’ a’+6’— 2 ab cMja , 

^ (tb cos a “ ah cos a 


\ . t /i\ » — j»»0 

out from (1) a cos a=_ — . 


(1 + /*) 6’ m* (1 — »‘0 
(t+frt)* ■ 

h> m* (1-mf) 

' (i + m)* ■ 

f (!+<’) h* m* (l-mO* 4-0 + *« Vfc* --2 b* m» (1— mQ (i+m )’' 


and a&cosa ^ 




' • ob cos a " 6’ w* (T—mt) 

m* (1+0 n^_t»nj+ft + wy^2 m»(l-mt) (t + f >i)« 

= ” m® (f + «»)*(l— ’”0 

~ 771* (f + n*)* — 

f> r(f +2 tn + »«0*+’"* ( 1— "O *! ^ 
(t+m)*(l-mO J’ 

w}iich reilucos to 

i* f» (l + m'')+2 Im f24-7^-^nO+ m» (4+5m®+m ) 
m‘~ (( + m)® (1— ml) 

Honco the result. 


Question 621. 

(M. K. KBWAiiRAMANi) 5 — If throogh A, B, C lines AXY* BYZ, ('ZXi 
are drawn so as to make the same nnglo 0 with AB, BO, OA, respeo* 
lively, and for... the triangle XYZ. prove that ,o = 2o- sin (U>-0), where 
ui IS the Brocard angle of the triangle ABC, <r is the radius of the First 
Lomoine Circle of ABC, and p is the radius of the cosine oirole of the 

triangle XYZ. 

SoluUoti hy Martyn il. Thoinas M.A., K, B. Uadhava, L. iV. Swbra- 

maatant and ofhert. 

Triangles XYZ and ABO are equiangular, and hence similar. 
They are also similarly situated with resxieot to the jioint S, which is 


f 
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the Brocftrd point of tho triangle ABC, as well as uf X\ Z, since 
ABSX is a cyclic quadrilateral. 

SX^sin (U) — 0) 

•*. The ratio of similarity. Z\n~U ) — 


The sides of the triangle XYZ are Kfi, Kh, Kr. 

K'l. Kh. Kc 


Also 


p the cosine radios of X Y Z = ^ ^ a*+i.> + c’- 


ahe 


P" = 

■kr* 


4«-’ 

K’ 


= K*+( -"l 

^ Va»+l.>+cV 


K’ 


= (K sin u))* 


K» 

eot-U) + l 

-^- = 8in (u>— 0). 
■2<r ' 


Question 854 - 

(Maritn M. Thomas m.a.) :— If /O-and <r be the radii of curvature 
at corresponding points of a corve, and its a -evoliite of the /?-evylnte 
where o, /J ar** constants, nhow^that 

cos a+sin a j >5-rsin /3^ 

+ p cos a cos /3. 


Solutions by S- Muthuknshnan and several offers. 

With tho QBual notation let PQ, QO bo neighbonring normals * 
P/? & QjQ two tangents to tho /? evolnte. Then P,Q,0, and /? all he on 
a circle of which p is the diameter in the limit. 

4 

Hence Q/? = /t> sin ) =P cos(^-dX) 

where JX is thel angle between PO i QO 

COB /i cos <iX + /0 sin fi sin cfX 

^p COM Q^p eio 0 

^p 008 + 0y *•' ••• 

& if />' be the rsdiuB of curvature at the corresponding point of tho /?- 

p' JiQ/i) dX 
evolnto, • ds 

00 a >ff + sin /? ... (2) 

P ds 


or 
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Simib^rly <T can he got from p' condideriog the /? OTolote the 
oi'iginal carve 


<r ilp^ 

7 ^ . COS a + sin a 

p ds 




dp' ds d\ 


ss. cos a. -,-r 


c/5 * »/X* ds 


/ + Pin a 


= oo^ a. 


{ 


d‘ p 


p j \, cos /? + ) cos Q 4-*^ sin ^ ^ +aina ; 

multiplying 2 ami 3 an<l substituting 2 in the R.H.S. we get 


^r 

P 


= cos a ^ +■;£ ^ } +®'“ ® cos >ff + 8in >ff) 


'^P 

+ Pj^,-oos a cos /3 
dp 


= ^-^cos >ff + sin cos t*+sin +/ 0 j^C 03 a cos >ff. 


Question 859. 

(llKHKiJ, M.A.) : — A circle inlcrscots a hjperbola in four points 
A, B, C, D, one focus being witliin tho circle. Prove that the two 
common chords AB and CD touch a circle such that the two oirclos 
hare one limiiing point at the foens. 

Solution bij II. R. Kapadia. 


The ecioatiou of the hyperbola rcforrotl to a focus as origin is 
*^ + y» = (ca:— a)*. 

Let /,a+J»,y+l=0 and /,a»+w^+l=0 be the equations of tho 
common chords AB and CD. 


Now ai*+y’— ( m— o) +\(/|*+«hy+l) (U 

will represent a circle, if 

X /j Iq — «*r=X Itti f/lj 7 fQ\ 

and \(I,m.+ /,m,)=0 5 

By sopprossing from (1), we got 

— (ea— a)*+X (?i «+»«, y + 1) (i, fc+m, y+l)=:0. ... (3) 

From (2) we see, that (3) is a O it tonobes AB and CD. 


'rhoB (1) and (3) have the origin (loons) as a limiting point. 
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QUESTIONS FOR SOLUTION. 


1071. (T. P. Triveai il.A., L.L.D.) 

^ = r4-l. 

If rj, = Ju i'* * '"^il-^ + l^r-yv + l 

i>=l 

prove that Sr = l'''*'''f‘2" + 3''“*+...(n4-l) 

>• = 1 


1072. (T. P. Trivedi M. A., L. L. B.) Prove that 

i-nl'l - 

j V*anz log (tan x'^'ixss.y,, 
o 

.•7T/2 -TT* / 3 \ 

J -^"tana: log (tan*) da= 1^. 


1073. (N . P. P.nnota) Give a construction for drawing a com- 
mon normal to a parabola and a coplanar ellipse. 

1074. (V. TiKUVENKATACiiiRi) •— If «i, a 3 ,...n„ be n unequal 

positive numbers, show that 

(i) ^3 Gs..-)/tGj 0,>>a)i 

(ii) G,j = (1ji Lj Le...)/(ljj 

whore G, denotes the product of the G. C. M’s of the numbers >• at a 
time and L, denotes the similar product of the L. C. M*ti. 


1075. (M.K. KEW.aBAMANi): — A B C is a triangle and P i.-. its ortho* 

centi-e. P A, P B, P C are produced to A', B‘, C, respectively such that 
A A* = r„B B'ssrj.C C’s^r, where r„ r„ r.have their usual meanings 
If £, Tj, are the normal coordinates of the inccutre of the triangle 
ABO with respect to triangle A‘ B* C‘ show that 

(Scos ?— Tj) (S cos ^ — t) (Scos^ — S) 

* r 


B 


cosec, 


A 

cosec— 

2 


C 

coseo_ 

2 


2 


1076. (S. Ramanujam F. R. S.) show that 

(1) '^7'^'^-19 = ^/T/T-\/2/3 

(2) -■C^”'i279+ /l/y 
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1077i (Sadaxan'i*)-”* tbe result of elimioating ®, /?» y 

ana 5’from the foUowingTequal ions 


0 'll a: 

n, U 

I tii 0 

' <x 0 y 

I 1 1 I 

k 


0 

y 

0 

1 


0 Ch 

Of 0 a, 

(/, <j, 0 

y 8 “ 

1 1 1 


y 

5 

a 

0 

1 


1 

1 

1 

1 

1 

1 

1 

1 

1 

1 



0 O, Its /? 1 

o, 0 Os y 1 

<7* a, 0 5 1 

0 Y S 0 I 

11111 

0 fit a^ S 1 

a^ 0 «i o. 1 

^l^ Oi 0 0 1 

S a 0 0 I 

1 1 1 1 1 




is the ct^Qation 


0 

<»> 

'h 

\ 


Oi ftj 

0 a, fls 

a, 0 

Os Oil 0 

1 1 1 



1078 (A. C. fj Wii.kinson) : — Show that the nine rerlices of the 

Ihroo trianglea formed by the common tangents of three parabolas 
taken in pairs lie on a conic. 

1070. (A. C. L. Wii.KiNsoii) : — Lot ABCD be any fonv coplanar 

polnis (non cyclic). Lot a be the isogonal conjugate of A with respect 
to the triangle BCD. etc. Denote the common pedal oirolo of A, a 
with respect to BCD by (A), and lot 0 bo the common point of inter- 
eoctioD of (A), (B), (C), (D). Prov^a thftt . 

(1) the six joins of the four points A, B, C, D, bisoot at right 
angles the six joins of tho four points a, /?, y, 8, A.B bisects y5 at 
right angles and that the moot of AB. yS is the point of intersection 
of the circles (C), (D) other than 0. 

(2) that tho seven points of inter.sootion of the four oirclea (A) 
(B), (C), (D) lie on a oonio whose axes ore parallel to the asymptotes 
of tho rectangnlar hyporbala through A, B, 0, D and which also passes 
through tho centre of tho rootangnlor hyperbola through a, 0, Yt 8* 

(3) That this oonio will be a rectangnlar hyperbola if two of 
tho sides of the qnadiilateral ABCD are parallel. 

(4) that the sum of the reciprocals of the powers of A, B, 0, D 
with respect to (A), (B), (C), (D) respaotively is acre. 



Mathematics from Periodicals, 


ProceediDgji of th^ Royal Society, Series A, Vol S5, No. A 670. 

Va^Huin Arc !^j>ecfr(i of various in the Extrt tne Ultra^tn^h.t^ by 

J. C. Mclennan, F,R.S., D.S. Ain4ie, and D. S. Foller. (For tin, lead, 
and thalliora, new lines have been observed and measnred below 
\ 1700 A and for iron, cobalt, nickel and carbon, several new lines 
have been photographed in the region between ^\1850A and K1400A. 
Other measnrements also are given covering and conbrtning previous 
work.)— An Investigation of the Ionising Poirer of the Positive Ions 
front a glotring TantaJVm FHomcnt in J/tbiim, by Frank Horton So. D 
Ann Catherine Davies, D. Sc. (As the result of experiments involving 
the ionisation of helinm gas by collisions, the anthors were led to the 
conclusion that the minimnm ionising potential for positive ions was 
very much greater than that for electrons.) Wave Ii> sistanc^ : Some 
Cases of 'Phree-di rnensiofyal Fluid Motion^ by T. H. Havelock, F. R, S. (The 
object of the paper is to calculate the wave resistance for assigned 
surface pressures of considerable generality, taking the surface pressure 
to be two dimensional and the wave*pattern like that produced by a 
ship. Starting with the expressions for the velocity potential of the 
fluid motion and the surface €icvaii<m given in Lamb’s llgdrntiynamics^ 
p. 425, for an initial impulse symmetrical about fhe origin, the anther 
limits his discussion to the case where the system has been in motion 
for a long time, lie then analyses the surface elevation into plane 
wave constitnents and obtains the wave-resistance by considering first 
a simple wave coostitnent and then summing np for all of them. A few 
simple oases are worked 'out for illustration, such as that of a prolate 
spheroid moving in an infinite liquid with a given velocity in the direc- 
tion of its axis of ftymmotry)— ^Experiments Demonsf rating an Electrical 
Effect in Vibrating Metals, by Admiral Sir H. B. Jackson and G. B. 
Bryan. D. Sc. (The paper describes certain experimentft, indicating that 
psrt of the energy of a vibrating wire give^ rise to an electro-motive 
force in it prodneing a sufficiently strong alternating entrant). 


The Philosonhical Magazine and Journal of Science, Voh 37, 
No. 220, April 1919. 

On the Problem of Itindom Vibrations and of Rattdom Flights 
in One, Two or Three Oimejtsions, by Lord Rayleigh, O.M., F.R.S. 
(When a nomber (n) of isoperiodic vibrations of amplitode (0 are 
combined, and the spaces are taken at random, the probability that 
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the resultant ampUtode lies mthin the limits r and (^+dr) when n is 
very great was given by the author (^Phxl. Vol. X» p. 73, 1880) 

to be (2/ni*) Exp { — r^lnt^)rdr. The object of the present paper is to 
consider the question further with extensions to three dimensions and 
with a comparison of results for one, two and three dimensions. The 
last case has no applications to random vibrations; it applies to 
random flights only. The expressions found for the probability for 
one and three dimensions are found to approximate respectively to 
■\ / ( ^ and ir — Ondhe Fundamen. 

V V*2«-7T/e ^'TX.n'f*^ 

tal L<iu:$ of EUjctriail Acfioup by Mugh N^ad Saha, M.So. (A.n attempt 
is made to determine the law of attraotion between two moving 
electrons, with the aid of the New Electro -dynamics as modified by 
the principle of relativity. With the help of Minkowskis' four-dimen- 
sional analysis, the author recasts the results of Lienard and Wieohert 
on the field produced by a moving electron and dedaces a Laerangiaa 
fanotioD controlling the motion of two electrons round each other which 
for small velocities is identical with that tentatively assomod by 
Clansitis). Experivicnfs on tke High-Tension Magneto^ by Norman Camp- 
bell, Sc.D. On the Dispsrsinn of Diamond, by L. Silberstein, Ph.D. (The 
object IS to apply the principle of intor-action of atoms, to the refractive 
properHes of diamond, considered as a known assemblage of fixed 
atomic centres each considered a single dispersive electron and 
becoming a donblet in presence of an external elentrio field# The 

dispersion formula of diamond, so dednced* is pip* = l+— — , where 

u = A and 14^ = ^^ — \ and X© being the incident (in vacno) and free 

ware lengths reapeotivelj, belonging to the electron of the carbon atom — 

and a = n <— n being the nnmber of carboo-atoms per nnit volnme of 

the crystal, o the velocity of light in vaono, and e and tn the charge 
and mass respectively of a single eleotron ; the assnmptions made 
in obtaining the formula fail to bold good only in the case of very long 
infra*red or too short waves. A. comparison with aotoal observations 
shows that the formula is fairly aoonrate. — Example* of Oporattonal 
Afethodf in Atathematieal Physicft by T. J. I'A., Bromwioht So.D. 
(The author works oat a number of examples in Gonduotion of 
Heat and in Gleotrioity to illustrate the merits of operational method,^ 
advocated by Heaviside and develops a more elementary treatment o 
the same. His new formula is stated thus Suppose we have found 

by operational methods the symbolical equation 0 )=: t), where 
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p stADfis for the operator d/dt and (? a constant . then the solation 

F(a.) 


to be interpreted x 


=g{ 


.V .+ .V. + 


. AV 


(Ot) 


, where = a is 


any root of ^(/>)=o. the Bammatioo extends to all such roots and » 
Ni are defined by the algebraic expres'^ion F(p)l^(p) = 

the solution haring the property of reducing to zero at f — 

The formula is applied to obtain expression for the mean temperature 
of a sphere and a cylinder and allied problems in Condaction of Heat 
and also to problems of loduction Balances).— Oa tftv Ongm of 
and Planck^s Laic\ by Sir J# J. Thomson. (The paper discusses the 
question whether, if >ve regard the electrons and positive charges in the 
atoms of the various elements as centres of force varying inversely as 
the square of the distance, wo have the potentiality of explaining by 
mechanical principlea, the properties of the atom. The cxplia'itiou of 
some of the |>roperties-*sQch as, the specific iodnctive capacity of the gas^ 
the formation of moleooles by onion with other atoms eto.^seems to be 
within the scope of this simple system ; but other properties, such as 
the emission of different spectra by gases, are not amenable to a similar 
treatment. The author supposes the field of force round the i^ositive 
charge, to vary inversely as the square of the distance at large distances 
from the atom and, in the atom itself, to change backwards and for- 
wards between attraction and repulsion as it would do if the expression 
for the force contained the factor sin(c/r)/(c//'). He also itnagines 
that in addition to the electric field inside the atom, there is a aiagnotic 
one and that the frequencies of the vibrations of the electrons are 
determined by the magnetic aud not electric forces. It is then shown 
that if wo assume a simple relation between the electric and magnetic 
forces, we are led to • Planck*s Law and a physical concept of the 
Qciaotnm Theory).— yl General Formula for the 3/omeof# of the Normal 
Oorrelation Function of any Number of Varxahlen^ by S. D. Wicksoll, (A 
formula is obtained for evaluating 


OD 


00 


00 


I dx^ jdx^ x„), 

• OP - OO -00 

where ^ is the normal oorrelation fanotioo of the variates 

reckoned from their respective means and expressed in their respective 
dispersions as nnits). — ifechantcal Beeonators under Double Forcing^ 
by B. H. Barton, P. R. 8.— Be^onanoe Ttadiation of Sodium Vapour excited 
by one of the fine#, by H. W. Wood and P. L, Mohler. 

Philosopbioal Transactions of the Royal Society of London. Series 

A. VoL2ia 



Bakcrzan Lecture, 1917 ; the Cemfignrations oj Rotating Compressible 
i(ass€8 by J. H, Jeans, iL A; P. R. S. (A mass of incompressi- 
ble matter shrinking? while rotating assames first the shape of a 
spheroid, then that ot an ellipsoid, afterwards becoming oostable and 
probably dividing into two detached masses after passing throagh a 
series of pear-shaped confignrations. In the present investigation, it is 
fonn<l that, except for an alternative possibility to be disenssed later» 
a shrinking compressible mass will experience a very similar seqnence 
of changes. It will pass ihrootrh a series of shapes which from their 
similarity to the spheroicls and eUipsoida of incompressible masses, may 
bo described as psenclo spheroids and pseudo^ellipsoids. The psendo- 
spheroids become nnstable when a certain degree of flatness is xeaohed 
and give place to a series of pHendo-eUipsoida, these in turn become 
unstable when a certain degree of elongation is reached end give place 
to a series of pear-shaped figures which probably end by fusion into 
iletuebed masses. The method adopte<i consists in making nse of the 
known solution for an incompressible mass as generating solution and 
then obtaining by a method of successive approximation an expansion 
uf the potential function in powers of ^ where f being the 

density at the centre and <r the density at the boundary of the mass). 

'rroTMJK'f ion< of Ibe American Mathomatical Society, Vol. 19, No. 2, 
April 1918 — 

I* roof that cvftait^ Itivuh in a f7yc/ofom/c Bealtn are Priact^al 
Ideals, by H. H. Mitchell (Tho author obtains the following theorem: 
Lot \ denote any prime such that X — 1 is not a power of 2, and let 2e 
denote a divisor of X— ^1 snoh that (X — l)/(2e) is an odd integer other 
than unity. Let (f be a prime snob that mod X* Then 

in tho realm of degree 2<* determined by the 2e periods formed from \ih 
roots of nnity, it is known that q is the product of 2e conjugate prime 
ideals, which form e conjugate imaginary pairs. Further, let h denote 
the ** first factor of the olass-numbor of the realm. Then, if one ideal 
be selected from each of the e oonjngate imaginary pairs, and the 
product of those be raised to the power h, the result is a principal 
ideal)* — The Order o( Primitive Qroups {III) by W. A. Manning— (The 
principal thoorom proved is the following:— Let be any positive 
'ntogor greater than 5, and lot p any prime greater than 2*^—2 ; then 
the degree of any primitive group O that contains a sobstiintion of 
order p and degree qp, but none of order p and of degree less than qpt 
does not exoeod qp+4q — 4; if O is not triply or (doubly) transitive its 
degree does not exceed or order of G is not 
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The late Mr. S. Ramanujan, bjk . f.r.s 


• • 


T 

U 


We deeply regret to announce the untimely death of 
Mr. S. Ramanujan, b.a., f.b.s., on Monday, the 26th April 
1920, at his residence at Chetput, Madras. An account of 
his life and work will appear in a subsequent issue of this 
Journal. 


it baH llJi* Muuuur w — inruu lur 'pun^ciyHiivii m tup ui tiie 

CoDgress the of AlUod Connirio:^ and of tbo^e Neotral 

CooQiriea a list of which was drawn op bj the third Interallied Con* 
ferenoo of Academies held at Brassels in Julj 1919. In order to 
facilitate making proper arrangomoota the CoininitteQ will be greatly 
obliged to all saoh persona as will intimate their acceptance as early 
as poeeible* 


The Congress is to be opened on 22nd September 1920t 
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It will be ilivided into fonr sections which shall be sab-dirided into 
as many sub-sections as too niimber and nature of the commnnioa- 
tions submitted may require. 

Section I. Arithmetic — Alf^ebra — Analysis. 

II. Geometry. 

III. Mcciuvnics — Mathomatical Physics— Applied Mathe- 
matics. 


IV. Questions — Philosophical, Historical and Pedago- 
gical. 


OfBoial accounts of the work of the Congress, at least in the form 
of a summary^ will be sent to each of the sobsoribers j 

A detailed programme giving information regarding journey and 
accommodation as tvell as proposed n^ceplions and excnrsions will be 
pnblished subseqnently. 

(Sd.) B. Picard, 

7'hc Pregiilent of the French National Committee. 


Additional Information. 

I. The oabsoription for Membership to the Congress is 60 francs 

(about Rs. 15) per head, payable to Mr. Valiron, Treasurer 
of the Congress, (52, AUee de la Robertson, Strassbnrg). 

A conlribntion of 30 francs will entitle any person of the family 
of a member to the same privileges, wit h the exception of .the despatch 
of a copy of the Official Peport. 

II. All those that desire to present to the Congress one or more 

papers are requested to notify the same to Mr- Koenigs, 
General Secretary of the French National Committee (96, 
Bonlovavd Raspail. Paris) and to inform him the snbject 
matter before Ist July 1920. 

III. Further information may bo obtained from cither Mr. 

Koenigs or Mr. Villat, President of the Local Committee 
of Organisation of the Congress (ll. Rue dn Mareokal 
Letaiu, Strassburg), or Mr. Golbrnn, Secretary of the 
French National Committee (14, Avenue Bmile-Deaokanel, 
Paris.) 
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Coii>putation of the Bphemeris of a Planet and a Comet. 

Bv R. N. ArtSy m.a , f k.a.s. 

§ 1. Au outiioe of the method of computing an ephcmer5-4 is inJicatod 
in Text-books like Tis3crand*s Orhitc$ p. 88 uu i Picart*s Orbites p. 43.* 
But there ere sereial points which require an examination in detail 
from a computer’s point of view. A popular treatment of the subject is 
given in Popula/' Astroriomy (1901) and Crommelin wrote a paper in 1895 
on a rough ophemeris of a parabolic orbit and recently (1^ 15) of an ellip- 
tic orbit. 


An epheuierls gives the moving body’s Right Ascension (R. A.) 
and declination (dec.) and the log. of its distance from the Earth. The 
unit of distance is the Kartli’s mean distance from the bun. Uhe 
ophemeris is computed from the given idements of na;orbil. 

§2. The olemonts of an elliptic orbit are 

1. The epoch. 

2. My the mean anomaly. 

3* ui, the angular distance of the Perihelion from the Node. 
4« Cly the loogitnUe of the node. 

5# t, the inclination of the orbit to tho ecliptic. 

6* 4*1 where ^in the occoutricity. 

?• p., the mean motion. 

8. log a, where a is tho major axis 
Tho instant ofiperihoUon passage is doterminod from tho above. 


Tho poiiod^a*^ yoarH* 

Tho elements of a parabolic orbit are : — 

1. Tho timo of passing perihelion. 

2 . ( 1 ) •) 

3. n > defined as above. 

4. i ) 

5 . log q, where q ia the (listaoce of the perihelion from the Son. 

• Also Plummer's Dynamical Astronomy received in India long after 
this paper was read. Tho subject is given tliero in a very condensed 
form with very fow new p.)ints. 
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The symbol denotes the ascending node whore the body is 
crossing the ecliptic from Sonth to Nofrth, and ^ denotes the descending 
node. S being the sun, the straight line S U lies in both the plane of 
the orbit and the plane of the ecliptic. 

The longitude SI is measured eastwards. 

U) is called the argnment of Perihelion and is the Angle ITI S A. 
It is to be noteil that U> is Tneasarodin the direction in which the body 
is moving and therefore is greater than 180* when the body passes the 
ascending node after it has passed the perihelion. Hence obviously the 
angle A S n = 360*— H, where A is the perihelion. 

Tf is the longitude of the perihelion and sometimes this is given 
instead of U). tt is mensnred along the ecliptic from T (the first point of 
Aries) to SI and the along the body's orbit from H to A tn the direction 
of the bodj/'s motion. If therefore + 360®, -tt = !! + <«)— 360^. 

t is the inclination of the orbit to the ecliptic. If the motion is 
direct t< 90® and if retrograde t>90' and <180*. If the elements are 
l^ven (considering i to be the smaller angle lietweeQ the planes) in the 
oompntation when the motion is retrograde, we mast pdtfassnpplemeiit 
of inclination vr = 2 fl^gtven longitude of .perihelion. In the elliptic 
orbit q = ti (1— *6), 

The epoch is the instant for which the value of the mean 
anamoly, is given. It is better to pat the mean anamoly at the 

opoob and for the mean Bnambly Bt the time lor which oomputation 
is to bo made. 

fL is the increMo of the mean anamoly if in a mean solar day 
and is usnally given in seconds. 

Besides the above, we nse the following 

t is the interval of time expressed in solar days^(atxd dOoimala of 
Holur day) between T, the instant of perihelion passage, and the instant 
of time for which the oompaiation is to be made ; ( is j>ositive after 
perihelion passage and negative before it. 

r 'ia (hb thfc dnomali/. Thus if P is the moving body, e = ^ASP. 
This is positive after perihelion passitge and is regarded as negative 
before perihelion passage. 
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r is the radius vector of the body, that its dislaocc from the snn 
in terms of the onit mentioned above. 

ibediHtanCG of the botly from the Karili io terms of the same 

Qoit. 


u, the argnuient of latitude, is the anj^lo inL-asured in the direction 
of motion through Nvhich P has moved round the sun after passing its 
ascending node, so that «.= <'+W. 


^3. Co-ortfiHO^tS of the body f';— 

1. In the equatorial-heliocentric system, taking at axes of-fx ,+ tj 
+ r,'respectiTely, lines from S to points whose R.A. and decl. are (0°, 0®) 
(90°, 0°) (0®, 90°) ; let P be (x, «/, s) and let the direction cosines 

of P be (ci, c,, c»). 


2. In the eoHptic-holiocentrio — Y eystem, taking ns a*ee of+x, 
+y, -+ z respectively, lines from S to points whose longitudes and lati- 
tndes are (0°, 0®) (9C®, 0®) (0®, 90°), Let P in direction cosines be 

e»> 


3. Id the ecliptic-heliocentrio— H system, taking as axes of-fx, 
-fy, +s respectively, lines from S to points whose angular co-ordinates 
are'(0°, 0°) (90°, 0") (0°, 90") angles being measured along and perpen- 
dicular to the ecliptic, let P in direction cosines be (c"j, 




4. In the orbital-heliocentric— system taking ns axes of -fx, 
4-u A.s'i resoectWely, lines from S ^ points whoso angolar co-ordinaUs 
and perpendicolar to the orbit are (0°. 0°) (90", 0") (0°. 90"), let 
P in direction cosines be (ci , c, , c, ). 

Then, as in the author’s paper on Vvrsetion Cosines (J. I.M. S., 

( ^yol I,p.i23). 



Uf 

C\ 

s^OOB4a3 

C* 

=0 

it 

Cx 

1 

0 

0 


0 

•COB i 

1 

0 

it 

C% 

0 

sin i 

e 

0 
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1 

C, 1 

C-a 

ca ; 

1 

f 

Cl 

CO '1 

— sin fi ! 

° i 

t 

Ct 

SID 

cos SI ^ 

' o; 

9 

1 ■ ■ ■ 1 

0 

1 

0 



! 

$ 

p 

Oi 

£ 


1 

0 

0 

<h 

0 

COS £ i 

— 8in£ 

C| 

0 

SID f 

COS € 



or , 
Cl 

it 9 

Cl 

1— 1 

Cl 

1 

P\ 

1 Vx 

Tx 

C» 

9» 

7* 

9x 

C% 

ri 

»•* 

^3 





where 

and 


£ — oblit^ity 
;>i = co8 n 
i^t = — Bin n 

i>i = 0 

9i = siD n cos £ 
9t=cos ^2 008 £ 

q, ~ — sin £ 

r, 3=810 SI sin £ 
r,=oo8 n sin £ 

Tg — oOS £. J 


[NVe have obvioasly 



W^TCi^ y at« ••• ••• •( 

ar=r(cos t»+(D cos fl— sinT+U) sin n cos i), 'I ^ 

y = T (ous v+(t) sin fl cos f+sin e+U) oos llloos t oos £ 

—sill t'^u) sin t 8in*£y 



( 3 ) 


ssr|(oo8 e+U) sin SI sin £4'Bin e+u> oos SI oos i sin £ 

+8in e+tii sin i ooB ’£). ‘(4) 

Those expressions may be simplified. Pa6 


sin a sin Asoos H ') 

sin a cos A=— pos i sin H j ”* *** 

sin b sin B=8in A oos £ ... .. 

sin h oos B=oob SI oos i oos £— sin. » sin £ 

sin c sin O— sin H sin £ 

sin c cos C&=cos £2 cos » S'n £+sin i oos £. 


(0 

00 

(iii) 

( 5 ) 
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Then 

ar = r sin « ain (A + f-|- 0i>) 
y = «• sin h sin (B+ '*+ i*J) > 

: = r sin c sin (C + i-+(i)) ) , 

which may be Trritten as 

arssr sin a sin (A + h) 
y = r sin b sin ( B + « l 
z=T sin c sin (C + n) 

or, ngnin, piiiting 

sin « = fri, sin fc = fri, siu c =fc-i 

and Ai=A + U), + Ci=C-i-U>, ... 

which snbs^.if otion is foun<l betler for computation, we may havo 

a;r=S:, /* sin (A,+ i') 
y = 7;g r sin (Bi + e) > 
cs=/f, r sin (C, + »). ) 




(7) 

(S) 

(9) 

( 10 ) 


k„ kt are taken to be always positive and hence sin A, cos A 
mast have respectively the signs of cos and — sin cos i ; and A must 
be chosen accor<Hngly to lie in the proper quadrant. 

If the elements bo given with reference to the ecliptio, in equa» 
tions (1), (2), Cl, cv Ca are not required and we got only c, , Cs » c., in 
terms of ci'", c^'\ c%". Thus potting 

x = rci, y = *’c./. s, — re,'. 


• ■ • 


(GA) 


and aa befoi*o taking 

H\n a sin A^scoa H 
stn a cos A= — cos x sin SI 
sin 6' flin B' ^sin Cl 
sin cos B'=co.s i cos Cl 

ns in (5), obliquity being not required in this case, we havo 

Zi = r ain a sin (A + W + t’) 
yi=T sin i sin (B + tn + f) r • 

2 i = r sin i sin (U)H-r) ) 

which by the aobstitntions (8). (9) may be written like (10), 

x.^ki r sin (A,+ iO 
yi = J(t r sin (Bj'+n) 

2,=:fc, r sin (ui+r). 

S 4. The six qnantities sin a. sin b, sin c, or fc„ K k„ and A. B, C 
are oalled frhe Oon.fanfs of Gauss. K k. are always to ^aken as 
positive. These are constant for the same orb.t as they depend only on 
Jhe elements of the orbit and the obliquity of the ecliptic. 


i 


(lOA) 
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§ 5. Taking this 6gnre on the celestial sphere, where YX ia a great 
circle perpendicnlar to the orbit or rather the trace ot it on tbo 
celestial sphere and Vt ia a point whoso R. A,, and dec. are (90®, 0^, we 
hove from triangle Y fl'P 


cos YP = coa Cl' cos »«' — sin ft' sin u cos i* ... ... (i) 

and trom triangle YXP- 


C03 YP=:8in a sin (A' + u') 

= sin a sin A' cos u'+ain a ooB A* sin u' 

and sin a sin A' cos ft' ) 

sin aiooa A'~ sinift' cos »* j 

whiob is obvious from the triangle YXft*; 


... (ii) 
... (iii) 


and x = r cos YP = r sin a sin (A'+u'). 

So from the triangles PZVI, Pft'Y, we get 
y = r sin 6 sin (B' + u') 
s — r sin c sin (C'+w') 

(o'=t\ C' = 0). 

We have thus A + t»=A'+u' 

A 4- (i) + o A' + U) ' V 
and A = A4 -(w'— w) 

B = B'+(*i»'— W> 

C = C’+(U)’— W) 

and is the aro of the orbit comprised between the eqnator and 

the eoliptio. 

So;we have a geometrical interpretation of the constants of Oansa. 
[See : Monltoq^s QeleituU ^feehanio$t p. 189.] 
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§6. From equations 5 (i) 





tan A = oot ii sec (180 — i') 

• • • 

« • « 

(11) 

and patting 

h sin N = sin i ) 

h cos If = co i SI cos t ) 

• se 

• • • 

(12) 


n = (N+f) 

• « s 


(13) 


tun 12 CO:» N Cos S 




cot c - ^ + 

tan SI cos JS eio £ 

» ■ • 

* * s 

(14) 


Ati = cos n cosec A 


• « » 

(15) 


k 2 sin SI cos 6 cosee 13 

* 

« • • 

(16) 


= sin SI sin ^ cosec C'> 

• • • 

« * • 

(17 

Wo have 

also the check equation 






• •• 

4] 91 

\ 

see 

(18) 


Ki cos A 





From these eqaalioDs the oonsttiuts of Gauss are uompoted. As 
they are constant for the orbit, they are computed only once for all 
]>lace« in the orbit. 


Example, 

n = 85® 57’ 34" 4 

t = 11 42 80 

f = 23 27 8 0 

A = 175 52 26-7 

= 999C925 
N = 71® 12’ 46"-8 
h = 9-330899 
B = 91® 5' 27"1 
= 9 961553 
C = 61® 43' 32' -8 
kt = 9-653962. 

Check [C - B] = 29® 2 1’ 54''-3 

§7. In the elliptic orbit 

sin E. ••• ••• ••• (19^ 

The Epoch and the instant of time for which the computation is 
required should bo of the same place and the inberTal t between them 
should be found- If they are not of the same place, reduction to some 
place is necessary before we get t. SV)r instance ; if the Epoch is Oct. 
31-5 Berlin nxean time, and the computotion is required at Qroeawiah 
Dec. 25 mean midnight, we wdneo the former and take the Epoch to be 
31-462790 Greenwich mean time. 

27 
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Hence t — 55 037210 au<l ve pet p./. 

-irboing known, cqualion (19) gives This is a IrnnscendenJal 
cqnatioD and several methods of solving It have been discovered. 

The angles in eqnation (19) are in circular measure and sbonld be 
reduced to niinates or seconds. The equation (19) thns becomes 

.Uss-K — c" sin E. ... ... ... ... (20) 

wliero e" = e multiplied by 3437 ’ 747, the number of niinotes in 
one radian, or c muUiplie<l by 206264" ’8, fho number of seconds in 
one radian. 

For ordinary purposes it is convenient to have tho equation in 
minutes. 


Let be a value of E obtained from the first three terms of the 
equation 

e* c* 

L'=df-f-e sin 3/’+— sin 2.1/’+^(9 8iD 3.ir— 3 sin -ir)+ (21) 

and let Eo+£^ ]•'„ bo the true value of E, then as given in Text-books, 






1 — c cos E 


( 22 ) 


Applying this correction to E^., let the value of E bo AEo*, 

proceeding as before we get 

1 r ^ r 

... (23) 




1 — 0 cos E\ 


UsuiiUy two applications of the formula will>bo found suffioient. 
Thus, if 2^=34“ 19* 36''T4, log e=9*7442503, 

E, = 62° 28’ 2”-4 
E, = 62 32 2J-70 
E,=62 32 2679. 


Tho oaloulation of these corrections is greatly facilitated by the 
Tables in liulhtin Aitrouomique, 1885, or by Banschinger’s Tables 
XI and Xll. 

If B is very, small we can at onoe assame E = sin E and equation 
(19) becomes 

or when great acenraoy is not required, equation (21) is, 

-- lit 1 e / 3f \ • 
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Also 


1 U 1— f \1 — .-/ 


wliere k tthoold bo chosen so us to secure (he best distribution of eiTors 
Tiithin the desired range of raloes of £. 

Mr. Urommelin finils that [2'11G7 j uiakesthe best distribution up 

to 21°. E= works well for values of E up to 3". The value of k 

1 — e 

within the brackets is a logarithm and 2 stands for— 8, 

§8. After K is found, the next step is to 6nd v and r. We have 
the usual formulaj 


Alsu 


and 


or 


r sin V =6 sin E=u cos 4 sin 1^ l 

r cos 0 = 0 cos E— or = <i (cos E*— siti <). j 

V . E - 

sin - V^ — 

y Ij; 

00'*-^ VT — —V a(l — e ) 

/■=so(l — e cos^) 

tuD-^ = taa = laoU lau («“ 

8in.l-(o — E) = sin.^sin E ^ JL- 




(0 


(ii) 


9 


(26) 




These are arranged in different groups so as to give different ways 
of obtaining v and r. 


ExarnpU. 

il/=62« 48' 12"‘9 
E = 55» 52' 42" 

I 

rein v=0'414137 
r cos V Si 0*1 92694 
tan v=0'22l443 


<^=3® 43' a'-3, log a= 0497100 

II III 

. o ooooQoo 1 -«co8E=9-983913 

sin -^Vr =9-932930 iogr = 04Sl013 

i (e-B)=l®34' r-68 

cos — Vr“«0180176 ' r- B=3°8*3'36 
2 E = 65® 62' 42' 

o «s=59®0' 45"-36. 

tan ^=9 752754 

^ i.«29» 30' 22"-78 
0=6900' 46’ -57 


v= 59® 0' 45"'42 
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§ P. I'ha holioceatric equatorial oo-ordinates oblaineil in equations 
(6) and (10) contain r aud v, and tiiorefore cannot, be found nnless r 
and V aro ooai|>ated first. We can, however, get rid of r and v and find 
the co-ordinates directly from the eccentric anumaly B. fSee ; Watson, 
p. 94 and Valentine, Vol. I., p. 415.] 


Equations (10) bccoiuo 

a = Ar, T sin A, cos r cos A| sin v 

ll = k, r sin n, cos u + A-, r cos Bj stn v 
/j,, T sin Cl cos o + h, r cos Ci sin v , 


and taking r sin a sin B cos 4 

r cos t’ = o 003 E — a sin 4 

and making the following substitutions 

uA’i sin A|~f pin L 
oAfi cos 4 CO® A = i oos L 1 

— I sin 4 sin Ii = l* j 

ai f sin Bi= m sin M i 

akf cos cos = m oos M. ^ 

— m sin 4 6*0 M = “ 

oA', sin Ci = n sin N 
akg cos 4> oos Cj=» oos N 

— « sin 4’ ®§ **i Nsslj J 

we have 

u! = / sin (E+L) + Z* ^ 

y = tn sin V 

ss=n sin ^B + N) + Z, } 

where ly, U ore the boliocentnc co-ordinates 

orbit. 


4 * • 


25 (A) 


25 (B) 

of the centre of the 


These formnlce should be used only when a groat namber of places 
are to be oompatedi; otherwise, the others prerionsly onplained shonld 
be need. 

§ 10. In fche parabolic orbit, we have as defined above, #= time from 
vertex A to F expressed in days and decimals of a day, v=the angle 
ASP, r:=SP, A=BF, the distance from the Barth. The nsnal 

eqaationa are; — 




r^Q SCO* - , 
* £ 




e«« 


• • • 


... (26) 


(27) 


e« t 
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Equation (27) r wlien v is knoNvn, uihI cqiNiUon ) ^ives v 

ffOUi t, Tlie j^iveD olerneiiis of the orbit irioludo loji^ o. 


Eqoattoo (26) raaj bo put io the foroi 


o ^ 3 /»7 

.J tnn -.+tfin -= - ; 

^ ^ yj'l, I -. 


... (-r) 


Zk 


13 a cuDHtaot, uii<l its logarithui is 8*562lH769.s*{ 

V ^ 


Also 


75 tan^ +25 Ian 
2 


V 2 o " 


Co * 

:« » 

9 - 


where log Co = 9'9G01277 ; and compating =M , i he eqiuilion wliich 

q\ 

18 to bo solved is 

75 tan ** + 25 iani'5=M, ... ... ... (29) 

the right hand side being koown. 

The eolation should bo obtained from Barkers' Tables, which are 
given in Watson’s AHronomy . 


If these Tables are not available tho equation can bo solved bj the 
sabstitations given in Popular Astronomy (1901), p. S.-'O and sabso- 
qaently adapted by Moulton, and Picart. [See oiso Bauschinger, p. 13.] 

<- a ^ log 0=1-7388423 
oh 


tan ^ = 
tan y =s 



tan— = 2 oot 2y. 
2 


Example. 

t = 107-29274 


/?- 


y 

V 

2 ' 

V 


27'> 
=32" 
= 44" 
= 88 " 


34' 28^-8 
2' 57" 

9' 48" fi 
19' 37''-2. 
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§ 11. If great accuracy is nol rcquirefl, tahles may bo coastracted 
according to oar wants. The little table constructed by Crommelin 
in 1895 is iiscfal in suoli cases. 

Ej>impX^. — 'L’o find y, wiiore tan ^ = V, and V + J V'' = 2‘484. 


\ 

V+^V' 

V 

, > 

1 * 

2 20 

l-dtil ! 

2 40 

i 1*428 1 

2-60 

1 

' 1 492 


Tliis table gives by interpolation and tesl>work V =1'455G. 
Uenuo from the table of natural tangents 


"*=550 31' and e =*; 11102'. 

2 


To find r with this value of v and log (7*=9'2831. 

log q = 9'2831d- 


L seo ^ = 10*2770 + 


log r = 9-7771 + 

§ 12. The orbits of comets having hyperbolic motion may be treated 
similarly by uuing hyperbolic fiinotions in place of circular fanolione. 
Thus for equations (21), we have 

V r sinb -j^Va(o + l) ••• (“) 


1 B 

V r cos i t» = cosh — ya(e -1) 


Iftu — ••• •** 0») 


lCopler*d equation in this oase becomes 
M const, (e Bioh E— E). 
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5 13. Now Ty y, r beinp the boliocontric roct^upnlar co-orclinat^.^ of 
the body with the cquritorml system, h-t X, V> Z ho the co-ordinafes of 
the Sun and X:, tj, s the co-ordinates of the moving body with tJie Earth 
as origin and axes paruUel to the above-mentioned system of axes. X, 
y, Z are tabulated in the I^autioal Almanac for intervaU of twelve 
honrs. Interpolate ttir intermediate times. 


/. ^ — J^ + X, T) — + ^ — - + Z, 

and ^ being the distance of tlio body from the earth, 

cos (R. A.) cos (doc) 
t)=t A sin (R.A.) 008 (dec) 

<-»= A sin (dec) 

A = 

tan (R A.) = , 

fan (ddc) = cos (R.A.) s= A sin (R.A.) 
also sin (dec) 



(3() 


(31) 



... (:J3) 

... (.34) 


These give the B. A. an<l dec. of the body at the time for which 
the computation is made. We can find when A is least and also the 
distance of the body from Jupiter. 

For, if i.' , T}', C, A' bo similar quantities for Jupiter, these can be 
computed from the above equations, the R. A., dec. an>l distance of 
Jupiter being given in the Nautical Almanac. % 


Hence the required distance = '\/(^ V )*+(<i— Ji' )* (35) 


Similarly taking eqnations (10 A) in the case of the co-ordinates 
with reference to the ecliptic being given and B, L, B as the geocentric 
distance, longitude, and latitude of the Sun, as given in the Naniical 
Almanac and, if necessary, by interpolation; and A, X, J3 as the geo- 
centric distance, longitude and latitude of the moving body P, we have 


Acos X cos >0=R cos L cos B+fc, r sin (At + v,)'i 
A sin \ oos /3 — B, sin It cos B r sin (B/-i-t)) 

A sin /i~R sin B+A^ r sin (Ct>+u). 


(31 A) 
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S U Havipg completed the solution, we may sum op ihe difEcront 
slops in the computation. The first step in an elliptic orbit is com- 
puting ^f from and t- The second step is to compute E from M 
by Keplcr’.s equation. The third step is to find rend v. 

In a i-arabolio orbit, wo obtain t- irom t from the cubic eqnetlon 
and then compute r 

Having obtained v am! r, the next stop in both orbits is to find the 
tquator constants and then to find the co-ordinates of the planet or 
comet referred to the heliocentric equatorial system, and then the co- 
ordinates of the same referied to tho geocentric eqnatorial system, and 
finally, the R. A. and dec. from those and also the distance. 

S 1.5. We have assumed, throughout that the positions of the eqna- 
t«r and the ecliptic are fixed. The elements of the orbit are given with 
reference to tho nu-an equinox of some year; that is. the posiuon which 
it has at the commencement of the year. The co-ordinates X, Y, Z of 
tho Sun in equation (30) are therefore to be taken with reference to 
the equinox, referred to which the elements of the orbit are given, and 
tho R A. and dec. obtained in equations .'32-34) are thus the mean 
B. A. and dec. of the body. In the Ephemerie generally the apparent 
R A and dec. are given. The difference between the apparent place 
and tho moan place is usually less than one minute; and so, when great 
accuracy is not required, we may take ihe mean for the apparent place. 

If wo consider only the precession, leaving out the other correoUonfl, 
wo toko the formnlm, 


correction in R. A, =f+~g sin (G + a) tan 5 


correction in deo.^^j cos i(G+ <t). 


■ • « 






(36) 


f, g, G are independent of the co-ordinates. Their valaei ter each 
day of the ytar are given in tho Nantioal Almanac. 

16. EtampUi. 


(1) 1902 Feb. 1*5 

le —1*4705200 
X +06616245 
2 +0*8089955 
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Compariog (1) and (2), we have 

D.D, : E.E, : P.F, = ^ 

which expresses the intercepts on the sides of the triangle ABC by the 
contact circle of S in terms of the lengths of the perpendicolars from the 
vertices of tiie medial triangle upon SS'. 
y -i- 1*3944140 
Y - 0 6702006 
T) +0 7242134 
z +0-9626222 
Z —0 2907456 
-< +06718766 

A Bin (R. A.) cos (dec.) 9-850867 
A cos (R. A.) cos (dec.) 9 907946 
tan (R. A.) 9'951921 

(mean) R. A- 138^ 9' 54" 

correction in R. A.- 2 3 44 

(irua) R. A. 138® 11' 57" 44, log A=0*106l;t/ 

A sin (dec.) 9 827290 
A cos (deo.) 0-035/49 

tan (dec.) 9-791540 
(mean) deo +31' 44 57 
correction in dec. —39 67 
(trne) dec. 31® 44' 17" *63 

(2) T =1914 Got 30 07304 G. M. T. 

01 = 97® 4' 22"-l'j 

n = 58 43 28 H9140 

I 

« = 69 4 12 9 J 
log 9 = 0 0524510 

flr = r [9';797956] ein (217*’ 31' SO' ^+c)") 

[9 9082600] sin (201° 29' 22"*l + t)) 19140 

s=T [9 9960211] sin (117“ S' 53"-4+o)J 

29 
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Ephemeris : 


1 

R, 

A. 

1 


dec. 


log A 

1 


II. M. 

s. 

1 

O 

f 



March 15 

i 42 

201 

1 + 3 

44 

34 

0 5904 

5 5 

2 43 

47-0 

!-|-4 

28 

24 

0'591D 

(3) 

(I) =230® 
n = l29° 

A.ug. 
42' -18 
16' -90 

7 90G Gr. 

1 1918 0 

a 





f= 5° 27' -21 J 


log 5=C19222 


1918 

a 

19180 

1 

5 19180 ^ 

log r 

log A 

Gr. 

Dec. 

n. 

M. 

s, 

o 

r 



1 

1 

4 

6 

33 

+ 11 

51 1 

0‘3403 

00843 

14 m. 

5 


4 

17 

12 

1*2 

0w3473 

0-0994 


9 


2 

14 

12 

12 e 

0 3543 

0 1153 


13 


0 

32 

12 

25-4 

0 3612 

01319 


17 

3 

59 

12 

12 

39 3 

0 3681 

01491 


21 


38 

15 

12 

543 

0 3749 

0 1666 


25 


57 

41 

13 

10-3 

03816 

01814 


29 


57 

30 

13 

271 

0*3883 

0 2024 

15 m. 


Brightness or visual brilliancy depontlB upon many oanses and 
thoreforo the following formula m%y bo taken as a, rough •pproxiraa- 
tion. If r, A be distances of the body from the wtn and earth respec- 
tively at any date, end ro, Ao the same at discovery, 

Brightness at any date. Ap* 

Brigtituoss at discovery'” A* 



An Extension of Feuerbach's Theorem 


By M. BHiMAHtNA Kau, Scholar^ 

1. Introiluctorij. 

Feuerbach’s Theorem asserts that the nine-point circle of a triangle 
touclies its in an<l ox-cirolus. These circles ina/ IjO looked npoo as 
belonging to two classes, viz. (1) pedal circle^, and ( d) circles passing 
through points D, E, F on the sides of a triangle AliC, soch that tba 
triangles ABC and DEP arc in perspective. It is more convenient to 
associate the triangle DEF with the centre S of the inconic DEP than 
with the centre of perspective of ABC and DEP, and call the circle 
DEF as the contact circle of S, meaning thereby the circle passing 
ihroQgh the points of ooniact of the inconic of ABC, wljose centre is S } 
for, the contact circle of isogonal coiijag.te points are identical— a 
property analogous to that of the pedal circle. Certain thooroms 
relating to pedal circles aro true for contact circles with slight changes 
in some cases. Thus. 

(») The contact circles of isogonal pairs through the symmedian 
point touch the nine-point circle. (Analcgut* of M’cay's Extension of 
Feuerbach's Theorem) 

(H) The cCntact circles of points on a lino have a common 
oribogonal circle. (Analogoe of Eemoyno's Tluoroni.)t 

Fenerbaoh’s theorem would natarally suggest tbo problem of draw- 
ing lines through an arbitrary point snob that the pedal circles of 
isogonal pairs on them touch the pedal oirolo of Iho point, oxaniining 
specially why there are an infinite nombor of solutions when the point is 
the ciroumcentre.^ 

This problem Las been partly Considered by mo already.* 

In this paper it is proposed to discuss the analogous problo relat- 
ing to contact circles. 

"Question 201, Joarnal of the Indian Mathematical Society, also 
page 105, Vol. IV, Ibid. 

t Cf. luy nolo on “ Conloot Circle louching Iho nine-point circle" 
page U7, Vol. Ill, J. 1. M. S., ami sUo (^uoKtione 186, 202, 208, Ibid. 

JOr at infinity on an altitude of iho triangle— a trivial case. 
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2. Notation, 

ABC is any triangle and A'B'C’ is its medial triangle. The contact 
circle of isogonal conjugate points S, S', cats the sides of ABC in D,D}, 
EiE„ PiPj. 

P is any point on the line SS' and DEF, the contact triangle of P. 
Q« Qi> Qs> Qi'e the centres of por.speciiTe of the triangles ABC, and 
DEF; ABC, DiE,P, ; ABC, DtEjFs respectively. 

X, Y, Yj, are the points of intersection of EiFi, EjF, ; PiD„ F,D, ; 
D.E., D,E,. 


3. Lot i>, q, r, denote the perpondionlars from A', B', O' on the 
lino SS', and let the areal oo-ordinatos of S referred to the triangle ABC 
bo /, fj, /i, then those of S' are 

a* <? 

f* 7’ T- 

The eqaaiion of the inoonio DiEjFi is 

y (~/+!y+A) g ^ =0. 

Hence BD,= 

‘ Similarly BD,= a j J ^ 

D.D. = ^!HcT-aW)+li(<.y-i.V’) }/(2oM). ' ... (1) 

The equation of the line SS' is 

^ fW-h'h^ ^0. 

The ratios of tho porpondionlars from A', B', O' on SS' aro os 
[3 :’/0+AW'-»y)]. etc. (21 




It will bo liiter on useful to oxiiross ilicse same iuttrcopts also in 
terms of the nurmal cu-orilinates of anv P on SS' ar.<l the leot'tns 

of the tangents from U, K, P to the conti'.ct cirolo of S. This is easilj 
done as follows . 


Since P is a point on S.'s”, it follows that Q, Q,, Q. lie on a circum* 
conic of ABU. 

I3(AQQ.Q,) = C(AQQ,Q,). 


(AKE,K,)=(AFF,F,'. 


AK.E,K, _ AP-F.F, 
AE,.EE, AF,.PP/ 


and 


Alnltiply ing 


AE.E,E, _ AF.FjF, 

KEj.AK, FF,.AF,‘ 

(AE.EiE.P ^ (AF.P.F,p 
ae,.ae,:be,.be, AF,.AF,.FF,.FF,‘ 


Bat AE|. AB} A F|. AF} being equal to tho sqnare of the tangent 
from A to the contact circle BiK^PiP, and EEi.EE, = f,* and FFj PFa=fj 
where f,, and t, denote tho lengths of the tangents from D,E,P to 
the contact circle of S. 

AB.EjB, _ AP.F.P, 


Since AP bisects EF, m AE, =n AF. if I, in, n denote the normal 
co-ordinates of P with respect to ABC. 

Hence 6nallj D,Da.* E,E, : PjFj = ff, ; wf, : »fj, for all positions of 
P on the line SS'. 


4. The results in the preceding paragraph can be immediately nsed 
to effect the solntion of the problem proposed. Supposing that P is the 
giren point through which it is required to draw a line such that tho 
contact circle of isogonal oonjogate points on it touoh the contact circle 
of P, and denoting the sides of the triangle DEP by a', h\ c% we shoold 
have o'/,±67,±c'f, = 0. ... ... ... ... ... (i) 

Also we have seen that 
DiD,: B.E,: 

= ^ ^ ; tnf* ; «f». 

a 6 e 


« 

4 


• • « 


* • • 


( 2 ) 
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Honoo anbsiituling tliu valoes of U, f, in (1), tho oondition of tan- 
goncy of tho contact circles of P and S is seen to be 

^±^±<1=0-, (3> 

nl bm cn 

since the areal cqnation of the lino I'SS' is px + qy+rz =0, loeult (3) 
shows that PSS' should pass through one of tho four points 

r ± fL ± .t.\ 

\ar 6m’ c» / 

which are the vertices of a quadrangle having A'13 C' as the diagonal 
triangle. I hose points are determined when P is given, and the problem 
is accordingly solved. Pour line* can in general be drawn throui^h any 
point P satisfying tho conditions of the problem, but when P ooinoidea 

with one of tho four points^-^, admits 

of an inbnite number of solutions. 


Also, when P is the symmediau point, it is easy to verifiy that ii 

f t 

ooiftoides with ± ± ^)- 


5. Consider now the conic ABC QQiQ« and the tangent to it at Q. 


The lino BF passes through X the point of inlersootion of EiFi and 
KiF„ booause Q lie<» on the conic ABC QiQ,. Prom the trianglO ABF 
and the transversal EiFt, wo have 



AF, 

FX 

XE^ 

BEi^i 

‘ e;a"^‘ 

Situiih^iy* 

AF, 

F,F* 

FX 
XB ' 

E,A 

Multiplying 



•BE, .EE, 



'^FX^ 


FFj.J’.F \ 


' EtAMETA 


Since are oonoyoHo, AFi.AFi^EiA.EjA ) and F^F^FiFiAVl 

* 

. FX ^ f, 

•• XB TT* 

Bbowing that DX, Ef FZ couour at the point whose areal oo>ordinatea 
with respect to DBF are (l/ti, l/ft> 
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Again X is the pole of BC with rottpect to the conic ABC QQiQi- 
i'he tangent at Q to the conic ami the Ime (^X aro l>armonic conjugates 
with respect to QB, QC, I'.e , QK, QP. H this taugen* cats i:F in X', 
we have 

FX _ FX' 

XE KX'' 

Hei ce this tangent is the triangular polar of (l,^. 1/^j. 1/^,) with 
respect to DEF. Its equation is therufore s= 0 in areals. 

Consequently the taugents t^, C, from D. E, F to the contact circle of 
S are as the perpentlioiilars from D, K, F to the tangent to the conic. 

Since we shonhl have a'f, irb'fj ±c'r.= 0 when the circle DBF tonches 
the circle DjE,F,, the ahovo rr*sult ihows iliat the tangent i»t Q slioold 
in that case pass through the points (u , ± h , ±c ), wh.ich are 1 ho in and 
excentres of the triangle DEP. 

When P is the symmedian point, Q is the orthocontre and DEF 
f he orthocent rjc triangle. Since Q is now the ipcentre of DEP, it is 
olc'di* why there aie an inGnite number of solulion.s in this case. 

Since the linos through Q are tbas determined, it n<.w remains to 
draw the corrcspon/ling lines through P. 

I. ot R be any point on the conic ABCQ touching the line joining 
Q to the in or an excentro of the triangle DEP- If AR, BR, CR cut 
tho sides of ABC at the centre of the in come D,E,Fo is a point 

on the roqoired lino. We shall take R to coincide with A and the in- 
conip D|.Ef,Fi>, degenerates into the tangent at A to the conic, an<l this 
tangent is the’fonrth harraonio of AX with respect to AB, AC showing 
that X', the point of intersection of the line joining Q to tho in or 
eicentres of DEP with EP, is n point on the tangent at A. 

The following oonstrnotion will now become obvious. 

Let P be the given point and D. E, F, tho points of contact of 
tho inconio of ABO whoso centre is P. Join BE, CP intersooting at Q, 
and let tho line joining Q to the in or an excentre of DEP cut Ef m X . 
If Ay cots the side B'C' of the medial triangle of ABO in V, Oieii tho 
oontaot circle of isogonal conjugate points on PV touches the contact 

circle of P. 
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6. The points of contact. 


If QX' in the « onstrm*.lion given above cals the remaining sides of 
DRF in Y', Z', it is obvious that the lines joining Y' and t« the middle 
points of the arcs DF and DE respectively intersect at the point of 
contact. That these lines meet on the circle DEF follows from 
Puscuvl’s theorem. If T bo the point of intersection, it will bo evident 
on drawing the tiguro that D 1’ J ET : t 1 —ti ' • fa- 


Let the normal co-ordinates of Q referred to the triangle DEF be 
Z, 7 u, i» The eciuation of the line joining Q to the ineenlre of I EF is 

a ( ;»i — ») + — 0 + 

The normal co-onlinales of T are 


\ m — ti n — f f—m / 


Those of 'I'l corresponding to the D-excentre are 

/ h' — 

\7»l — »»’ l — Vl) 

Hence TTi is 


a 0 C 


y . 


« 0 . 


Similarly T,'!', (corresponding to the remaining oxcontres) is 
_(m +„y ^ + -"••) ^=0- 

Henoo TT, and T.T* intersect on EF at the point L, viz. 

If M, N bo the reinnitiing diagonal points of the quadrangle 
TT,T,T„ then DL, EM, FN concur at the point 

on the circle DEF. This point is also on the nino-point-oirolo oi ABC 
being the centre of the rectangular hyperbola ABCQ 

Z a*(w“— = 

It may have been noticed that the diagonal points of the quad- 
rangle TTiTfTi were found to be on the sides of the triangle DBF. 
The theorem will thus enable ns to see the reason for the same. 
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The T— tangents touch aUo tlie nine-point conic ABCQ. 

When Q is tlie median point of ABC, thi-^ will lead to Mi' 

S. Narayanan’s Question 24P, vi:., the F—inngenis touch themaxiniunj 
inscribed ellij)se of the triangle. 

dhis theorem itself is easily piovetl. For, consieler a variable line 
through P- The contact circles of all points on tliis line have a com- 
mon orthogonal circle viz. the director circle of the corresponding 
conic ABCQ. If vr be the ceinro of this conic the locus of n is 
evidently the nine point conic ABCQ. If S be a point on a line throngh 
P, the radical axis of tho contact circles of S and F cots the nine 
point conic ABCQ in two points, -n and vr'. corresponding to PS and 
PS'. When P, S, S' are in aline, it is evident that tho radical axis 
loaches the nine point conic ABCQ, and hence the theorem. 

If then L is tlte fonrth point of inler.seclion of the circle DEF and 
the nine point conic ABCQ, i.f. the centre of the rectangular hyp. ABCQ, 
it follows from a well known theorem that the three quadrangles DRPL, 
T'l'iTgTg and •7TTr,-n.'rr. where the vr’s are the centres of the common 
orthogonal circles corresponding to the P— lines, have a <-ommon 
diagonal triangle. 

It does not api'oar that any .special properties rolatiog to the 
T-poinU can be given whon P is an arbitrary point ; on the other hand, 
when tho contact circle of P is also a pedal cirulo, many theorems 
involving the nine point circle and the in and excirules are capable of 
extension. It is not the porpose of this paper to deal with pedal- 
contact circles, but we shall give below an investigation of the condi- 
tions under which tho isogonal conjugate points on the P — linos are 
such that, taken two by two (in a certain order) they are collinear 
with the vertices of the triangle, in other words, form a pair of Sfcine. 
nan tjtuulrupUt as Mr. Bmch calls them in his Projective Geometry. 

Let S, S' ; S, S', ; S,S', ; S,S', bo tho isogonal conjugate points on 

the P linoB. 'I'he collinearity of tho triads of points ASS„ BSS„ CSS* 

will, we shall assume, be secured when the roctangnlar hyperbola 
through P self-conjugate with respect to ABC meets the P— linos on 
points forming a quadrangle having ABC as the diagonal triangle. 
This will be the case if the P — lines taken t>%o by two form conjugate 
lines of the three systems of involntions determined by the linos PA, 
PB, PC. PP' where P' iu the if.ogonal conjogato of P. Let tho centre 
of the common orthogonal circle of the contact circle of points on a Upe 
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be termed for brevity aa the e»ntact-polc of the line. It may easily be 
shown that the anharmonic ratio of any foor lines throogh P is eqaal 
to that of their contact poles. The contaot-poles of the P- lines are 
VT, vri, 'TT,. -TT. and those of PA. PB. PC are the middle points of the 
sides of ABC. Bet SI be the contact-pole of PP'. Then the state- 
ment that the TT-points taken two by two form conjopate pairs 
belonging to the three .systems of involntion determined by A'B'C'fl 
amounts to saying that the quadrangles formed by the 'rr-pointa and 
A'B'G'fl have a common diagonal triangle. Hence the necessary oondi. 
tion is that the diagonal points of the qnadrangle formed by ■tt or T 
points should be on the sides of the medial triangle A'B'C'. This 
condition can be shown to be sufficient. 

Exactly Iho same points A'B'C'fl would have been determined if 
we had started with P’ instead of P. 

It follows as a consequence of the obove condition, that the 
common diagonal triangle of vr, x -points, DbFh, and A B C II is also 
Iho common diagonal tri.angle of , y '-points and D K P'11 where the 
dashes indicate the corresponding points for P'. If LMN bo the 
diagonal triangle of the seven quadrangles, since EP, E'F' and IVC, 
intersect at B and similar triads of linos at and (he centres of pers- 
pective of ABC and DEP, U’E'F' A'B'C', viz, Q. Q'. G (the median point) 
lie on a oiroomconio of ABC and therefore P, P , G are collinear- 
Sinoe the join of isogonal pairs P, P‘, passes through the median point, it 
follows that the inconic of ABO whose centre is P tenches the 
sides at points where the normal.s are oonenrront, or in other words, the 
oirole DEF is a pedal circle. * 

7. Conclnfion. 

A few words on one or two points may not be ont of place. The 
analogy between pedal and contact circlo.s seems to be remarkable. 
The result of § 6 is trno for pedal oirulos, i.o., if the pedal oirole of P 
is also a contact circle, and the four Hues are drawn through F such 
that the pedal oirole of isog mal conjugate points on them toaoh the 
pedal oirole of P. the four pairs of these isogonal conjugate points form 
a pair of steinerian quadruples. It is this property which has enabled 
me to extend Mr. V. Ramaswami Aijar‘s rosnlt The director oiroles of 
the inoonios through the oiroumcentre and the orthocentre tench the 
nine point oirole at the Feuerbnoh points ** as proposed by me in 


* Vide t Qnestion 430, Jonrnal of the Indian Mathematical Sooiety. 
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Question 877. Vet it <loeA not appear Uiat a u'oncral relaiion can ho 
set up between the two kiu^ls t»f circles, fio that the piopenies of either 
kind cooM be deduced from known properiie?» of Oie othec, avoiding 
the neces‘«ity of a separate investigation. Another j^oint whicli I would 
like to raention is that nmny pro|»erties of the nine point circle and tl^e 
io ami t-x^circles are capable of extension to peilal-coniact circles. I am 
not aware whether the properties ki( pedal-contact circles have been 
exhaustively studied. 


Postscript 

Mfi. V. Ramasnvami AiYAf;, M. A., has siated in Question ^G3 of tho 
Journal of <lic Indian Mathematical Society tire following roiuurkablo 
theorem — 

2'he pcditl cifcla of any point V with f^spcct to ABC cut$ th*: 
pOMXi$ ctVc^c ui <IH Ufifjlo equal (ff the cotnjdcuu nt oj th<^ suta of the amjles 

l\iB, VBVy PCA. 

This property is not true for the contact circle, bnt it may he put 
ID tlio following form which holds good for pedal and contact circles t— 

'Vhe pedal ciVcic of any pffint with respect to a Iriantjlc cuts the utnc 
(Hnnts ciVcfe at the suin of the an/jlcs at which it intersects the sides of the 
trianyle. 

The following property suggested by Feuerbach theorem may bo 
found interesting. My proof of it is not yet complete. 

“ Of tho system of pedal-contact circles^ ouch circle tooebos four 
circlos which latter are also touched by three more circles of tho 
sysiem.’* 


^ Vide, pago 132, Vol. IX. Journal of the Indian Malhemfitioal 
Society, Tho extension referred to is. 

** If P be a point who^^o pedal trianglo wiih respect to A B C is in 
porspeclivo with ABC, show that associated with P, lliero is another 
point Q ou the lino joining B with itu ibogcuial conjiigiile, snoh Uiat ihu 
director circles of tho four incouics of A B C paS' ing V aiul Q all touch 
tfie pedal circle of P ** 
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SHORT NOTES. 

Note on Question 65.7- 

Q. G53. (N. iJ. iliTiiA) ; — To find a cnbe the Mom of whoso divisors 
is a perfect f-quare. 

One solution in positive integers may he found in the following 
manner : 

Let j-" he tire required rtuhe and suppose to ho prime Then the 
sum of the divisors of r is (1 + .r4-.c*+x®) which mustbo a square, say u’, 
so that 

Lot « = »»x — 1, where n is an integer. 

Substitotiog in(l) and simplifying, 

a,*q j;(l— n’)4-l + 2»=0. 

{ n’-l ±V(«'-2n’-8«-3) > ... (2) 

Since x is rational the expression under the radical sign must be a 
perfect square. Lot n* — 2»* — 8n — 3=r*. ... ... ••• 

Then (n>_l)* _4 (2«+l) =e’ 

or (a»-l-r) (n*-l + i-) = 4 (2»+l) ... ... <•*) 

Now from <2) & <3), ii> = ^ <n* = l ±v), so that, since a> is an integer, 
und V must bo cither both odd or both even ; that is, both their 
sam and difference ore oven. Hence from (4), it is evident, we may 
pnt n*— 1 — e=2 and n*— l-4-e = 4n + 2, whence f = 2»» and n*— 2»— 3 = 0. 
Therefore »=3, t=6 or »= — 1, t-=— 2. Therefore x = 7 or 1 and when 

«=7, «=20. 

If a and b bo two different prime vidnea of a then u) = ah is ^alao 
a solntion of the problem. For, the sum of the ditisors of a’6* is 
(l + a+o'+a^ <l + 6+6*+h'), which is a perfect square since the two 
factors of it are perfect squares. It appears, however, thot 7 is the 
only valoe of j- ; at any rate, there ia no other prime volne of it less 
than two billions, as the folic wing investigation will show. 

Since l+.r+.T'+ 4 ^ or <1 q..,)(l+a^) is to bo a square, wo may put 

l+.r = iko> <5V 

l+x*=fci)* (6) 

where k, t ba are integers. 

a; s — 1 (mod fc) ; 

.r*Sl (mod k) ; • 

j!*+1s 2 (mod «). 
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But Irum (0) 1 ==0 (mod A:). 

Heoco 2=0 (motl k). 

Therefore k is cither I or 2. If k is oue^ Jhcri from (C), 
whose only solution in pohitivo inlegorH is 

If we huve 1 h-j‘= 2- it \ +j'^ ^ 26'. ICliminatinp .» we have, 

a^+(a^-l = Hencti h is tlie liy pi>tt»nusc i»f a riglii nogh'd triangle 

whose pei'pendicolar sides differ l>y unity ; besides, the greater of the 
two perpendicular sides is a perfect square. Now, forming j-uccoasively 
the sides of a right-angled triangle whose perpondiculav ^^ides differ by 
1 and whoso sides are iiibogors* we have the following tabie* — ^The 
sides are obtained from the formula* ; — 

(1) Hi+v2)*”-‘+(i-v^r ‘+2}, 

(2) i { l + V2r-^ + (l-V2r’-‘-2> , 


or (3) -V>U1 +V2)-"*‘-(l-V:^r'‘ > ]■ 


Greater side 
1 
4 
21 
120 
6i;7 
4060 
23661 
137904 
803761 
4684660 
27304197 
159140520 
927538921 
5406093004 
315C 9019101 
183648021600 


Smaller side- 
0 


3 

20 

119 

696 

4059 

23660 

137903 

803760 

4634659 

27304196 

159140519 

927538920 

5405093003 

31509019100 


Hypotenuse. 

I 

5 

29 
169 
085 
5741 
33461 
195025 
1136659 
6625109 
38613965 
225508681 
1311738121 
7645370045 
44560482149 
2597 17522849 


183648021600 ... 183648021599 ... 259717522849 

Now of the 16 numbers in the Brst oolomn, the only ones which are 
squares are 1 and 4 and these give a =1 or 2 and 5 = 1 or 5 ; so that »==1 
or 7. Hence V is a solution of the problem. Also, since, 2a’— 1, the 
above table shoves that there is no other value of ® leas than 
2x183648021600—1 or 367296043199. In fact, the ne5:t number in the 
first column is greater than 10**. Consequently the next value of .r must bo 
at least greater than 2 billions. 


N. B. MnBA. 
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X^ote on the continued fraction in Q. 713. 

Q. 713. (Ct'MMO.'ilCATEl' BT K V. A NANTANARATANA SaSTRI) : Fiod 

the value of the iii6nite continued fraction 

1 1* 2‘ 3* _ »* 

1+ 3-1- ^ 7+ ...+ i!n+i + 

Among the soUitions that the editor has received, the following 
method by redaction given by Messrs. R. J. Pocock and K. A. Erady, 
(both since deceased), is purely algebraical. It appears to me however 
that the chief interest of the present example lies in the derivation of 
the continned fraction as an “ equivalent ” of some asymptotic series. 
In addition to gi% ing a posthumons publication of the solntions just men- 
tioned, we ehall in this note proceed from the given fraction to the 
soi ios, from whore wo will naturally be led to a functional equation, if 
wc deairo to sum the sories. 

Since, with the customary notation, 

^„ 4 ,=i (2 n+1) i',.+ »* 

wo have Pn*\~Pn- (» + l)* = — «* [Pn—Pn-l- “’]• 

Writing this in the form 

PhAI Pn _ ( ) ” 

[(n + 1)!]* CrH? («+!)•' 

WO obtain at onco 

=1 — - +-, ... to (»+l) terms. 

lin+iyy 



71 * 

fa* 



231 


Let os however consider more generally, 

— 

3+ 5 + ... + (2.. + l)+... 

ftud write 



Aja^r’ 


to Imve to (leal with only a continncd frixilion of t)»e secon l clas-*. 


We need only take 

'1 

"*'• " 2« -f 1 ! 

_(»*+!)» f 

Now wc can easily verify tliat I he 2^^^* convergent %>f 


1 aiX a^x 

1- 1— r= 


is identical with the u*'' convergent of 

1 a, Ot a, Of x* 

[1— a,®] — [T— (a, + a^ — [I — (o, + a,) x} " 
For, from (4) 


Ffn — PiM ® Paw-l 

and two other equations. Eliminating between these P*„ j and F 
we have 

P*r» — + Pjn-* — Piri-i 

which is the recurriug foj^ula for (5). 

Thus (4) and (5) are equivalent, and wo will denote by (A) 
transformation implied by them. 

Our purpose being to obtain a funotional equation for / (x) in 
eimplest form, it is obviously simplest to take 

1 =Oj 3 = Oj + Of = <*44* 05= ••• 

which IB also oonsiHtent with (3). 


(1) 

( 2 ) 

(3) 

<4) 

(5) 

I 

ttfi 

the 

its 

(S') 
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Moreover in order to have 


„ 1 «i,.r fi^a 

Tit 


1- 1- 1- 


... ( 6 ) 


cqu 


ivalcnt fo 


Ps 1 + 


h,.»r hx' 

J_ 1_ 1_- 


... ( 7 ) 


We slioiild have, I'eneruUjr 
= : 6, = e, + <ri : 

etc. i 


... ( 8 ) 


6,h,, — a„a ; ^ + <*1 • J 

Let ns call (B) the transfoimations impUe* by (6), (7), (8.) 


This is easily seen for. 


K = 




..I + 


a^x 


K, ‘ 


, .. <>\ a-.v 

where Pj = • — ^ t— 

1 — 1 ^ i ••• 


— 


crOa^! 


1 — OiX— 1— (a,-l-Oi)» 

on applying the transformation (A)' 

Applying the name transformation to (7) also, ii. is seen equivalent 


to 


1 + 






1— b,®— 1 — (ba-fbiJ®— 


Hencp the conditions (8) and Iho transformation (B) 
SubstUnting the valnes (3) in (8), vro 6pd 


="-feTr -"'“■=^=1 
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With those valaes wc can ea'ily verify that 

h, h, X hf X 

n • 

nni\ 2 are eqnivulcnt. 

1 + 1 + 1 -f- 

hi=l and = 0. 

This we will call transformation fC). 

Now from the main question 


^ a, X* a, a« x’ 

^”1- ~ 1 l- 


1 ^ X \ 1 


X) - 


tt, a, 7* 

U^)-' 


__ 1 U| X OjX 

“1« 1_ 1- 


+ 


&i X bf X bn X 


— 1 — 1 ... 


from (5') and (A) 


by (B) 


1 + ... by(C) 


2*4-1- bj 

^ 1+ 1+ 1+ 


= 2 xq> 


1 a, X a, X <7, X 

T+ r+ 1-r 1 + 


by (B) 


a. a-i X 






- by 


_ H-(a, + <»,)x * 

= 2x+-J— ... from (S'). 

(1-hx) — (1 + *) — (1 + *) — 




Thos we have the fanctional eqnaiion 


80 
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To solve this pnt 




= 1 


o 


Then, 


/(fi.) -/(ri.') /, 


TO -tlx 
€ sinh 


But 


oo 


_f/jr 




2r’=2r te 
•'o 

And therefore by a well knowo formala of Lcrch 

cosech t. 

Henoo finally 

a; = f t 

1 + 3+...(2n+l)+'’'' Jo 


OD ~ifx 

cosech t e dt. 


Potting 


ine x=l, we identify it easily with the vnlno obtained before. 


The reverse proce.-s of expanding the integral (which is of the 
‘ Borel ’ form) into an Asymptotic series and expressing that senes os a 
continned fraction is also instroctive. We content oorself by simply 

giviDS references to 

Rogers : Proc. tond. Math. Soc. Series 2 Vol. 4. 

or 

■/Oskar Perron. Die /.e/ire iw» den Kc((n»brucfcofi (Tenbncr : 1913) 
pp. 380—392. 

or 

My solution to Q. 541, J. I. M. S. Vol. VIIT, pp. 17-20. 

K. B. Maoiuva. 


1 ‘ 



Astronomical Notes. 


1. Gurnets. The fourth comet for the year (lUlO was tlis- 
covered by Mr. Sasaki at Kyoto, Japan, on October 25. Its position at 
that time >.as R-A 20 h. 17 and Uccl 27” U’ S. It a a, reob.er.c.l 
by M. Schaumasso at Nice ami found identical with Finlay s periodic 

comet — the period being hg year.s. 


Comet 1911 VII which was due to return to perihelion early m 
November was discovered by M. Schaumasse ; the magnitude at the 
time of discovery was about 12-0 and the comet is now getting fainter. 

New elements have been compute 1 for the comet 1919 b. (Urorsen- 
Metcalf) from tho available observations which indicate a shortening 
of tho period from 72 veara to 42. The comet appears to have com- 
pleted two revolutions since 1847, so that it should belong to the family 
of Uranus and not to that of Neptune, in which it has hitherto been 

classified. 


2. All tho planets e.xcept Uranus aro on one side of tho Sun 
Their positions on tho 1st January 1920 vvUl be as follows:— 


PlaQct. 


U A. 

Decl. 

Constellation. 



u. 

II. 



Morcary 

* « • 

17 

18 

2-° 4 S 

Scorjiio 

Veuas 

• ^ 

15 

40 

16“ 9 S 

Scorpio 

Mars 

• 

• • • 

13 

5 

4''‘ft S 

Virgo 

Jopiter 


9 

19 

16“ 5 N 

Cancor 

Sataro 

• • • 

10 

65 

8“ 9 N 

Leo 

UraouB 

• • • 

22 

5 

12“-5 S 

Capricorn 

Ncplone 

• so 

ft 

54 

17^'b N 

Cancer. 

The Sun’s position 

on the same 

day will be 



R.A. 18 h. 42 m. and deol. 2J®5' S. 

:T An interesting minor planet was discoveicd in March and 
provisionally desigualod 1919 fcM>. This has tho same moan motion 
a.s Jupiter and iu thus the sixth uiLinbcr of the ITojau groui>. s moa 
loiigiltido 14 60^’ grotttor ihan that of Jujd^cr. 
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4. At a joint meeting of the Liojal Society and the Royal 
Astronomical Society, tho results obtained at the total Solar eclipse of 
May 29, were reported and discossed. Two sets of photographs were 
obtained at Sobral, N. Brazil, one with a 13-inah objectiro and the 
other with a 4-inoh, while a third set was secured at the station 
Principe Island. The results appear to show conclnsivcly that there 
exists a gravitatioDal effect, the amount of the shift at tho Sun*s limb 
obtained in each case being ns follows i-— 


I 

II 
III 


Amount of Shift. 

0"-93 or o"-99 
1" 98 
1"'60 


Probable Error. 

± (r-3 

± (y -u 
± or-z 


Instrament. 
13" at Sobral. 

A" 

* ♦* 

12" at Prinoipo. 


The moan of I he last two results agrees very cla.-iely with 
Einstein’s ]>rcdictod value \" lh. His law of gravitation has already 
explained the motion of tho perihelion of Mercury and by the preceding 
tost at the total Solar eclipse, the law may bo considered as oonOrmed. 


Nt/.AMIMI OnsBRVATORT, 
UyoBradad, December 1919. 



T. P. Bhaskara Sastri. 
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SOLUTIONS 

Question 69s 

(R. Skikiva!9AN M. a.) : — FroiJi a point 1* on a tiphcre four straight 
lines PA, ru, PC, PD are drawn to meet it in A.R.C.D suc»i that 

APB = BPC = CPD = UPA., show that PA + PC = PB+PD. 

Solution by N. Sankara .iiyar. 

The equation of the sphere may be taken 

■b’+ !/’+ 2*+2 /7/+2 yx+2 hz = 0 
the origin being at P. 

From the given condition I’A, PB, PC, PD are seen to be edges of 
a square pyramid with vertex at P. The planes APC and BPD are 
therefore perpendicular. They may bo takun usy = 0. * = 0. 

Then APisy = 0, x=mz, 

CP is y=0, X— — ms, 

BP is * = 0, ij^ins, 

DPisx^sO, y=— i/«r, 

whore m^tan 

2 • 
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tx. 


Ibo co-oriUoutcs of B uio similarly givGU l>y 

=\l + m’) + 2j»/;-l-2;iz=0 

_ 2'* + ”'^, - 2m 

l + A+»^’ 


a 


.»«1 


13r+DB = 


4/1 


licuuo 


1 + 7»1 

Al’+<JP = UP+l)B 


Question 870 

(S RASOiSiTlUN) :— In n reotnngnlnr hyperbola A. is any point on 
tho lino blseoting ,.t right, angles the somi-transrorso <‘>''»i '» » 

scoond point on tl.e samo detormined by drawing A.P porallol to one 
asymptoie to out the oorvo in I>, and PA, paralleyo the other 
asymptote. If A, A. are similarly formed from A„ A, rospeotiToly. 

show that A, coincides with A,. 

Solution by llcmraj, S. V. Vcnkatach »la Iyer and S. MtUhukrishnan. 


Let P, Q, R he the points in which A,P, A,Q, A*R out the rootan 
gular hyperbola xy=c\ the lines being parallel to y-oxis. 

If P be (ct„ c//,) and Q (c^, c//,), then A, is (cf„ c/M- 


Since A, is on the right biseotor of the somi-lransTorae axiSi which 
is y— c/2=:— a+o/2, 

it follows "• *'* "* 

Evidently A, is { ejU} and consequently B is { 0(1- 

l/N), oe,/(f,-l) } . 

The point of intorseotion of PAi and BA* [cfi, 
the right biseotor, if 

Hence tlie result. 



239 


atTESTIONS FOR SOLUTION- 


1080. (K- J. Sanjana, m a.): — A n elliptic cjlinder of eccentricity e 

rests on a horizontal plane and against a piano inclined at an angle 2a 
to the horizon, tonching thoni along lines parallel to and eqaidislant 
from their line of intersection. If the coeffi i-nt of friction (p.) be tho 
same for each plane an<l the cylinder be just on the point of slipping, 
prove that p. is the positive root of the equation 


(tftn a — sin 


cos a ) + jx = 




sin a cos a. 


1081. (K. J. Saxjana. m a.) If o, b, c, be real unequal (piantilies 

whose sum is zero, prove that the equation 

4 (a^4-h’ + c’) jr'+18 — "be (a- + b*+ c'’) = 0 . 

hft.i two imaginary or conifil^x roots. 

10P2 (N* P. Pandta) : — Two concentric ellipse^ intorsoct at 

A. B.C.D and tbo director circle of one ellipse coincides with the 
auxiliary circle of the oiher Find the loons of the centre of gravity 
of the qaa<1rilatoral ABCD. 


10^3- (N. P. Pasuva): — A circle with centre O is fixed in a plane 

a. Find the condition that another circle in a planet/? may be projected 
on a into an ellipse with O as one of its vertices and with its centre C 

on the circomferenc© of Iho circl** O. 


1034, (Hrmkaj) Sum op the following seno^^ 

(r-^i^O 

1085 (Hbmraj) If S = I { (‘inW J ' 


and 


5P ( 2 » ! 


00 r 5 

(2^1) 


b.1- 


find the yalae of S + 


'TT 
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108G. (Hf.mba.i) Evaluate 

‘ 1 




1087. (A. A. (CntMiNASWAMi AitaKgar) ABC is any iriaDgle. 

DEF is a triangle insci ibe<l within it, D, E, P lying on the side.s BC, CA, 
AB, lespectively. O,, O^. O, are the orthocenJres of the iriangles ABP, 
BDF, CED. 


Prove that (i) the area of the triangle OiOjOg is equal to that 
of the triangle DEP nuJ (ii) the two triangles O^OjO, and DBF can bo • 
inscribed in the same conic 

1088. (A. A. Krisunaswami AiyanoaR) Prove that the orthopolo 

of one of the asymptotes of a rectangular hyperbola with roferonce to 
any inscribed triangle is the foot of the perpendicnlar from the ortho* 
oentro of the triangle on the other asym))iote. 

1088. (S. MAitADRVAN>: — Prove that if | a: | << I 


X 


.+ 


.r 


+ -r. 


at* 


a+jy (i+x»)* (i+x‘) 




a 2.r* 



whfro 4* (”) denotes the excess of the otld over the even divisors of n, 
1 and n being reckoned as divisors (Rromvrioh, Chapter IIL). 


1090. (S. Mahadbvan) -The foens Sis joined to any point P} on 
the ellipse, P^S ents tlie ellipse again, iniQi. Q| S’ cuts the ellipse again 
in Ps ; and so on. Show that SP„ ultimately tends to ooinoido with the 
major axis. 

1091. (EkQCIrer) '.—If a, b, c be the radii of three oiroles which 
touch one another oxtornally, and r, land r, be the radii of tho two 
oiroles that can be drawn to touch those three, prove that 

fi Vg a b c 


1092. (Enquirer):— F ind the relation existing between a, y, if 

j' a+jff !v+ yg*+ 

J (1 — :r) 

does not depend on circular fonciiona. 




r •» 
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